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ABSTRACT

In this work, we propose a moderate policy update method for re-
inforcement learning, which encourages the agent to explore more
boldly in early episodes but updates the policy more cautious. Based
on the maximum entropy framework, we propose a softer objective
with more conservative constraints and build the separated trust re-
gions for optimization. To reduce the variance of expected entropy
return, a calculated state policy entropy of Gaussian distribution
is preferred instead of collecting log probability by sampling. This
new method, which we call separated trust region for policy mean
and variance (STRMV), can be view as an extension to proximal
policy optimization (PPO) but it is gentler for policy update and
more lively for exploration. We test our approach on a wide variety
of continuous control benchmark tasks in the MuJoCo environ-
ment. The experiments demonstrate that STRMV outperforms the
previous state of art on-policy methods, not only achieving higher
rewards but also improving the sample efficiency.
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1 INTRODUCTION

The increased computation power promotes the development of
reinforcement learning (RL) for more difficult tasks. Especially, a
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variety of approaches have been proposed and successfully applied
in some certain settings like games playing [11, 22] and robotic
control [6]. The leading contenders in the domain of RL can be
roughly divided into two categories said by Sutton [24]: (1) value-
based methods, whose policies would not be available without
an estimation of the action-value. (2) parameterized policy-based
methods, whose agent selects actions without consulting a value
function directly.

The typical representations of value-based approaches are the
family of deep Q-learning methods [16, 26, 27] with experience
replay buffer. Those Q-learning methods often obtain quick perfor-
mance improvement in the early exploration episodes since the tech-
nique of experience replay can dramatically increase the sampling
efficiency. By contrast, policy gradient methods [8-10, 18, 19, 23],
the core of parameterized policy-based approaches, can master var-
ious continuous tasks rather than be restricted to discrete domains
as Q-learning methods. However, most of those gradient methods
suffer from the sample inefficiency and parameter sensitivity [9].
The brittleness of those policy gradient algorithms lies in the up-
date size, which is controlled by a hyperparameter called learning
rate. Each time when the set update size is not appropriate, the
agent may be guided to execute a worse policy, which could cir-
cularly lead to the divergence of value estimation network. John
Schulman et al. finds a surrogate estimation function that ensures
policy improvement within a trust region [18]. This method, trust
region policy optimization (TRPO), gains popularity for its robust
and empirical performance on difficult continuous control tasks.
But it is relatively complicated and impractical for scalability. To ad-
dress this issue, Yuhuai Wu et al. suggest using Kronecker-factored
approximate curvature with trust region to optimize both the ac-
tor and critic (ACKTR) [28]. Besides, proximal policy optimization
(PPO) has been proposed using the clipped probability ratio in [20].

Moreover, another inspiring research pointed out that exces-
sively aggressive rules of action selection adopted by the most
mainstream algorithm are preventing further performance promo-
tion [5, 13]. For the sake of exploration sufficiency, Ziebart et al.
advocates a maximum entropy framework, which adds an entropy
term to the standard maximum reward objective [30]. Instead of
regarding the policy entropy as a regularizer [4, 10, 20], [13, 14, 25]
begin considering the state policy entropy as rewards and max-
imizes both expected reward and entropy. Recently, Haarnoja et
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al. successfully applied DDPG style policy gradients to the max-
imum entropy framework in [6]. This new approach called soft
actor-critic (SAC) obtains impressive performance on a certain
high-dimensional task. Nachum et al. tempt to extend trust region
methods to entropy maximum framework and adopt the optimiza-
tion objective in TRPO [18] intuitively, ignoring the changes in the
policy entropy [14].

This paper seeks to propose a more reliable policy update method
that guarantees the training stability and robustness while main-
tains the simplicity and data efficiency for the maximum entropy
formulation. We introduce a new construction framework of policy
entropy to reduce the variance of expected entropy return. From a
unique perspective, we have deduced the lower bound of perfor-
mance estimation function for the maximum entropy framework,
yielding a softer policy objective with a stricter trust region. Based
on this maximum problem, we build the isolated trust regions for
policy mean and variance respectively and propose a more practical
algorithm, which we call separated trust regions of mean-variance
(STRMV). Our experiments have demonstrated that the proposed al-
gorithm gains better performance against the prior state-of-the-art
methods on most MuJoCo environments.

2 PRELIMINARIES

2.1 Standard Reinforcement Learning and
Maximum Entropy

Consider a discounted markov decision process (MDP). At each
discrete time step t, the agent observes a state s; € S and takes
a action a; € A in accordance with its policy 7(als;), receiving a
reward r; € R from the environment and transferring to a new
state s;+1 with the probability P(s;+1|s¢,a;). Thus the standard
value function V, the state-action value function QX, and the
reward advantage function AY, can be defined as:

Va(©) = En {Eg rFrecelse =
QY (st.ar) =7 (st,ar) + YV (se41)
AY (st,ar) = QY (st,ar) — Vir (st)

The goal of standard reinforcement learning is to maximize the
expectation of the discounted return

(@) = BronlRel =Eeanl ) y'rGnadl (@)

where E;. ;[-] means that the sampling trajectory r is obtained by
taking actions from policy 7z(:|s)

More generally, Ziebart [29, 30], R. Fox [3], Nachum [14] and
Haarnoja [5, 6] consider maximizing both expected reward and
policy entropy by adding the expected policy entropy over p, into
the policy performance:

Jr(x) = Benl ) v r(ses ar) + aB(x(ls0)]

1

®)

Here, the hyperparameter a balances the magnitude of policy en-
tropy and reward. As the time step increases, a keeps decreasing
until zero is met. With this entropy maximization framework [6],
the soft state value function T,; can be computed iteratively accord-
ing to the modified Bellman equation:

Tr (s0) = En { )0 ¥ e —logm @ lse)lsi =s| (@)
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According to the softmax temporal consistency in [13], the dis-
counted policy entropy H,(s;) at each state s; can be perfectly
isolated and defined recursively as:

®)

In this case, the soft state value can be expressed as a sum of the
discounted reward and entropy term, which holds for all states.

Tr(s) = Vr(s) + allz(s) (6)

Hy (st) = BEq,~n [=log 7 (az |s¢ ) + yHy (s441)]

2.2 Trust Region and Proximal Policy
Optimization
In [7], the difference of policy performance under a new policy 7
relative to the current policy 7 can be expressed in terms of the
reward advantage function AY. over policy :
(e8]
() = Jv(m) = Bez[ ) y' Ay (st ar)] ()
=0
Note that the trajectory 7 is generated under the new policy 7. John
Schulman et al. propose a new objective function subjected to a

step-size constraint of the policy update (see TRPO [18] for specific
derivation).

mo(als) v
old [ﬂsold(als)A&%ld

(s.a)]

subject to ESNPQOZd [DKL (ﬂgold (- Is) |z (- |S))] <4

maxémize E(s,a)~pg

where 0,4 denotes the parameters vector of the old policy , i.e.
7, 709, and 0,14 all denote the policy. In the following section, we
will use these representations alternately depending on whether
network parameters are involved for succinctness.

To simplify the calculation process of TRPO, Schulman et al.
modify the surrogate objective with the clipped probability ratios
and propose a simpler and more reliable approach [20]. Specifically,

maxigmize E(S’a)~p€old [min (ft(Q)At, clip(f:(0),1—¢,1+¢) At)]

©)
_ _molarlse) A, — AV
where f; (0) = 70,14 (ar 1500 and A; = A901d (s¢, az).
Here, f;(0) denotes the probability ratio and ¢ determines the
clip margin.

3 SOFT POLICY WITH TIGHT TRUST REGION

3.1 Variance-reduced Entropy Function

In the entropy framework of prior works, when taking an action
a; at the state s; obeying the policy 7, the agent observes a par-
tial policy entropy e(st, a;) = —log m(a;|s¢) rather than the com-
plete state policy entropy. But actually, when the action distri-
bution a; ~ m(als;) is available for the agent, the state policy
entropy E(s;, ) can be easily calculated over actions, E(s¢, ) =
Ea,~x[-logm(atls:)] = = X g 7(alse) log 7(alsy).

More importantly, gathering cumulative entropy by collecting
log probability of samples could lead to huge variance, hindering
the performance improvement of the entropy approximator. As
with previous studies in the continuous action domains, we assume
the action policy in each state as a Gaussian with mean and vari-
ance given by neural networks, i.e. 7(ar|s;) ~ N (u(sz, 1), o(sz, 7)%).
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Thus, the state policy entropy can be obtained by (See Appendix A
for details)

E(s¢, ) = —/_o;n(a|s;)log7t(a|st)da
= % log (27rea(st, 71)2) =logo (s;,m)+b

(10)

Here, the constant b = % log(2re) can be ignored and the agent
receives a state policy entropy E(s¢, 7) = log o(s, 7) for being a
state s; instead.

From the equation above, the state policy entropy determined
only by variance is irrelevant to the mean of the distribution. This
discovery gives birth to the following individual optimization of pol-
icy mean and policy variance. With the variance-reduced entropy
construction, we define the discounted entropy performance

Ji(x) = BronlBlst, )] = Benrl ) y'EGst,a)] (1)

Moreover, the state and state-action entropy function be written
recursively as:

H, (St) = E(Sts 77) + Y]Eat~ﬂ' [Hn (st+1)]
QH (s¢,ar) = E(s¢, ) + yHy (s¢41)
Note that H, (s;) and Q,I;I(st, ay) are similar in form, but H (s;) is

the entropy expectation over all the actions at a given state s; while
Q,I;I(st, at) only on action a;.

(12)

3.2 Soft Policy With Tight Trust Region

To guarantee that the performance cannot get worse with policy
updated each time, an estimation function that indicates how much
improvement has been made with a new policy compared to an
old one is required. Here comes the first significant lemma for the
maximum entropy framework, which describes that the difference
of soft policy performance J7(%) — Jr(r) can be decomposed as
several independent parts.

LeEmMMA 3.1. Consider the definition of soft policy performance in
eq.3 and Bellman equations eq.1 & eq.12. Given two policies & and r,

Jr(@)=Jr(m) =E; .z [E v (A‘;; (s¢,ar)
+a (AI,;’ (st,ar) +E (sp, 7) — E(st,ir)))]

where Ay (st,at) = Qy (st ar) = Vi (se), Al (s1,ar) = QF (51, ar) -
H, (s¢t) are the advantage function of discounted reward and entropy
respectively. (See Appendix B for proof)

(13)

From the perspective of the softmax temporal consistency [13]
and equation(6), it’s easy to have Jr(r) = Jy(r) + aJg(r). Let
Equation(13) subtract Equation(7), we get

Ji(®) = Ja(n) = Beez[ Y v* (A (sp. ar) + E(sy. 7) = (st )]

+=0

(14)
Equation(14) indicates that the difference on the discounted entropy
performance is the sum of per-time-step entropy advantages and
relative state policy entropy, while the entropy regularized expected
reward objective proposed in [14] has totally ignored the relative
entropy term, which is considered significant for wide exploration
in this paper.In the following sections, we will directly use A‘,; and
AH 1o represent the reward and entropy advantage functions.
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The state marginals of the trajectory distribution p, records the
discounted visitation probability of state s under policy 7 and it
can be expressed by the normalized visitation frequency [18]. Here
we ignored the normalization for the time being, and get

(15)
To eliminate the dependence of formulas on time series, equa-
tion(13) can be reorganized as a sum over states (see Appendix B
the detailed process )
Jr () = Jr () = alog 0223
+2ps () T (als) |AY +a (4 +log
N a

pr(s)=P(so=5)+yP(s1 =s)+y2P(sz =)+

(50, 7)

(16)

o(s’,7)
o(s’, )

|

where so denotes the initial state and s’ the next state.

This lemma indicates that when the policy entropy is included,
the agent also needs to consider the relative state policy entropy
and the potential entropy of those trajectories. As in equation(16),
o(s’,7)
o(s’, )
one, and Af denotes the relative measure of value of the expected
entropy when selecting the action a; at a given state s;. Thus, the
agent will be guided towards not only high-reward regions but also
high-entropy regions and be encouraged to explore more widely
while abandoning apparently hopeless avenues in the meantime.

To simplify this equation, we replace the visitation frequency
pi(s) with p,(s) as in [7, 18] and get a new function:

log

is the relative entropy of the new policy over the old

o (s0,7%)

Fr (%) = Jr () + alog oo 7)
+%pr () (als) [AY + (4 +log

o.m))] 7)

o(s’, )

Note that F;(77) has ignored the variety of state visitation fre-
quency caused by the new policy 7. For the purpose of finding
out the mathematical relationship between F(#%) and J7(%), [7]
has proposed a conservative update rule that makes the update
amplitude controllable with parameter 5 :

mg (1) = (1= p) 7o, (-1s) + frgr (-1s) (18)

Here, f evaluates the gap between the new policy 7y and the
current one 7g_, ., which is used to identify the estimation offset
with the variety of state visitation frequency ignored. Remember
that 77 and 7y both imply the new policy as the mentioned before
and 7y, denotes an expected update policy. With the conservative
update rule, we have the following theorem (see Appendix C for
details).

THEOREM 3.2. Let § = max |A¥(st,at) + aAI,'TI(st,at)L If the
S

o(s,myr

L] < o,
a(s,mg,,;,)

and correspondingly let k = arg max{|log (1 — B)? + p%k)|}.k €
k

expected update policy g/ (-|s) satisfies max |log
N

{e®,e"“}. The following conditional bound holds:
26y (5 + flog (1 - p)? + 2K
1-p?

It is worth mentioning that KL-divergence between the new and
old policy (using Gaussian distribution) satisfies

Dyt (r (1N I (1) 2 3 log (1= B + fx) +mp? — > (20)

Jr () 2 Fr (7) - (19)
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(1=p)’
2ct+0?)
interesting to note that inequality of KL-divergence is similar to our
difference term as shown in equation(19). We believe this general
theorem can partially explain why TRPO has chosen KL-divergence
to replace 2 [18].

However, KL-divergence cannot be directly used here because
the difference term has introduced ABS function and there is no
guarantee that maximal KL-divergence in all states is always larger
than the difference term. Besides, this theorem is over complicated

o(s’—ng')l < w can not be met directly
(5. 70,,4)

since we operates on the new policy g instead of 7.
To simplify theorem 3.2, we directly make a constraint on the

new policy 7y and get a more practical result:

2
0.
where y = 0—22 and m = can be seen as two constant. It’s
1

and the constraint max | log
N

if max | log U(USEZ—;TZ?Q| < % holds with the new policy 7, then
. 2 5+{)
Jr () 2 Fe () - 2LEO*E) (21)
(1-y)

Since the temperature parameter a will gradually decrease to
zero, We add a small positive number ¢ to the denominator of the
relative policy entropy boundary to avoid a division by zero, i.e.

a(s,mg) g
InéiX | log O_(s’”—goldﬂ < vt
At this point, we turn to optimize function F (%) — %}iﬁg)

at each iteration, which can still guarantee that the true objective
Jr () will not decrease as discussed by [18]. Rather than a penalty,
and a constraint can be more robust practically, i.e.

maxbmlze F 70,14 (7g)

s.t.AB? + Bf <k

(22)
max |log —olsme) | < %
S al(s.7mo,,,
2yd 2y¢
where A= —— B = .
(1-y)? (1-yy? )
Note that in the objective function F, (1), J7(r) is a constant
o (s0, )

o (s0. )
with a discounted visitation probability ﬁ < 1. Both of those two

w.rt 6 and o log worked only when initial states are visited

terms can be ignored for simpler optimization without degrading
its performance. Besides, since AB% + Bf is an increasing function
w.rt f when f > 0, the constraint A% + BB < « is equivalent to

2
2
B? < o, where o = (ﬂlﬁ—f—A - ) .

Hence, when we replace 82 with the average KL-divergence, the
simplified optimization objective can be

B
2A

o(s’,76)
a(s’, To1a)

|4
901

s't'E(S’“)Npeozd [DKL (”901d (Is) |7q (|5)|)] <&

S
= a+tl

noCl) (4

70,1415 a log

)

P |
max18mlze WE(S»a)Npsold [

a(s’, o)

max |lo
s & 505", o1

(23)
Here, ), p(s)[-] in the objective can be replaced by the expec-
N

tation ﬁE(s, a~po,,, [-]. Note that each symbol appearing above,
such as w, {, k, 0, £ and £, refers to a small positive super-parameter.
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From our optimization problem in equation(23), we discover an
interesting phenomenon that when the agent is guided to explore
more widely, its trust region of policy update would correspond-
ingly shake, that is, the policy update should be more cautious.
Besides, as the temperature parameter drops slowly, the constraint
on relative state policy entropy will become looser until the opti-
mization problem recovers to a normal reward-guided problem.

3.3 Separated Trust Regions of Mean-Variance

One may consider that the bound on relative policy entropy repeats
KL-divergence constraint, i.e. { has a strong coupling relationship
with . And a more practical problem is how to realize the update
constraint on policy variance for each state. Actually, looking into
the objective function, we will find that the agent is guided to
maximize F (7) within a small neighborhood around the old policy
7q,,,(namely trust region). To achieve similar effect, a natural idea
is to clip the action probability ratio of new and old policy into a
small range around 1 and turn to optimize the clipped surrogate
objective function. This approach comes from PPO [20] and gains
reputation for its simplicity and sample efficiency.

Similarly, we apply the clip skill to our optimization problem
by clipping both the action probability ratio and the relative state
policy entropy, which plays a role similar to two constraints in equa-
tion(22). And our clipped surrogate objective can be constructed
as:

CO) =By, 4y p,  [min(frONAF +avr11(6)),
clip(f1(0).1- e, 1+ e) AT + a - clip(vr41(0), 5. =5))]
(29)

Here, f;(0) = ﬁm’& is the action probability ratio and v;+1(6)

0014 C15)

o (st+1,76)

log SGrnty ) indicates the relative policy entropy of next state,

s0 f1(0o14) =1and vr+1(014) = 0. € and n are the clip margins of
the probability ratio f and relative entropy v respectively and ¢
is a much smaller positive value, avoiding a division by zero error.
Besides, AT = Ag ld(st, as) + aAIgld(st, a;) presents the soft ad-
vantage function. ﬁowever, this obj?ective always leads to network
divergence and infinite policy variance.

Our analysis believes that the clipped probability ratio should
be blamed since it may allow policy variance to vary over a wide
range while keeping the probability ratio f;(6) within a certain
range. Consider the logarithm of probability ratio,

log f; (6) = log 70l

0p1qats)

2 25
(“””"old) _ (ar—po)’ ()
209 2042

—log c,;’jld =1 (0) — v (0)

2
old
_ 2 2

where y(6) = 52y - (o52t)
(in the early episodes), og within a small neighborhood around
09,,, can hardly influence 1/;(0) while yg contributes much to it.
Thus, the impact of updated variance on /() is almost negligible,
which means ¥/;(0) can be roughly regarded as a function of policy
mean p. This split achieves a domain separation of policy mean
and policy variance, which essentially decouples two constraints
on relative policy entropy and KL-divergence in as shown in equa-
tion(23). Based on this domain separation, our clipped surrogate

. Note that when aguldz >0
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Figure 1: The comparison of A2C,PPO,TRPO,STRVM on several MuJoCo environments within one million time-steps. These
curves are generated by averaged 10 random seeds and the shadow areas means one standard deviation. The benchmark algo-

rithms are used with default hyper-parameters.

objective can be modified as
L(0) = E(s.a-p,,, [min (£ ) (AT + avre 0)).
) (A{ +a-clip (vt+1(9) U ))]

L
where sfllp(G) = clip(y+(0), —€, +¢€) — clip(v:(0), a_TUf” #) con-
structs the trust regions of mean and variance separately in the
probability ratio f.Thus we call separated trust region for policy
mean and variance (STRMV). Besides, a proper positive value ¢’ is
set for the bound constraint that the probability ratio r imposes on
the policy variance, i.e. |v;(0)| < _{,—7 = OI(iLnO %.

In particular, we store the recent experiences at each time-step
in the form e; = (s, as, rt, 0, St+1), and both reward and entropy
appproximators are updated applying truncated version of gener-
alized advantage estimator (GAE) [19] within time-steps T. Also,
fixed-length trajectory segments are used in this work as well as
PPO [20].

clip (26)

S/ -1
€ Ya+l’

4 EXPERIMENT

In this section, we desire to answer three questions: (a) how much
improvement in sample efficiency and cumulative reward have been
achieved by STRMV compared to other state of art on-policy base-
lines. (b) How to keep a balance between exploration and exploita-
tion with a correct temperature parameter «. (c) Which component
plays a core role in STRMV.

We conducted a series of experiments on a variety of challeng-
ing continuous control benchmark environments in OpenAl Gym
benchmark suites [1], using the MuJoCo engine [21]. As shown in
figure 1, we evaluate our algorithms on six continuous control tasks,
namely Reacher, Walker2d, Ant, Hopper, InvertedPendulum and

1475

InvertedDoublePendulum. In those tasks, the agents are required
to control the robots’ joint torques by observing their position in-
formation and kinematic parameters ( please refer to [1] for more
details).

In all comparative experiments, the same input pre-processing
and model architecture are adopted as [12]. The state value net-
works of reward V,; and entropy H,; have the same structure but
share no parameters. We anneal the temperature parameter a over
the course of training together with learning rate. To obtain a stable
training process, we use the neural networks only to learn the pol-
icy mean rather than output both mean and variance while policy
variance is simply set to be a learnable variable shared by all states,
which has been commonly adopted by most actor-critic algorithms
[15, 18, 20]. Besides, the same hyperparameters for all MuJoCo en-
vironments are used without further fine-tuning and provided in
Appendix E.

4.1 Comparative Evaluation

We compare our method to proximal policy optimization (PPO)
[20], trust region policy optimization (TRPO) [18] and advantage
actor critic (A2C) [15]. These three are all the best-known on-policy
algorithms in the continuous domains of reinforcement learning.
Figure 1 shows the cumulative reward during 1 million time-steps
training over 10 different random seeds respectively for STRMV (blue),
PPO(green), TRPO(red) and A2C(yellow). The solid curves report
the average score and the shaded regions are formed by the mini-
mum and maximum return bound at each step over the 10 trials.
The results show that, A2C can hardly make any progress almost
in all harder tasks within 1 million time-steps, which has revealed
its sample-inefficiency. On the contrary, STRMV performs quite
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Figure 2: Sensitivity analysis of STRVM to temperature parameter « on some MuJoCo environments.

robust across various environments and learns faster than PPO and
TRPO with higher or comparable reward scores on all tasks, except
for InvertedDoublePendulum, where STRMV performs better than
PPO but slightly worse than TRPO. For the easier task Reacher, all
algorithms achieve the similar learning speed and reward score
except A2C, but the standard deviation of STRMV is apparently
smaller than TRPO and PPO, which means that STRMV gets more
stable across different random seeds. More generally, our method
gains nearly twice the learning speed of TRPO and PPO in the early
episodes on Hopper, Ant, Walker2d and obtains highest final scores
on 4 tasks out of 6. The A2C, TRPO and PPO MuJoCo baseline
results are provided by the OpenAl team [2] !. And the source code
of our STRMV implementation and pretrained model weights are
available online?.

4.2 Temperature Parameter Analysis

The temperature parameter ¢, which determines the relative im-
portance of the entropy term against the reward, has a vital role in
the balance between exploration and exploitation. However, when
the entropy advantage A’? and the relative state policy entropy
v +1(0) share the same coefficient @, the actor network could be
brittle and easy to get divergent in the early episodes. The direct
cause lies in the fact that the values of A’? and v;41(0) differ by
orders of magnitude, even A? is normalized in a random sampled
mini-batch. When « (initial value) is too small, entropy may cast no
effect, followed by insufficient explorations. Otherwise, the relative
entropy term would be so aggressive that overbold exploration is
encouraged, resulting in the network divergence.

Therefore, different weight coefficients are required for Altq and
vr+1(0), expressed as ap, a,. Here, we simply set agy = 1, and the
reward score during training for several different values of weight
ratio ;‘—Z are presented in Figure 2.

We design the hyper-parameter analysis experiments on Hop-
per, Walker2d and IntertedPendulum. The results show that the
best weight ratio differs from task to task, which are mainly deter-
mined by the amplitude of entropy advantage function. Yet good
performance is achieved in most tasks when weight ratio falls in
[1e-5,1e-7]. Besides, apparently the agent can’t learn nothing when
a shared coefficient « is used, i.e. Z—Z =1.

Ihttps://github.com/openai/baselines-results
Zhttps://github.com/AndyWolfZwei/STRMV
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4.3 Component Analysis

As mentioned before, the entropy advantage A? guides the agent
to explore on the trajectory with high cumulative entropy, and
the relative entropy v;(6) leads to explore more randomly. Besides,
separated trust regions are also built for a more stable training
process. To figure out which component matters most in STRMV,
we set up a group of control trials. Each trial compares STRMV with
and without one component. For the component analysis of the
entropy advantage and the relative entropy, we can simply set their
weight coefficient apy and a, to zero respectively. As for separated
trust regions, we adopt the original clipped surrogate objective C(6)
in equation(24). The details of performance degradation on Ant,
Hopper and Walker2d are shown in figure 3.

Apparently, the performance of STRMV without separated trust
regions is greatly degraded, while STRMV without entropy advan-
tage and relative entropy perform much better. In fact, this work
is the first to consider separating the constraints on policy mean
and variance. Correspondingly, the results have also demonstrated
that separated trust regions shed more light on our algorithm. Fur-
thermore, compared to the relative entropy, the entropy advantage
function is more important since it considers the potential entropy
over those trajectories starting from a given state. This result can
also confirm that a multistep entropy regularizer is more promising
than an one-step one.

5 CONCLUSION

We present a simple and computationally inexpensive on-policy
maximum entropy algorithm that not only possesses the robust
and reliable property of trust region methods but also retains the
stable and sample-efficient merit of entropy maximization frame-
work. Our theoretical work derives a more general but conditional
bound for policy performance improvement, and obtains a softer
objective with stricter trust region that incorporates second-order
information. By revealing the essence of state policy entropy, we
build separated trust regions for policy mean and variance for fur-
ther optimization. A series of experiments above has empirically
demonstrated that our algorithm is useful and robust across sev-
eral continuous control tasks and apparently outperforms the most
popular on-policy methods on most MuJoCo environments in both
sample efficiency and final reward score. This suggests that how to
achieve the balance between exploration and exploitation is still
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Figure 3: Comparison of STRVM algorithms across different tricks on several MuJoCo environments.

the crucial problem in the continuous domains of reinforcement
learning, which has been actually overlooked in most standard
policy gradient methods. Instead of simply using one-step entropy
as a regularizer, multistep entropy return is a promising research
avenue for future work.
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7 APPENDIX

A. proof for the differential entropy of Gaussian distribu-
tion.
Assume that the action at a given state s; over policy 7 subjects

to a Gaussian distribution, 7z(-|s;) ~ N(u, o?). Hence, we have

(ar-p)?
202

m(at|st) = \/#75’ . Then the state policy entropy can be
defined as

E(s¢, ) = —/_D;n(a|st)log7r(a|st)da
(a-p)?
__ [ 1 iy
- f—oo m(alse) log(me 2 )da ( .

00 1 0o a—p
—Lmn(a|st)log @da—log(e)ﬁwﬁ(a|st) (—T)da
% log (2710'2) + log (e) ;7
%log (2mea?)

(27)

B. proof of performance improvement.

This proof refers to the some importance techniques from the
proof of Theorem 4.1 in [29]. We extend this lower bound theorem
to the maximum entropy framework and a more general result
has been obtained. Besides, in this proof, we will demonstrate why
TRPO has chosen the KL divergence to replace f (a distance mea-
sure between the old policy 7 and a new one 7) from another
perspective. This proof mainly depends on the notion of coupling,
as demonstrated in TRPO[12].
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Fr(7) can be seen as a result when the action a; at time step
t selected by policy 7 disagrees with s for the first time over the
whole episode. Therefore, the error between F, (%) and J7(7%) is
induced by those other circumstances where the first time that 7
disagrees with 7 happens before time step ¢.

For a complete explanation, we begin the proof with a lemma,
which describes the difference of soft policy performance Jr(7) —
Jr () in terms of the advantage functions and relative state policy
entropy.

Lemma 1: Given two policies 7= and r,

Jr ()= Jr (n) = E. .5 [Eoyt (AZ (s¢,ar)
+a (A;I (st,ar) + E (s, 7) —E(st,ir)))]

Proof. Here A‘,{(st, ar) =r(st,ar) + yV(st+1) — V(st), and
Alg(st, ar) = E(s¢, m) + yHy (sp+1) — Hy (sy), thus we have

(28)

E, s [g}o vt (AZ (st ar) +a (AI,? (s¢,ar) + E (s¢, ) — E (s, n)))]

=E; 7 [-Vr (s0) = Hx (s¢) + EO y! (r (st ar) + aE (s, fr))]

=B [=Tx (s0)] + Jr (7)
= Jr (%) = Jr ()
(29)
Let p(s) denotes the discounted visitation frequencies, then the
equation can be reorganized as:

Jr (%) = Jr ()
=3 Y P(sy =s|7) [ozytlog;M
t=0's

o(s,m)

+Y w(als)yt (AZ+0¢A¥)]

NS e — |5 o(s. ) . v H
= %tgoy P(sy =s|7) [alog o) +%]7r(a|s)(A,r +aAn)]
o(s, )
o(s,)

= 2 pals) [alog + 27 (als) (A} + aAif)]
N a
(30)
Actually, the selected actions have no effect on current state
policy entropy but determine the expectation of the next state policy

entropy. Besides, the policy entropy of the next state is already
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available to the agent after taking an action, so the equation above
is also equivalent to the following form:

Jr (%) = Jr (1)
= alog &7 + 5oz () S (als) |AY + (4l +10g 53} |

o (s0,77) o(s’,m)
(1)
where s’ denotes the next state and sg is the initial state.
C. proof of performance bound.
Theory 1: Let § = max |AY (sy, ar) + aAH (s;, ar)|. For the con-

servative update rule, the following conditional bound holds: if

max | log ?(s 7o) |<¢ (32)
$ 0014
holds with the new policy 7, then
2 )
Jr) = Pl - 22D (Yl(f Y;g) (33)

proof : To make the proof Brief, we define

T(s)= Y i(als) AV+a(AH+1 gUEs Z;)] (34)

then the soft performance can be

Jr) = Jn () = alog A0 45 Zy Tl 69)
and correspondingly
0.(309”)

Fr(7) = Jr(m) = alog === + Bron[ ) y'Ts0)]  (36)
t=0

o(so, )

Note that F;(77) collects T(s) over the old policy 7. To bound
the gap between F, () and J7(7), we divide all sample trajectories
into two cases: 77 totally agrees with 7 and otherwise. For each
time step, the probability that the actions sampled using 7 and 7
are the same is . we use c; to count the number of times 7 and 7
disagree with each other before time ¢. Then, P(c; = 0) = (1 — B)*
while P(c; > 0) = 1 — (1 — ). Let’s first consider the difference
contributed by the trajectories with time-step t,

[Ecvi [T (52)] = Ernr [T (s2)]]

=P(ct > 0) [Erosije, >0 [T (60)] = Errie,»o [T ()]

< (1 - (1 - ﬁ)t) (|E1~f:|c[ >0 [T (S[)” + |E1~n|c,>0[T(5t)]|)

<2(1-(1-p)") max|T (s;)|

(37)

Here, we naturally know that B, _z ¢, =o[T(s:)] = Bz~ |c,=o[T(s¢)]
when 7 and 7 totally agree with each other before time step ¢, thus
the difference comes from the cases where a time d; # a; happens
for i < t with probability P(c; > 0) = 1—(1-)*. Next, we evaluate
the difference between F, () and Jr(7) over trajectories of all time
steps and we get

|J7(7) = Fr ()|

= 'Er~ir [Z )’tT(st)] —Eren [Z YtT(St)]
o t=0 t=0

= tg Y [Brye [T (6] = EBrioyon [T (0]

0
<2 tgoyt (l -(1- ﬁ)t) max|T(st)|
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The rest of the work is how to bound T(s) at different time-step ¢.
Here, T(s) can be divided into two parts ¢z (s) and ae (s), where

07 (5) = S (als) (Y + aalf)

e; ()= 3 7 (als)log L2 (39)

o(s’,m)

and we separately find out their upper bound. Let’s focus on ¢(7)
first, and it’s easy to get

loz ()l
= [pro el (4, <o)

= % ((1 _ﬁ)ﬂeold (a|5)+ﬂ7'[0, (Cl |S)) ‘AXOId +6(AH

v u Oo1a (40)
= ,Bza] o (als) Ap . T,
< v H | . )
< fmax ‘Aeold + aAeold Za:ng (als)
< ps
The above result can be easily obtained because
Z 7,4 (@ls) (Agold + aAgold) =0 (41)
a

Asfor e (s), we assume that the old policy subjects to 7g_, , (+|s¢) ~
N, 012) and the expected update policy mg:(-|sy) ~ N(pz, 022).
Then the action at state ; selected by the new policy my(-|s) has a
distribution of N((1 — f)u1 + Buz, (1 — ﬁ)zalz + ﬂzazz). The relative
entropy will be

B2, p2 2
log o(s,mp) =log (1-p) Zl;rﬂ 9,
o S,ﬂgold 1

" (42)
= log ((1 —BR+ /320—%)
1
Here, we make a constraint on the output variance of policy 7y (-|s)
for all states, i.e. max|log %| < w, and correspondingly let k =
S

arg max{|log (1 — )%+ B%k)|}, k € {e®, e~®}. since the new policy
k

7g(-|s) at state s will not have an impact on the relative policy en-

o(s’,mg) |-
a(s, 7o, )

Ealﬂe(aIS) < [log (1 = B)*+p?k)|. Thus, |T(s;)| < |‘Pﬁ(3)|+a|eﬁ(s)| <

BS+allog (1 — B)? + B2k)| holds for each state. Finally, we combine
those inequalities together and get

|JT(7) = Fr(7)
<2 Z yt (l -1 —ﬂ)t) max|T(st)|

(ﬂ5 +allog(1-pF+ f2K]) X v (1~ - p))

t= O
=2(ﬂ5+wilog<1—ﬂ>2+ﬁ2kl)(ﬁ—m) “
2By (B5+allog (1-p)*+2K])

(1=y)(A-y(1-5))
2By (p5-+allog (1-p)*+ K|
< :
- (1-y)?*
Thus, we have

tropy of next state s', we can simply get |e;(s)| < max|log

26y (p5 + ‘log (a-p2+ ﬂzk)|)

Jr () 2 Fr () - T

(44)
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D. KL-divergence between old and new policy.
It’s easy to know that KL-divergence between two Gaussian
distributions is
2 2
op + (Hp — Hq)
2
204

aq 1
Dkt (pllg) = log — + s (45)
where p ~ N(yp,aﬁ) and g ~ N(,uq,ofl). Thus, substitute the
distribution of old and new policy into the above equation and we
can get

. 1 2 2 1+ % !
Dx(n([9)]|7(1s) = 3 log ((1—ﬂ) +p x)+m_5
where y = Z—zz and z = (Mcr;lﬂz)z’

Here, y and z can be seen as two constant. Since 0 < f < 1 and
x > 0, we have 2((1 — §)? + f%x) < 2(1 + ). Then

Dir(aCls)7C1s) = 5 log (1= B + §2¢) + mp? - -
(=) _ (u—pa)’
21+ x)ol T 2ci+ol)’

E. Hyperparameters

The following table lists the common parameters over all the
on-policy algorithms and unique parameters of STRMV used in the
comparative evaluation in Figure 1.

Common Hyper-parameters

where m =

Parameter Value
learning rate 3e-4(Linear decay)
Discount(y) 0.99
GAE(1) 0.95
hidden layer number 2
hidden units per layer | 64
Mini-batch size 64
optimizer Adam
Value loss coefficient 0.5
STRMYV Hyperparameters

Entropy loss coefficient | 1
a for clipped margin 6e-3(Linear decay)

ag 1(Linear decay)
ay le-6(Linear decay)
€ 0.2
3e-4
4 le-8
t le-3
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