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ABSTRACT
The popularity of mobile Internet techniques and Online-To-Offline
(O2O) business models has led to the emergence of various spatial
crowdsourcing (SC) platforms in our daily life. A core issue of SC
platforms is to assign tasks to suitable crowd workers. Existing
approaches usually focus on the matching of two types of objects,
tasks and workers, and let workers to travel to the location of users
to provide services, which is a 2D matching problem. However,
recent services provided by some new platforms, such as person-
alized haircut service1 and station ride-sharing2, need users and
workers travel together to a third workplace to complete the service,
which is indeed a 3D matching problem. Approaches in the existing
studies either cannot solve such 3D matching problem, or lack a
assignment plan satisfying both users’ and workers’ preference in
real applications. Thus, in this paper, we propose a 3-Dimensional
Stable Spatial Matching (3D-SSM) for the 3D matching problem in
new SC services. We prove that the 3D-SSM problem is NP-hard,
and propose two baseline algorithms and two efficient approximate
algorithms with bounded approximate ratios to solve it. Finally, we
conduct extensive experiment studies which verify the efficiency
and effectiveness of the proposed algorithms on real and synthetic
datasets.

CCS CONCEPTS
• Information systems → Spatial-temporal systems.
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1 INTRODUCTION
With the development of mobile Internet techniques and Online-
To-Offline (O2O) business models, various spatial crowdsourcing
(SC) platforms show their popularity in people’s daily life where
the workers are employed through the Internet and finish the
tasks in the real world [21]. Famous SC platforms contains taxi
travel service platform (e.g. DiDi2), sports venues and trainers ser-
vice (e.g. InterestingSport3), customers and makeup artists service
(Nanguache1), and event-participant service (e.g. Meetup4), etc.
For these SC platforms, one of the typical tasks is to assign tasks
to suitable workers. Existing studies usually evaluate the inter-
ests of the workers with respect to the tasks by calculating the
utility score based on their historical records and the profile in-
formation over the platform. They model this problem as a maxi-
mum unweighted/weighted bipartite graph matching (shorten as
2D matching) problem [5][6][16][17][28]. The goal of these studies
is to maximize the total numbers or the sum of utility score. In
this model, the workers travel to the users’ locations to provide
services. In other words, the service place is the same with the
location of users. However, some new O2O applications provide
such services that require users and workers go to a third place
together. In follows, we provide 3 real-world application examples
for the above SC service.

Personalized haircut service. On the Nanguache1 platform,
each user would like to require a hairdresser (i.e., worker) and book
a barber shop (i.e., workplace) to have a haircut. The user (e.g. u2)
and hairdresser (e.g.w2) can depart from their living places, and go
to a barber shop (e.g. p1) together to make the haircut.

Station ride-sharing. The DiDi2 platform provides a station
ride-sharing service, in which several users go to a station (i.e.,
workplace) on foot, and a car/taxi (i.e., worker) drive to that station
to pick these users.
3http://www.quyundong.com/.
4https://www.meetup.com/.
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Figure 1: An Example of Crowdsourcing Platform

Sport Class. The InterestingSport3 platform provide a sport
class service. A tennis coach (i.e., worker) can teach one or several
students (i.e. user) in one class. The coaches and students will go to
a tennis court (i.e. workplace) to complete the class.

In all the above three applications, the platform needs to match
all users, workers and workplaces, and provides a global plan. Es-
sentially, this involves in a tripartite graph matching (shorten as 3D
matching) problem. The methods [5][6][16][17][28] for old services
solving the 2D matching problem cannot be simply applied to such
3D matching problem. Moreover, Song et al in [25] propose a 3D
matching strategy, in which the platform makes plan by maximiz-
ing the total utility score of users and workers. This strategy just
maximized the satisfaction of the platform, but failed to comprehen-
sively consider the request of both users and workers. For example,
in Fig. 1, there exist three types of points in the platform, users (e.g.
u1,u2,u3), workers (e.g.w1,w2,w3), and workplaces (e.g. p1,p2,p3),
and we treat the reciprocal value of distance as the utility. Using
the strategy in [25], we can obtain the global plan shown as the red
lines. In this plan, u3 andw1 are matched together, and assigned to
place p2. However, there obviously exists another place p3 which
is nearer to both u3 andw1. Then neither u3 norw1 will be happy:
"Clearly, there is a workplace closer to us. Why the platform let us
travel further?!"

We propose a new matching over the SC platforms for such 3D
matching services, which considers the distance between work-
places to both users and workers comprehensively. We name this
problem as 3-Dimensional Stable Spatial Matching (3D-SSM). Under
our 3D-SSM, the global plan in Fig. 1 is shown as the blue lines,
which can overcome the problems of existing strategy.

In summary, we make the following contributions.

• We formulate a new stable matching problem called the 3-
Dimensional Stable Spatial Matching (3D-SSM). We prove
that the 3D-SSM problem is NP-hard and propose two base-
line algorithms.

• We develop a DSM algorithm and a Path Swap algorithm
with bounded approximate ratios to efficiently solve the 3D-
SSM problem approximately.

• We verify the effectiveness and efficiency of the proposed
methods with extensive experiments on real and synthetic
datasets.

The rest of the paper is organized as follows. Section 2 formally
defines the 3D-SSM problem. Section 3 presents two baseline algo-
rithms. We propose our approximate algorithms and analyze the
complexity and approximation ratio in Section 4 and 5. Section 6
evaluates the proposed techniques by extensive experiments over
both real and synthetic datasets. We review the related works in
Section 7 and conclude the paper in Section 8.

2 PROBLEM STATEMENT
In this section, we first introduce some basic concepts, and then
formally define the stable triple and 3D-SSM problem. Table 1 shows
the symbols used in this paper and their corresponding descriptions.

Table 1: Summary of Symbols used in Our Paper

Symbols Description
M The matching set
W The worker set
U The user set
P The workplace set

lw , lu , lp The location of workers, users and workplaces
cw the capacity of workers
DW The ordered distance set of workers to workplaces
DU The ordered distance set of users to workplaces
DLW The ordered distance set of workplaces to workers
DLU The ordered distance set of workplaces to users
P The swap path

Givenm users, n workers and t workplaces, we denoteU as the
user set,W as the worker set and P as the workplace set. Each user
u ∈ U or workplace p ∈ P is described by a 2D space location lu
or lp . Each worker is described by a triple w < lw , cw >. Here,
lw is the 2D space location; cw is the number of users that he can
matched, which is called the capacity ofw . To be convenient, for
each worker w ∈ W (resp. user u ∈ U ), we use a set DWw (resp.
DWu ) to store all workplaces p ∈ P in a decreased order of the
distance between p tow (resp. u). Meanwhile, for each place p, we
use a set DLWp (resp. DLUp ) to store all workerw ∈W (resp. users
u ∈ U ) in a decreased order of the distance betweenw (resp. u) to p.
Without loss of generality, the distance can be extented to different
kinds of distance, such as the road-network distance. We simply
use the Euclidean distance in our paper.

Notice that one user can be matched by only one worker in one
workplace. A worker can match several users no more than the
capacity, but can match them at one workplace. A workplace can
only accommodate one worker and users that the worker serves.

A match (w,u,p) is a triple which means that worker w and
user u go to workplace p to complete the service. As stated in the
Introduction previously, if there exists another workplace p′ that is
closer to bothw and u than p,w and u would feel unsatisfiable to
the plan provided by the platform. Thus, we define a new concept
of stable triple as follows.

Definition 1 (Stable Triple). For a workerw , a user u and a work-
place p, (w,u,p) is a stable triple if and only if there is no other
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locations p′ ∈ P satisfiesw is closer to p′ than p and u is closer to p′

than p, no matter whether p′ is matched with other workers and users
or not.

Example 1. Tables 2(a), 2(b) and 2(c) show the information of
workers, users, and workplaces respectively. A match (w3,u7,p5) is
an unstable triple because p4 is closer to both w3 and u7 than p5. It
means that p4 is a better choice of w3 and u7 than p5. All matches
shown in Table 2 (d) are stable triples.

Based on the stable triple concept, we define 3D-SSM as follows.

Definition 2 (3D-SSM Problem). Given a set of workersW , a set
of users U and a set of workplaces P , the 3D-SSM problem is to find
a matching set M among the workers, users and workplaces such
that the number of matches inM is maximized under the following
constraints:

• Stable Constraint: Each matched triple (w,u,p) ∈ M should
be stable.

• Capacity Constraint: Each worker should be matched with
users no more than the capacity.

• Unique Constraint: Each user should be matched in one
triple only, each worker should be matched with one workplace
only, and each workplace should be matched with one worker
only.

Example 2. For the 3 workers, 3 users, and 3 workplaces shown
in Fig. 1, the capacity of the 3 workers are cw1 = cw2 = cw3 = 1.
A match setM = {(w3,p2,u1), (w2,p2,u2), (w1,p3,u3)} satisfies all
the 3 constraints in Definition 2, and it contains 3 matches. Another
match set M ′ = {(w1,p1,u1), (w1,p3,u2)} can also satisfy all the
3 constraints in Definition 2. However, M ′ only contains 2 matches,
since any other matches adding to M ′ would break at least one of
the 3 constraints. M ′ cannot be the result, since it contains smaller
number of matches thanM .

Theorem 1. The 3D-SSM problem is NP-hard.

3 BASELINE ALGORITHM
In this section, we propose two baseline algorithms to solve 3D-
SSM, Maximum Weight Independent Set (MWIS) algorithm and
Greedy Stable Matching (GSM) algorithm.

3.1 The MWIS-based Algorithm
From the proof of Theorem 1, we can find that the special case of 3D-
SSM can be converted to maximum independent set problem [27].
It stimulates us that we can solve 3D-SSM by constructing a graph
and conducting theMaximumWeight Independent Set (MWIS) [14]
[15].

The main idea is as follows. Firstly, we construct vertices using
stable triples in 3D-SSM. When the capacity of each worker cw = 1,
a graph GM can be equivalently constructed for 3D-SSM. Each
stable pair is a vertex ofGM . When cwi > 1, the vertex will become
a super vertex containing multiple stable triples. In the vertexes,
worker and workplace are the same, but users are different. The
number of stable triples in a vertex becomes its weight. Secondly,
we link edges between vertices who contain the same workers,
users, or workplaces. Finally, we conduct the algorithms solving

Table 2: Statistics for workers, users and workplaces

(a) Statistics for workers
W DW capacity
w1 p2, p3, p5, p1, p4 3
w2 p2, p3, p4, p1, p5 3
w3 p2, p1, p4, p5, p3 2
w4 p4, p3, p1, p5, p2 3
w5 p2, p5, p1, p3, p4 1

(b) Statistics for users
U DU U DU

u1 p4, p3, p5, p2, p1 u7 p3, p4, p1, p5, p2
u2 p3, p2, p1, p4, p5 u8 p5, p2, p4, p3, p1
u3 p3, p1, p4, p2, p5 u9 p3, p1, p4, p5, p2
u4 p2, p1, p5, p4, p3 u10 p1, p5, p3, p4, p2
u5 p1, p2, p3, p5, p4 u11 p5, p3, p2, p4, p1
u6 p2, p4, p1, p5, p3 u12 p1, p2, p4, p5, p3

(c) Statistics for workplaces

P DLW DLU

p1 w3, w5, w2, w1, w4 u7, u9, u3, u5, u12, u4, u10, u6, u2, u8, u1, u11
p2 w2, w5, w3, w1, w4 u4, u6, u5, u12, u7, u2, u3, u8, u11, u1, u10, u9
p3 w2, w1, w4, w5, w3 u7, u3, u2, u9, u1, u5, u11, u10, u8, u4, u6, u12
p4 w4, w3, w2, w5, w1 u7, u1, u3, u9, u6, u12, u2, u8, u10, u4, u5, u11
p5 w5, w1, w3, w2, w4 u8, u7, u5, u10, u11, u1, u9, u6, u4, u3, u12, u2

(d) A stable matching

(w1, u7, p3) (w2, u5, p2) (w4, u1, p4)
(w1, u9, p3) (w2, u6, p2) (w4, u2, p4)
(w1, u10, p3) (w3, u11, p5) (w4, u3, p4)
(w2, u4, p2) (w3, u8, p5) (w5, u12, p1)

theMaximumWeight Independent Set (MWIS) problem to calculate
the result [14] and [15].

When cwi > 1, all possible numbers of users that may be allo-
cated towi should be enumerate. Suppose cw1 = 2,w1 is matched
with workplace p1, and 2 users can compose stable triples withw1
and p1. Specifically, (w1,u1,p1) . . . (w1,u2,p1) are all stable triples.
Then 3 vertices are constructed, which arevm1((w1,u1,p1)),vm2((w1,
u2,p1)), and vm3((w1,u1,p1), (w1,u2,p1)). vm3 is a super vertex
that contain 2 matches. We denote the capability of workerwi as
cwi , the number of users matched withwi as x . If x ≥ cwi users can
compose stable triples with wi and workplace pj ,

(x
1
)
+ . . .

( x
cwi

)
vertices are constructed. If x < cwi , then

(x
1
)
+ . . .

(x
x
)
vertices are

constructed. Given a vertex vm3((w1,u1,p1), (w1,u2,p1)), all other
vertices that contain any of w1, u1, u2, or p1 should be linked to
vm3.

The pseudocode of the baseline algorithm is shown in Algo-
rithm 1. We initialize an empty graphGM as a pair of empty vertex
set VM and edge set EM (Line 1). Then, for each worker w ∈ W
and each workplace p ∈ P , we initialize an empty set S . We enu-
merate all possible stable triples and put them into S (Lines 2-7).
We state a counter i from 1 to min(cw , |S |), and

( |S |
i
)
vertices with

weight i would be constructed (Line 9). After constructing all ver-
tices (Lines 2-9), we link the edges between vertices whosew or u
or p are the same (Lines 10-12). Finally, we conduct algorithms for
MWIS problem to solve the problem (Lines 13-14).

Theorem 2. The accuracy of the baseline algorithm is the same
with that of the MWIS problem.
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[14] and [15] can calculate exact result of the MWIS problem.
Though the complexity isO(2 |V |), efficient pruning algorithms can
help to fast calculate the exact results. Thus, the baseline algorithm
can be treated to provide an exact answer.

3.2 GSM Algorithm
As discussed above, the MWIS-based algorithm can provide exact
answers, but its computational complexity is too high. Thus, we con-
sider another approximate algorithm called Greedy Stable Matching
(GSM), which is more efficient. We propose an approximate algo-
rithm, Greedy Stable Matching (GSM) algorithm. It directly finds
the stable matching for users one by one according to the distance.

The main idea of GSM is to optimize the workplace and worker
for a given user. Given a user u, we greedily check the nearest
workplace p and the nearest workerw to p, until (w,u,p) is stable.
Recursively repeat this method until no stable matches can be
found.

The details of GSM are illustrated in Algorithm 2. We initialize
an unmatched worker (resp. workplace) set AW (resp. AP ) (Line 1).
For each u ∈ U , it enumerates workplaces ordered by the distances
from the smallest to largest. Ifp ∈ AP , it first enumerates workers in
AW to find a stable triple, then deletes the worker (resp. workplace)
from AW (resp. AP ) and puts the triple into matching results (Lines
5-9). If p < AP , there is a worker w matched with p (Line 11). If
(w,u,p) is stable and the capacity of w is satisfied, the triple is a
matching result of u (Lines 10-14). If a stable triple is found for the
user, the algorithm starts to process the next user (Lines 15-16).

3.3 Shortcomings of the Baseline Algorithms
Though the MWIS algorithm can provide an exact solution, the
calculation is very inefficient. The computational complexity of
constructing the graph is O((|U | × |W | × |P |)2 + 2cw × (|W | × |P |),
where cw is the maximal capacity of all workers. Moreover, the
number of vertices and that of edges in the converted graph can
beO(2min(cw ,x ) × (|W | × |P |) andO(22cw × (|P |2 |W | + |W |2 |P |)) re-
spectively, which is much larger and denser than the normal simple
graph. So it is hard for algorithms in [14] [15] to run efficiently.

Comparing with MWIS, the GSM algorithm is more efficient. The
computational complexity of GSM is O(|W | × |U | × |P |). However,
the number of stable matches found by the GSM algorithm could
be rather fewer than the exact solution. This is because in GSM,
the matching result cannot be changed once a worker is matched
with a workplace, even though he may match more users in other
workplaces. The capacity of workers may be wasted and leads to a
bad effectiveness.

According to the above analysis, we need to find algorithms that
can solve 3D-SSM efficiently and accurately. Thus, in the next two
sections, we propose two approximate algorithms with bounded
approximate ratios to improve the 3D-SSM processing.

4 DYNAMIC STABLE MATCHING
ALGORITHM

As discussed above, we propose an improved greedy algorithm,
named Dynamic Stable Matching algorithm. It aims to overcome
the shortcoming of GSM.

The main idea of DSM is to maximize the number of stable triples
for a given user. Given user u, we find a stable triple from workers
and workplaces that are not matched. Different from the GSM
algorithm, if the triple does not exist, we consider to break some
existing triples if more users can be matched in the new matching
results.

The details of DSM are illustrated in Algorithm 3. We initialize
an unmatched sets AW , AU and AP , and initialize a termination
flag (Line 1). The algorithm executes until Flaд = 0, which means
it cannot find any other new stable triples (Lines 2-18). For each
user u ∈ AU (Line 4), we consider three different cases. In the first
case, if we find a stable triple (w,u,p) wherew ∈ AW and p ∈ AP ,
we update the matching results, and set Flaд equals to 1 (Lines
5-7). Next, we find whether other users can be matched withw and
p (Lines 8-10). If u is not matched in the first case (Line 11), the
algorithm tries to find a stable triple wherew ∈ AW and p < AP . If
w can match more users with p than the current worker matched
with p, the current triples with p are deleted fromM and new stable
triples are put into M (Lines 12-14). If u is still not matched (Line
15), the last case is to find a stable triple wherew < AW and p ∈ AP .
The matching resultM will be updated ifw can match more users
with p than current workplace where he matches (Lines 16-18).

Example 3. Back to the running example in Table 2. At the begin-
ning, we initialize AW , AU and AP . For u1 ∈ AU , we find p4 and
w4, where p4 is the closest workplace to u1 andw4 is closest worker
to p4, and (w4,u1,p4) is a stable triple and put into M . The capac-
ity of w4 is 3, so u2 and u3 can be matched. The matching results
are shown in Fig. 2(a). Fig. 2(b)-2(d) show the matching results of
u4,u7,u8. For u11 ∈ AU , the only elements inAW andAP arew3 and
p1, but (w3,u11,p1) is not stable. For p5 < AP , (w3,u11,p5) is stable
and (w3,u8,p5) is also stable. One more user will be matched ifw3 is
matched with p5. Therefore, (w5,u8,p5) is deleted, (w3,u11,p5) and
(w3,u8,p5) are put into M . The result is shown in Fig. 2(e). Finally,
(w5,u12,p1) is matched in Fig. 2(f), and DSM terminates as AU is
empty.

Approximate Ratio. Next, we analyze the approximate ratio
of DSM.

Theorem 3. Suppose η is the percentage of users whose closest
workplaces are different, the approximate ratio of DSM is η.

Complexity Analysis. For a worker setW , a user set U and a
workplace set P , the time complexity of DSM is O( |U |2×|W |× |P |

cw ),
where cw is the maximal capacity of all workers. For each user u ∈

AU , the complexity of finding a stable triple is O(|W | × |P |). When
a stable triple is found, it costs O(|U |) time to verify whether more
users can be matched and the size ofAU decrease at most cw in each
loop. The space complexity isO((|W |+|U |)×|P |+|U |+|W |+|P |). The
space complexity of DSM to store the distance set of workers/users
and workplaces isO(|W | × |P | + |U | × |P |), the space complexity of
AW , AU and AW is O(|W | + |U | + |P |).

We find that during the process of finding the stable triples, many
intermediate results are repetitively scanned. Thus, we consider
to design a structure that can effectively store these intermediate
results, such that the algorithm can be more efficient. We illustrate
the details of such algorithm in the next section.
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Figure 2: Example of DSM Algorithm

5 PATH SWAP ALGORITHM
In this section, we propose Path Swap algorithm. We build a data
structure storing the stable triples that are either already in the
result set M or has possibility to be put in M . We call this data
structure "Swap Path". The calculation of 3D-SSM can be accelerated
by constructing and updating the Swap Paths.

5.1 Swap Path
Before introducing the Path Swap algorithm, we introduce some
concepts and lemmas related to the algorithm.

Definition 3 (Unit). If a workerw and workplace p are matched in
the result setM , then (w,p) is a unit.

Definition 4 (Strong Candidate). For a unit (w,p) inM and a user
u, if (w,u,p) < M and (w,u,p) is stable, u is said to be a strong
candidate of (w,p) iff

• u is not in any triple inM ; OR
• if (w ′,u,p′) ∈ M , (w ′,p′) has at least one strong candidate.

Definition 5 (Weak Candidate). For a unit (w,p) inM and a user
u, if (w,u,p) < M and (w,u,p) is stable, u is said to be a weak
candidate of (w,p) iff

• (w ′,p′) does not have any candidate; OR
• if (w ′,u,p′) ∈ M , (w ′,p′) has weak candidates only.

Definition 6 (Fixed Unit). Given a unit (w,p) matched inM , if p
is the closest workplace ofw , in other words, p is the first element in
DWw , then (w,p) is a fixed unit.

Example 4. Take Fig. 3(a) as an example, there are two fixed units
(w1,p2) and (w4,p4). {u1,u2,u3} are users matched with (w4,p4).
The strong candidates of both (w1,p2) and (w4,p4) are {u7,u8,u9,u10,
u11,u12}, these users are not matched in any triples. They have no
weak candidates.

With the above basic concepts, we define our "Swap Path" struc-
ture.

Definition 7 (Swap Path). Given a matching result M , a worker
u1 and a workplacep1 that are not matched.We define a swap path for
(u1,p1), denoted asP = {(w1,u1,p1), (w2,u2,p2), . . . , (w |P | ,u |P | ,p |P |)}.
A valid swap path follows the following rules.

• Each triple Pi is stable.
• For the fist triple, w1 and p1 are not matched in M , u1 is
matched inM or u1 is available if |P | = 1.

• Each ui in Pi is a strong/weak candidate of (wi ,pi ) and is
matched with the (wi+1,pi+1), where i ∈ [1, |P |).

• If |P | > 1,u |P | is not matched or (w |P | ,p |P |) has neithor
strong nor weak candidates.

We can find swap paths through enumerating candidates, and
consider two kinds of swap paths in this paper: (1) all the users
in paths are strong candidates; (2) all the users in paths are weak
candidates. The former kind can reduce the size of available users
to improve the performance, the latter is aimed to adjust the cur-
rent matching set, which will release the matched workers and
workplaces.

After introducing the swap path, we are ready to describe how
to update the swap paths. For each triple (wi ,ui ,pi ) in P, where
i ∈ [1, |P |)], ui is matched with (wi+1,pi+1) in M , we break the
triple (wi+1,ui ,pi+1) and put the new triple (wi ,ui .pi ) into M . If
u |P | is matched with a unit (w ′,p′) and there are no users matched
with it after (w ′,u |P | ,p

′) is broken, we delete the unit fromM . If
u |P | is not matched with any units, we just put (w |P | ,u |P | ,p |P |)

intoM .

Example 5. Take Fig. 3(b) as an example, we can find three paths
for (w2,p1), Path1 = {(w2,u10,p1)}, Path2 = {(w2,u11,p1)} and
Path3 = {(w2,u5,p1), (w4,u7,p4)}. And then, we start to update the
matching result based on the paths. For Path1, u10 is not matched
and we can put (w2,u10,p1) into M . Path2 is updated in the same
way. Path3 is different from the formers. We firstly break (w4,u5,p4)
and put (w2,u5,p1) intoM , and then match u7 with (w4,p4), where
u7 is a strong candidate of (w4,p4).

5.2 Algorithm Description
The Path Swap algorithm has four steps.

• Step 1(Assignment Initialization) It firstly initializes fixed
units and matches users as many as possible.

• Step 2(Find swap paths) For an available workerw and an
available workplace p, it finds a swap path starting from the
(w,p).

• Step 3(Update the paths) It re-assigns some matches inM
and update the candidates of matched workplaces.

• Step 4(Iterative Step) It repeats Step 2 and 3 until reaching
the iteration limit or there is no available users.

The pseudocode is shown in Algorithm 4. At the beginning, we
initialize an available worker (resp. user and workplace) set AW
(resp. AU and AP ) and a termination flag Flaд = 1 (Line 1). Then,
the algorithm initializes the fixed units (Lines 2-7). For each p ∈ AP
andw ∈ AW , it finds the candidates for the unit (w,p) (Line 12). It
firstly finds and updates the paths in the strong candidates (Lines
13-15). If it does not find any swap paths, the loop breaks (Lines
16-17). Otherwise, it continues to find and update the paths in the
weak candidates (Lines 18-20). After the above steps, some users
are matched with (w,p), we deletew and p from AW and AP (Line
21).
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u11

Available Users

(d) w5 and p5

Figure 3: Example of Path Swap Algorithm

Example 6. Back to our running example in Table 2. At the be-
ginning, two fixed units are initialized shown in Fig. 3(a). And then,
shown in Fig. 3(b), forw2 and p1, three paths are found. Next, forw3
and p3, two paths are found, shown in Fig. 3(c). Finally, forw5 and p5,
one path is found and the algorithm terminates, shown in Fig. 3(d).

5.3 Algorithm Analysis
Approximate Ratio. Next, we analyze the approximate ratio of
Path Swap.

Theorem 4. Suppose σ is the percentage of workers whose closest
workplaces are different, the approximate ratio of Path Swap is σ .

Complexity Analysis. For a worker setW , a user setU and a
workplace set P , the maximal capacity of all workers is cw , the time
complexity of Path Swap isO(cw × |U | × |W | × |P | ×min{|W |, |P |}).
The time complexity of finding stable triples for workers and work-
places isO(|U |× |W |× |P |). The complexity of finding a path and up-
dating from the path is O(min{|W |, |P |}), each matched workplace
is executed at most once in this process. The path finding and path
update are called at most cw times while finding triples. The space
complexity of Path Swap is O((|W | + |U |) × |P | +min{|W |, |P |} ×
|U | + |W | + |P |). The space complexity to store the distance set of
workers/users and workplaces isO(|W | × |P | + |U | × |P |), the space
complexity of AW , AU and AW is O(|W | + |U | + |P |). Moreover, it
costs O(min{|W |, |P |} × |U |) space to index the candidates.

6 EXPERIMENT
6.1 Datasets and Experiment Environment
Datasets. We conduct our algorithms over two real-life datasets,
Meetup [20] and DiDi Open Dataset5. Meetup is an event-based
social network platform.We extract data over different cities and set
the capacity of each worker from 1 to 3. DiDi is a popular taxi travel
service platform in recent years. We draw some areas of different
sizes according to latitude and longitude, and set the upper limit of
capacity as 4, according to the actual passenger load situation of
the taxies. Table 3 shows the statistics on the parameters over two
real datasets.

We also use a synthetic dataset for testing the scalability of our
algorithms. We generate the locations of workers, users and work-
places and the capacity of each worker. The statistics of synthetic
dataset are illustrated in Table 4.
5https://outreach.didichuxing.com/research/opendata/.

Table 3: Statistics on Real Datasets

(a) Meetup Dataset

City |W | |U | |P | capacity
Beijing 10 12 8 [1,3]

Auckland 160 309 137 [1,3]
Singapore 419 1031 477 [1,3]
Vancouver 812 1408 513 [1,3]

(b) DiDi Dataset

Region |W | |U | |P | capacity
A 6 13 8 [1,4]
B 987 1537 618 [1,4]
C 2083 5471 2032 [1,4]
D 2861 7662 1955 [1,4]

Table 4: Statistics on Synthetic Dataset

Factor Setting
|W | 500,1000,1500,2000,2500
|U | 1000,2000,5000,8000,10000
|P | 500,1000,1500,2000,2500

capacity 1,2,3,4,5

Experiment Environment. In each experiments, we repeat 10
times and report the average results. The algorithms are imple-
mented in Visual C++ 2017, and the experiments are conducted in
a Windows 10 machine with Intel(R) Core(TM) i5-6500 3.20GHz
CPU and 8GB main memory.

6.2 Results on Real Datasets
In this section, we conduct experiments using the two baseline
algorithms (MWIS and GSM), DSM algorithm and Path Swap al-
gorithm on real datasets, and test the effectiveness and efficiency
of the algorithms. To test the effectiveness, we firstly conduct the
offline version of TOM [25] and calculate the unstable triples in
the matching result. We set the radius as the maximum distance
among workers, users, and workplaces, and set the utility as the
reciprocal value of distance. We compare the ratio of |M | divided
by |U |, where the matching size |M | is the number of users who
are matched and |U | is the number of users. To test the efficiency,
we compare the running time and memory cost of the algorithms.
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Figure 4: Experiment Results on Real Datasets

Effectiveness on Real Datasets. Fig. 4(a) and Fig. 4(b) show
the matching results of offline TOM which focuses on minimizing
minimize total distance. Many matches are unstable in the real
datasets, even more than 30% in Singapore and Region D, while
the matching results of our algorithms are always stable. Though
algorithm of TOM minimizes the total distance, it is not suitable for
our problem, because users will be dissatisfied with the unstable
results in real applications.

The matching results of our algorithms are shown in Fig. 4(c)
and Fig. 4(d). The MWIS algorithm can find an optimal solution that
all the users can be matched on dataset of Beijing and Region A, but
cannot output solutions within an acceptable period of time in other
datasets. The matching result of GSM is the worst. The matching
results of Path Swap is better than DSM in Meetup dataset, and
both the algorithms reach the optimal solutions in Beijing. In DiDi
dataset, DSM can match more triples than Path Swap.

Efficiency on Real Datasets. The running time of MWIS is
unacceptable except in Beijing and Region A. GSM runs much
faster than the other algorithm, however, the matching result is
too bad as mentioned above. Path Swap runs faster than DSM in
Auckland, Singapore and Region D, shown in Fig. 4(e) and Fig. 4(f).
What is more, MWIS costs much more time and memory than DSM
and Path Swap on Beijing dataset. The memory of GSM and DSM
is similar. GSM, DSM and Path Swap cost more time and memory
as the size of datasets increases on both the datasets. Path Swap
costs more memory than two greedy algorithms, because it needs
to index the candidates for each matched workplace, shown in Fig.
4(g) and Fig. 4(h).

6.3 Scalability on Synthetic Dataset
In this section, we test the scalability of the two approximate algo-
rithms. We conduct the algorithms on a synthetic dataset and test
the running time, matching results and memory cost.

Scalability w.r.t |W |. In this experiment, we study the scalabil-
ity w.r.t |W | over the synthetic dataset. Firstly, we set |U | = 10000,
|P | = 2500 and the capacity of each worker c = 5. And then, we
change |W | from 500 to 2500. The results are shown in the first
column of Fig. 5. Fig. 5(a) shows the running time of the algorithms
with different size of |W |. As |W | increases, the running time of

Path Swap gets longer. The reason is that it costs more time to
enumerating stable triples as |W | increase. When |W | = 2500, there
are many fixed units after the initialization step, more users are
matched so that the algorithms can terminate faster. Therefore,
the time starts to decrease. The running time of DSM shows a
different trend. DSM costs more time than Path Swap when |W |

is small, and the time reduces when |W | = 2000. The reason is
that when |W | is small, workers are soon matched, but there are
still many unmatched users and workplaces, DSM spends much
time in the third case in order to matching more users. When the
workers are enough to match all the users, DSM terminates quickly
because most of users are matched in the first case. When |W |

is large enough, the running time increase again due to the time
of enumerating workers increases. The matching result of DSM
and Path Swap is similar, as shown in Fig. 5(e). When workers are
not enough to match all the users, the size of matching set |M |

is close to the theoretical maximum number of matches, which is
min{|W |, |P |}×c . Fig. 5(i) shows the memory cost of the algorithms,
both the two algorithms cost more memory as |W | increase, and
Path Swap costs more memory than DSM because it needs to index
the candidate information.

Scalability w.r.t |P |. In this experiment, we study the scalability
w.r.t |P | over the synthetic dataset. Firstly, we set |U | = 10000,
|W | = 2500 and the capacity of each worker c = 5. And then, we
change |P | from 500 to 2500. The results are shown in the second
column of Fig. 5. As |P | increases, the running time of Path Swap
increases and the running time of DSM presents a trend of rising
first and then falling, as shown in Fig. 5(b), which is similar to the
time cost of scalability w.r.t |W | with the similar reason. In Fig.
5(f), both of the algorithms still show a good performance and the
Path Swap is better than DSM when |P | = 1500. The memory cost,
shown in Fig. 5(j), gradually increases as |P | increases.

Scalabilityw.r.t |U |. In this experiment, we study the scalability
w.r.t |U | over the synthetic dataset. Firstly, we set |W | = 1500,
|P | = 1500 and the capacity of each worker c = 5. And then, we
change |U | from 2000 to 10000. The results are shown in the third
column of Fig. 5. As |P | increases, the running time of Path Swap
increases and then decreases when |U | is greater than 8000, while
the running time of DSM increases, as shown in Fig. 5(c). The reason
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Figure 5: Scalability on Synthetic Dataset

is that the time of enumerating stable triples of both the algorithms
and the cost of find and update paths of Path Swap increases as
|U | increases. But when |U | is greater than 8000, there are many
unmatched users while finding a path, it will save much time to find
stable triples in these users than finding a long path and update.
The value of |M |/|U | decrease due to |U | gradually surpasses the
theoretical maximum number of matches. The memory cost of Path
Swap gets larger due to the size of candidate set increases as there
are more users, as shown in Fig. 5(k).

Scalability w.r.t capacity. In this experiment, we study the
scalability w.r.t c over the synthetic dataset. Firstly, we set |W | =

2500, |U | = 10000 and |P | = 2500. And then, we change c from 1 to
5. The results are shown in last column of Fig. 5. As the capacity
increases, workers can match more users, and the size of unmatched
users decreases more quickly. When the capacity is greater than
4, the theoretical maximum number of matches is greater than
|U |, therefore the time increases gently. As capacity increase, the
path update costs more times because the update operator will be
called more times in each matched unit. The matching result gets
better as the theoretical maximum number of matches gets larger.
The memory cost of Path Swap decreases linearly, as the size of
candidate set decreases.

6.4 Summary of Experiment
The MWIS algorithm can output optimal solutions within an ac-
ceptable time on small datasets. As the size of dataset increases,
the running time is unbearable compared with the other three al-
gorithms. GSM shows a good efficiency but the matching result
is not well. DSM and Path Swap show a good performance of the
number of users that are matched, and Path Swap is better than

DSM on real datasets. The running time of the algorithms are dif-
ferent in different data distribution. According to the experiment
results, DSM is more suitable in the scenario that |U | is close to the
theoretical maximum number of matches and |W | is close to |P |. In
other scenarios, where |U | is larger than the theoretical maximum
number of matches and |W | differs greatly to |P |, Path Swap is more
efficient.

7 RELATEDWORK
In this section, we review related works from two categories, spatial
crowdsourcing and stable matching problem.

Spatial Crowdsourcing. Spatial crowdsourcing attracts more
and more attention in recent years [3][6][12][32]. One of the typical
task in spatial crowdsourcing is to assign tasks to suitable work-
ers. Most of existing studies [4][26][31][33] aim to maximize the
total number or total utility of assigned tasks. [16] and [17] stud-
ied an offline version of task assignment. [7] and [24] proposed
algorithms for event participant arrangement in event-based so-
cial network. [13][29][30] focused on devising online algorithms
to solve the dynamic task assignment problems in spatial crowd-
sourcing. These existing workers only studied the case of two sides
(tasks and workers). Song et al. [25] proposed a 3-dimensional task
assignment, called TOM problem, which is closely to our work but
the aim is still to maximize the total utility score. They proved that
even the offline version of TOM problem is NP-hard and gave some
approximation algorithms with good performance. However, the
offline solution of TOM leads to 40% triples in the matching set
are unstable in the real datasets which cannot be accepted in real
applications.
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Stable Matching Problems. Stable marriage is a typical two-
side stable matching problem, which is propose by Gale and Shap-
ley [10]. In this problem, each man/woman has a preference order
of the men/women, a stable marriage is an assignment that there
are no such two couples that the man and the woman prefer each
other than his/her partner. Roth [23] proved that the solution of sta-
ble marriage always exists and gave a man-optimal algorithm. The
stable roommates and hospitals/residents problem are two major
variants of stable marriage [19]. Gale and Sotomayor [11] studied
an extension of stable marriage in which the preference lists are
incomplete. Bansal et al. [2] studied a many-to-many extension
of the stable marriage problem, in which men and women have
capacity, and proposes an efficient algorithm for finding a many-
to-many stable marriage with the minimum egalitarian. However,
these existing technologies cannot be extended to the 3-dimensional
version straightforward. Knuth [9] extended the stable marriage
to a 3-dimensional version and it was proved the NP-completeness
result in [1][22]. The complexity of another model, called cyclic 3D
stable matching, is open but partial results can be found in Boros
et al. [8] and Eriksson et al. [18]. Although these works propose
some models to solve the 3-dimensional stable matching problem,
the definitions are quite different from our problem.

8 CONCLUSION
In this paper, we formally design a novel spatial matching problem,
called 3-Dimensional Stable Spatial Matching (3D-SSM). We first
analyze our differences with existing task assignment studies in
SC and prove that the 3D-SSM is NP-hard. In order to solve this
problem, we devise two baseline algorithms. And then, we give
two approximation algorithm. The first algorithm is DSM, which
has an approximate ratio of η, where η is the percentage of users
who are closest to different workplaces, the performance is related
to the spatial distribution of users. The second one is Path Swap,
which has approximate ratio of σ , where σ is the percentage of
workers who are closest to different workplaces, the performance is
related to the spatial distribution of workers. Finally, we verify the
effectiveness, efficiency and scalability of the proposed methods
through extensive experiments on both synthetic and real datasets.
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APPENDIX
A THEORIES AND PROOFS
A.1 Proof of Theorem 1
We consider a special case of this problem, where |W | = |U | = |P |
and the capacity of each user is 1, and the other constraints keep the
same. The objection is to find the most number of matched stable
triples. Its deterministic problem is to find such set of matched
stable triplesM whose size is α . We prove this problem is NP-hard
by reducing the maximum independent set problem [27] (a well-
known NP-complete problem) to it. Given a graph G(V ,E), the
deterministic problem of the maximum independent set problem
is to find a subset of V (denoted as subV ) such that for any pair of
vertices ∀vi ,vj ∈ subV , e(vi ,vj ) < E, and the size of subV equals
to a constant β . To prove this theorem, we should construct a graph
GM(VM,EM) using the conditions of the special case of 3D-SSM
problem. Firstly, we enumerate all possible triples vm(w,u,p) for
eachw ∈W , u ∈ U , and p ∈ P . If (w,u,p) is a stable triple, we put
it into VM . In other words, each vertex in vm ∈ VM is stable triple.
The complexity of this step is O(|W | × |U | × |P |), where |W | (resp.
|U | and |P |) is the number of workers (resp. users and workplaces)
ofW (resp.U and P ). For anyvmi (wi ,ui ,pi ),vmj (w j ,uj ,pj ) ∈ VM ,
ifwi = w j , or ui = uj , or pi = pj , we link an edge betweenvmi and
vmj , i.e., e(vmi ,vmj ) ∈ EM . The complexity of this step is

( |VM |
2

)
,

where |VM | is the size of VM .
Let VM = V , EM = E. If subV exist and |subV | = β , since each

vertex in VM = V is a stable triple, the stable constraint satisfies.
Since subV is an independent set, no edges are between vertices
in subV , which means that all workers, users, and workplaces are
different. Thus, the unique constraint satisfies. Since the capacity
of workers is 1, when the unique constraint satisfies, the capacity
constraint is also satisfied. Thus, the resultM = subV , and its size
α = β . On the other hand, if M exist, when all constraints of the
simplified 3D-SSM problem are satisfied, all workers, users, and
workplaces inM must be different. This means that no edges are
between vertices. Thus,M presents an independent set of GM , i.e.,
subV = M and β = α . �

A.2 Proof of Theorem 2
Before conducting the MWIS algorithm, the transfer method in
Algorithm 1 are exact. According to the proof of Theorem 1, if the
solution of MWIS problem exist, there must be a corresponding
solution of our 3D-SSM problem. So the accuracy of the baseline
algorithm is the same with that of the MWIS problem. [14] [15] can
calculate exact result of the MWIS problem. Though the complexity
is O(2 |V |), efficient pruning algorithms can help to fast calculate
the exact results. Thus, the baseline algorithm can be treated to
provide an exact answer. �

A.3 Proof of Theorem 3
Since for each user, he can only be matched to one worker and one
workplace. If the number of matched triples in the result setM is
maximized, the matched number of users must also be maximized.
Thus, we just use the number of matched users to present the size
ofM .

In this problem, not all the uses can be matched every time even
in the optimal solution. The users are divided into two parts. For
users in the first part, all of them can be matched. However, for
users in the second part, only part of them can be matched. Now,
we will analyze the second part.

Suppose that the percentage of users in |U | who are the closest
to a same workplace p with workers is ξ . These users can only be
matched with p with one of the workers to whom p is the closest
workplace. Otherwise, the triples are unstable. For each user has a
capacity c , if c ≥ ξ |U |, all these users can be matched. If not, only
c users of them can be matched. And then, the optimal solution
is OPT = (|U | − ξ |U |) +min{c, ξ |U |}, where |U | − ξ |U | is the size
of users in the first, and min{c, ξ |U |} is the size of users who will
be matched in the second part. The worst output of DSM is η |U |,
where |U | is the set of users. In this case, the user is matched with
the closest workplace in each triple. but other users cannot be
matched. Therefore, we have GREEDY ≥ η |U |. Thus, GREEDYOPT ≥

η |U |

( |U |−ξ |U |)+min{c,ξ |U | }
≥

η |U |

|U |
= η. �

A.4 Proof of Theorem 4
According to Theorem 3, the optimal solution is OPT = (|U | −

ξ |U |) + min{c, ξ |U |}, where |U | − ξ |U | is the size of users in the
first, and min{c, ξ |U |} is the size of users who will be matched in
the second part. The worst output of Path Swap is σ |W |c , where |W |

is the set of workers. In this case, the worker is matched with the
closest workplace in each triple and each user canmatch c users, but
other users cannot be matched. Therefore, we have PATH ≥ σ |W |c .

Thus, PATHOPT ≥
σ |W |c

( |U |−ξ |U |)+min{c,ξ |U | }
≥

σ |U |

c c
( |U |−ξ |U |)+min{c,ξ |U | }

≥
σ |U |

|U |
= σ . �

B PSEUDO-CODES OF ALGORITHMS
We include pseudo-codes of the algorithms proposed in this paper.

Algorithm 1: The MWIS Algorithm
Input:W ,U , P
Output:M

1 VM = ∅, EM = ∅

2 foreachw ∈W do
3 foreach p ∈ P do
4 S = ∅

5 foreach u ∈ U do
6 if (w, u, p) is stable then
7 S = S ∪ {(w, u, p)}

8 foreach i from 1 tomin(cw , |S |) do
9 Let the weight of each vertex be i , construct

( |S |
i
)
vertices and put into

VM

10 foreach vmi , vmj ∈ VM do
11 if anyw or u or p are the same then
12 Link an edge between vmi and vmj

13 M = Conduct algorithms of the MWIS onGM
14 returnM
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Algorithm 2: GSM Algorithm
Input:W ,U , P
Output:M

1 AW =W , AP = P ,M = ∅

2 foreach u ∈ U do
3 F laд = 0
4 foreach p ∈ DUu do
5 if p ∈ AP then
6 foreachw ∈ DLWp &&w ∈ AW do
7 if (w, u, p) is stable then
8 Update AW , AP andM , F laд = 1
9 break

10 else
11 w = worker matched with p
12 if cw is satisfied && (w, u, p) is stable then
13 UpdateM , F laд = 1
14 break

15 if F laд == 1 then
16 break

17 returnM

Algorithm 3: DSM Algorithm
Input:W ,U , P
Output:M

1 AW =W , AU = U , AP = P , F laд = 1,M = ∅

2 while F laд do
3 F laд = 0
4 foreach u ∈ AU do
5 Find a stable triple (w, u, p) wherew ∈ AW and p ∈ AP
6 if (w, u, p) exists then
7 Update AW , AU , AP andM , F laд = 1
8 foreach u′ ∈ AU do
9 if cw is satisfied && (w, u′, p) is stable then

10 Update AW , AU , AP andM

11 if F laд = 0 then
12 Find a stable triple (w, u, p) wherew ∈ AW , p < AP and

|Unew | > |Uold |

13 if (w, u, p) exists then
14 Update AW , AU , AP andM , F laд = 1

15 if F laд = 0 then
16 Find a stable triple (w, u, p) wherew < AW , p ∈ AP and

|Unew | > |Uold |

17 if (w, u, p) exists then
18 Update AW , AU , AP andM , F laд = 1

19 returnM

Algorithm 4: Path Swap Algorithm
Input:W ,U , P
Output:M

1 AW =W , AU = U , AP = P , F laд = 1,M = ∅, units = ∅

2 foreach p ∈ P do
3 Find a workerw with the maximal capacity to whom p is the closest
4 if w exists then
5 Match at most cw users with (w, p)
6 Update AW , AP and AU , put (w, p) into units

7 Set AU as strong candidate for each unit ∈ units
8 while F laд do
9 F laд = 0

10 foreach p ∈ AP do
11 foreachw ∈ AW do
12 Find strong and weak candidates for (w, p)
13 foreach u ∈ (w, p).stronд_candidate do
14 if cw is satisfied then
15 Find a swap path and update, F laд = 1

16 if F laд == 0 then
17 break

18 foreach u ∈ (w, p).weak_candidate do
19 if cw is satisfied then
20 Find a swap path and update, F laд = 1

21 Update AW , AU and AP , put (w, p) into units

22 returnM
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