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ABSTRACT

Prediction of glaucomatous visual field loss has significant clini-
cal benefits because it can help with early detection of glaucoma
as well as decision-making for treatments. Glaucomatous visual
loss is conventionally captured through visual field sensitivity (VF)
measurement, which is costly and time-consuming. Thus, existing
approaches mainly predict future VF utilizing limited VF data col-
lected in the past. Recently, optical coherence tomography (OCT)
has been adopted to measure retinal layers thickness (RT) for con-
siderably more low-cost treatment assistance. There then arises an
important question in the context of ophthalmology: are RT mea-
surements beneficial for VF prediction? In this paper, we propose a
novel method to demonstrate the benefits provided by RT measure-
ments. The challenge is management of the two heterogeneities of
VF data and RT data as RT data are collected according to different
clinical schedules and lie in a different space to VF data. To tackle
these heterogeneities, we propose latent progression patterns (LPPs),
a novel type of representations for glaucoma progression. Along
with LPPs, we propose a method to transform VF series to an LPP
based on matrix factorization and a method to transform RT series
to an LPP based on deep neural networks. Partial VF and RT infor-
mation is integrated in LPPs to provide accurate prediction. The
proposed framework is named deeply-regularized latent-space linear
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regression (DLLR). We empirically demonstrate that our proposed
method outperforms the state-of-the-art technique by 12% for the
best case in terms of the mean of the root mean square error on a
real dataset.
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1 INTRODUCTION
1.1 Background and Motivation

Glaucoma is a progressive optic neuropathy that is the second lead-
ing cause of blindness in the world [14]. With disease progression,
the retinal layer thickness is reduced, which eventually causes irre-
versible damage to the sight of glaucomatous patients [10]. Accurate
prediction of glaucoma progression has attracted intensive research
interests because of the irreversible and progressive nature of glau-
coma [6, 9, 10, 17, 20, 21, 29]. Progression prediction can be used to
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estimate the risk of future loss of sight and is, therefore, at the core
of clinical decision-making for medical treatments [6, 9, 10, 29].
The current standard prediction framework requires a sufficient
number of visual field sensitivity (VF) measurements [6, 29]. The
visual field test is the standard basis for identifying glaucomatous
progression, because it is the only method to directly assess the
quality of vision of a glaucoma patient. However, the visual field test,
which is conducted using the Humphrey field analyzer (HFA) [23],
is very time-consuming and labor-intensive and requires consider-
able patient efforts. Furthermore, as a result of irregular diagnosis
scheduling and variation in clinical conditions in different world
regions, it is unreasonable to expect that every patient will receive
a sufficient number of qualified VF measurements. To tackle this
issue, intensive research has been performed to enhance the predic-
tion accuracy achievable with a small number of VF measurements
[17, 19-21]. However, the prediction accuracy remains far from
satisfactory for clinical practice, especially when only two or three
VF measurements are performed. Note that this scenario is common
in early glaucoma diagnoses, which is of particular importance.
Recently, a new ophthalmological measure, the retinal layers
thickness (RT), has been introduced to glaucoma diagnosis. Be-
cause glaucoma often induces structural changes in the retina, RT
conveys valuable information on the pathological state of a glauco-
matous eye. The RT measurement is obtained via optical coherence
tomography (OCT) [11], which is much less time-consuming and
labor-intensive than HFA and does not require patient efforts. In
the field of ophthalmology, a large volume of evidence on the quan-
titative relationship between VF and RT measurement has been
accumulated [10, 12, 28, 35]. And it has been reported that VF can
be estimated from a single RT measurement [26, 31]. A natural
question arises here: Can we leverage glaucoma progression predic-
tion accuracy with a series of RT measurements in addition to a small
number of VF measurements? The problem of interest is illustrated
in Figure 1. A positive answer to this question would have a sub-
stantial impact on ophthalmology, not only because visual field
test costs could be reduced significantly, but also because early
and accurate medical decision-making could be realized before the
occurrence of considerable glaucoma-induced damage to eyesight.
RT data cannot be directly utilized by conventional prediction
methods, because of the heterogeneities of VF and RT data. First, the
dimensionality of RT measurements is much higher than that of VF
measurements. Moreover, each RT measurement can have several
channels, whereas each VF measurement has only one. This type of
heterogeneity is data space heterogeneity. Second, RT measurements
are obtained at different timestamps to VF measurements. Moreover,
both types of measurements are performed according to irregular
schedules. This type of heterogeneity is temporal heterogeneity.
This paper, therefore, proposes a novel progression prediction
framework for enhanced prediction accuracy incorporating RT
measurements, which is achieved by handling the above hetero-
geneities. This method is named deeply-regularized latent-space
linear regression (DLLR).

1.2 Novelty and Significance

The novelty and significance of this paper are summarized as fol-
lows:
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Figure 1: An overview of the problem where a time series of
VF measurements and a different time series of RT measure-
ments are utilized for the prediction of a VF measurement
at a future timestamp of interest.

e We propose a novel framework for utilizing RT time
series to improve VF prediction. Although previous stud-
ies have revealed relationships between VF and RT, no stud-
ies have provided evidence that RT time series can be ben-
eficial for VF prediction. In this paper, we propose a novel
framework of DLLR that utilizes RT time series for VF pre-
diction. Experiments on a real glaucoma dataset show that
DLLR works very effectively and outperforms the previous
state-of-the-art technique by 12% in terms of the mean of the
root mean square error for the best case, where the number of
known VF measurements is two. Such a case is of particular
clinical importance as mentioned earlier. We expect this re-
sult could have a substantial impact on ophthalmology in a
sense that RT measurements could provide reliable auxiliary
information for glaucoma progression prediction.

We propose a novel type of representations for glau-
coma progression to integrate VF and RT features. To
handle the temporal and data space heterogeneities between
VF and RT data, we propose latent progression patterns (LPPs),
an abstract and temporally-linear representation for glau-
coma progression that can simultaneously describe outcomes
of glaucoma progression in both domains: thinning of RT and
decline of VF. Moreover, we propose methods to transform
RT and VF time series to LPPs: a deep fully-convolutional
neural network (FCN) for RT series and a matrix factorization
(MF) algorithm for VF series. Both of the methods are novel
in the sense that they are designed to produce aforemen-
tioned LPPs.

1.3 Related Work

Initially, linear regression analysis of VF time series for each eye
was used to predict glaucomatous progression [9]. However, appli-
cation of simple linear regression to the time series of an individual
eye with a point-wise estimator is insufficient and usually yields
overfitting when the number of data points is small; this is often
the case with clinical data. Although various regression models
have been used to obtain prediction based on data from the target
eye, the prediction accuracy has been very unsatisfactory because
of the lack of data [6, 29].

To overcome this data insufficiency, some recent studies have
proposed to exploit VF data from eyes of other patients to predict the
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glaucomatous progression in the target eye. For example, Liang et
al. previously proposed a spatio-temporal clustering-based method
[17]. By following a two-step methodology, those researchers first
identified eyes similar to the target eye (in terms of the spatial and
temporal features of the disease progression), and then utilized data
from those eyes for the prediction. As the performance of Liang et
al’s method largely depends on the employed clustering, Maya et al.
proposed a hierarchical minimum description length (MDL)-based
clustering method [19] to determine the optimal clustering, and
substituted the resultant clusters for those used in the first step of
Liang et al’s method. However, as eyes are grouped into clusters,
the above two methods cannot utilize all available data. As all the
considered data pertain to glaucomatous eyes, it is reasonable to
exploit the full dataset, even though different eyes have different
degrees of similarity with the target eye. Maya et al. later proposed
a multi-task matrix factorization method in which each task is per-
formed for each visual field point [20]. Each pair of tasks are related
via the similarity of the two corresponding points. Furthermore,
Murata et al. used Bayesian linear regression to utilize measure-
ments for other eyes [21] and evaluated the performance of this
method on multi-central datasets [22]. In contrast to all existing
methods described so far, the present study utilizes RT data for VF
prediction.

The problem of utilizing the retinal information to support glau-
coma treatment has been intensively studied. Previously, Hood et
al. and Ajtony et al. showed a statistically significant correlation
between VF and RT [2, 10]. The relationship between the averaged
thickness of the ganglion cell and inner plexiform layer (GCIPL)
and VF was demonstrated by Eura et al. [5]. Furthermore, detec-
tion of glaucomatous eyes based on RT measurement using several
machine learning methods has been investigated [35]. Notably,
Asaoka et al. evaluated a random forest classifier for identification
of glaucomatous eyes using RT data from multiple imaging instru-
ments, and significantly improved early stages glaucoma diagnosis
performance [3, 4, 34]. However, the above previous studies did
not indicate any method of numerically estimating multidimen-
sional VF values. Uesaka et al. performed the first work on VF
estimation from RT data [31], employing two different approaches:
multi-view learning with Nonnegative MF and transformation with
convolutional neural networks (CNNs). Sugiura et al. improved the
CNN-based method with pattern-based regularization to overcome
the imbalanced non-paired data problem [26]. Again, the frame-
work presented in this work is distinct from these two reports in
that we improve prediction of future VF based on RT time series.

1.4 Organization of This Paper

The remainder of this paper is organized as follows. Section 2
introduces the glaucoma data, i.e., the VF and RT data studied
in this paper. We present the proposed model in Section 3 and
report experiments involving a real dataset in Section 4. Section 5
concludes the paper and introduces future directions.

2 GLAUCOMA DATA
2.1 VF Data

Figure 2 shows a sample visual field test result for a left eye obtained
via HFA in the SITA-Standard mode 24-2. Note that we consider
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Figure 2: An example VF measurement in 24-2 mode
(a) Thickness of RNFL, GCIPL, and RCL of normal eye.

2 120 120
I 100 ' .- I 100 I 100
4 -

(b) Thickness of RNFL, GCIPL, and RCL of glaucomatous
eye.
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Figure 3: RT measurements. Color indicates the thickness
of retinal layers. The numbers along the color bars are in
micrometers.

24-2 mode data in this work, because 24-2 mode VF measurements
are common in the clinical fields [33]. Each box in the visual field
represents an angular location (i.e., a visual field point) in the sight
of the eye. The integers in boxes are called threshold (TH) values. TH
values range from 0 to 40 and indicate the photosensitivities of the
eye at the visual field points; a larger value indicates a better sense
of sight. Details of SITA-Standard can be found in [23]. Throughout
this paper, a VF measuremnet is represented as a collection of THs
at all the visual field points. Because the VF of a glaucomatous eye
decreases on average as the disease progresses, a patient is usually
subject to multiple VF measurements over a number of years. Thus,
our data consisted of time series of VF measurements for a number
of eyes. The two black grids on the left side correspond to the blind
spot within the eye.

2.2 RT Data

Our RT data were obtained via OCT, which is a non-contact and non-
invasive medical imaging technology for measuring the structure of
the optic disc and the thickness of the surrounding retina [10]. They
consisted of OCT measurements of three different retinal layers:
the GCIPL, retinal nerve fiber layer (RNFL), and rod and cone layer
(RCL), as illustrated in Figure 3. Each image of each layer contained
512x128 pixels. In glaucomatous eyes, malfunction of the retinal
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Figure 4: Overview of proposed model.

nerve cells reduces the retinal layers thickness, as apparent from
the comparison of the RT data for a normal eye and a glaucomatous
eye presented in Figure 3a and Figure 3b, respectively.

3 PROPOSED FRAMEWORK
3.1 Overview

We present the overview of our proposed framework in Figure 4.
For a target eye, our objective is to accurately predict VF of this
eye at a future time of interest utilizing both VF and RT time series.
To resolve the data space and temporal heterogeneities between
the domains, we propose LPPs, a novel type of representations for
glaucoma progression for individual eyes. Moreover, we propose
transformation methods from VF series to LPPs and from RT series
to LPPs. Finally, we propose to make use of VF and RT series of
other eyes to enhance prediction for the target eye. With LPPs and
these methods, we formulate our proposed framework, DLLR. Little
more details are sketched as follows:

e Modeling glaucoma progression with LPPs. LPPs con-
sist of linear functions from time to low dimensional latent
features of glaucoma as illustrated in Figure 4. This type of
representations is the key to resolving the data space and
temporal heterogeneities between RT and VF series. As for
the data space heterogeneity, abstract and low-dimensional
nature of latent features is advantageous in absorbing this
type of heterogeneity. As for the temporal heterogeneity,
LPPs are independent of timestamps of original RT and VF
series because LPPs are functions of time.

e MF for transforming VF series to LPPs. As indicated in
Figure 4, we relate LPPs and VF measurements via low-rank
linear projections: Gy and its pseudoinverse G(J)r . Ga“ projects
VF series into low-dimensional latent feature space. An LPP
of the VF series is the regression line for these projected VF
measurements. Gy projects LPPs back into the space of VF.

2281

To simultaneously optimize Gy and LPPs, we propose an MF
method in Section 3.3.

e A deep FCN for transforming RT series to LPPs. An MF
method is not suitable for transforming RT series because
of the high-dimensionality of RT measurements and non-
linearity between RT and VF [10]. Furthermore, each eye
may have a different number of RT measurements due to
a different clinical schedule from each other, which means
that the size of an input can vary from eye to eye. Therefore,
we propose an FCN that can deal with inputs with variable
sizes in Section 3.4.

e Making use of measurements from other eyes to regu-
larize prediction of the target eye. Previous studies [17,
20] have demonstrated that prediction accuracy can be en-
hanced by making use of information from other eyes than
the target. We also employ this idea to leverage the predic-
tion performance.

¢ Glaucoma prediction with DLLR. The methods to relate
RT and VF series to LPPs are integrated to give our proposed
framework DLLR. DLLR offers a natural way to predict glau-
coma progression utilizing both RT and VF time series.

3.2 LPPs

We here formally define LPPs. An LPP is linear function from time
t to an R-dimensional latent space for describing glaucoma progres-
sion of a single eye. An LPP can be expressed as:

At+B=W|[t1]", (1)

where A and B are slopes and intercepts of an LPP, W def [AB]is
an R X 2 matrix that contains parameters of the LPP. R is expected
to be a small integer. Because W solely determines an LPP, W can
be identified with the LPP.

Although the linear functions over time may seem to be simple,
it has been demonstrated to be very effective in modeling glaucoma
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progression [9, 17, 20, 21]. We therefore expect that LPPs would be
rich enough for describing effects of glaucoma on both RT and VF.

3.3 Transforming VF series to LPPs

Recall that our goal is to predict the VF measurement at a future
timestamp for a target eye, which is indexed by 0 throughout this
paper. To perform this task with LPPs, we construct a matrix from
the VF time series of the target eye as Fg € RP*T0, where D € R
is the number of visual field points, and Ty € R is the number of
VF measurements of the target eye plus one. The last column of
Fy is to be estimated and is filled with zeros. In addition to Fp, we
also have t € R0, a column vector containing timestamps of VF
measurements.

Letting Go € RP*R be a projection matrix in Figure 4, we can
approximate the VF time series with an LPP W of the target as:

@)

where Py is defined to be [to 17, ], € is the error matrix expected to
capture the noises, and 17, € RT0 is a column vector of which all
elements are one.

Fy = G()W()P(—)r + &,

To transform VF time series to an LPP, we need to simultaneously
optimize the projection matrix Gy and an LPP W that best approx-
imates Fy. This problem falls into the following matrix completion
problem that can be expressed as follows:

arg min ||Mo © (Fg — GoW oP{)||3,
Gy, W

®)

where My is a mask matrix of which all elements take the value
of one except for the last column of all zeros, || ® ||F denotes the
Frobenius norm, and © denotes the element-wise product.

It is worth noting that the state-of-the-art method proposed by
Maya et al. [20] also solves a matrix completion problem. However,
in [20], the matrix is constructed for each visual field point instead
of each eye as in our method. This difference is the key to obtaining
LPPs.

3.3.1 Making Use of Information from Other Eyes. To stabilize the
prediction, we introduce relationships among different eyes via
introducing a potential term over {W;};. In particular, we perform
coupled matrix factorization [1] for all eyes:

N N
. 2
arg min Z |IM; © (F; - GiWiP;r)H}z; + Ao Z 20,j |W() - Wj”F s
Gi,Wi =0 =1
4

where Ay is a hyper parameter, N is the number of eyes in a
dataset plus one, and we define bases, LPPs, and timestamp ma-
trix {G;, W;, P;}; for all eyes other than the target. zo j € R is the
similarity between the target eye and eye j quantified as follows:

(e 2 (15

(TDo)?

20,j = exp|— (5)
Here, F¥ is a VF matrix interpolated by patient-wise linear regres-
J
sion as in [20]. Further, o2 is the median of values
2
(Zzzl ZdD:1 (F,-*(d’k) - Fj*(d’k))) /(TD)? computed for all possi-
ble combinations of i and j. The formulation of z j is similar to
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Figure 5: The architecture of fully convolutional network
forR=4

that of the Gaussian kernel. This approach is considered to be rea-
sonable in the field of kernel regression [25]. Note that for the sake
of appearance, we also add a mask for each eye. However, the mask
matrices for all other eyes are matrices only containing entries of
one; thus they can be omitted from the optimization.

3.4 Transforming RT series to LPPs

RT series should also be transformed to LPPs for being utilized in
VF prediction. Linear projections will not be effective for this data
domain because the relation between the RT and VF of an eye is
known to be nonlinear [10]. Moreover, simple linear projections
do not care spatial alignment of the RT data, which is expected to
convey valuable information of glaucomatous eyes. All these facts
motivate us to employ CNNs because they can approximate any
transformation with adequate number of parameters and can be
aware of topology of the input [15, 16].

The size of each layer of RT measurements in our dataset after
preprocessing is 224 X 224; thus, each input channel of the CNN has
asize of 224 %224 xT; x3. As different numbers of RT measurements,
i.e, T;, may be available for different eyes, the input size varies from
eye to eye. To tackle this issue, we adopt an FCN, which consists of
convolutional layers only [7, 18]. Because convolutional layers can
process data of any size in the temporal or spatial domains, FCNs
have the same capability.

Our FCN architecture is illustrated in Figure 5. The FCN lay-
ers are partitioned into two parts. The first part consists of three-
dimensional convolutional layers for transforming four-dimensional
inputs of different sizes into two-dimensional arrays of a fixed size.
The second part consists of two-dimensional convolutional lay-
ers for transforming two-dimensional inputs of the fixed size into
two-dimensional tensors.

Through dimensionality reduction of the pooling operation, this
network is designed to output a 4 X 2 tensor; its size is exactly the
same as those of parameter matrices of LPPs. Thus, this network
f(e;©OE) can be trained to estimate LPPs as

W; ~ f(Ci;©g),

R224X224XTiX3

(6)

where C; € is the RT input, and Ok is a set of all net-
work parameters. To the best of our knowledge, there are no existing
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CNNss in glaucoma data mining designed for directly estimating
parameters of latent representations of glaucoma progression.

3.5 DLLR

By combining the matrix factorization and the FCN, we define our
proposed DLLR Framework. To be specific, the objective function
of DLLR is quantified as follows:

N N
Lok =) [IM; © (Fy = GiWi Py I[E + 20 ) 20,11 Wo — W1}
i=0 Jj=1

N
+ 21 ) |If(Ci:0p) - Wil ()
i=0
where A4 is a hyperparameter for tuning the importance of the term
with RT series. Note that DLLR conforms to multi-view learning
paradigm [27] where learning on different domains can result in
a better regularization. We thus expect the usage of RT series in
addition to VF series to improve prediction accuracy.

3.5.1 DLLR Objective for Practice. We can improve the objective
in Eq. (7) by introducing conventional regularization schemes for
practical usage. We here think of L2 regularizers and auto-encoding
regularizer [8, 32] to compose an improved objective as:
N
Liyg = Lok + A2 Y 1ICi = g(f(Ci; ©p); D)1}
i=0

N (®)
+ 23 Y (G + Wi 1),
i=0

where A and A3 are hyperparameters for controlling the component
importance. The fourth term introduces auto-encoding regulariza-
tion [8, 32] with g(-; ®p) being a decoder function with parameters
Op that are implemented with an FCN having a symmetric struc-
ture to that associated with f(-; ®g). This term is useful because
our glaucoma data are small-sized. In experiments with the real
glaucoma dataset, we use this objective.

In the proposed framework, we optimize the objective with Adam
[13], which is a first-order gradient-based optimizer. Adam works
well in practice and compares favorably to other adaptive stochastic
learning methods [24]. The complexity of minimizing the loss func-
tion is thus the complexity of computing the loss function, which
is dominated by performance of the convolution operations.

3.6 Details of DLLR Algorithm and
Implementation

Implementations of DLLR and baseline methods are available at

https://goo.gl/QDP1Cr. Algorithm 1 shows the pseudo-codes of

DLLR. The algorithm is implemented with Pytorch V1.0.0 and can

be executed on a machine with two TITAN X GPUs (Pascal). The

training time for each patient is about 71 minutes.

4 EXPERIMENTS

4.1 Description of Data

The dataset employed in this study was provided by the Depart-
ment of Ophthalmology, The University of Tokyo Hospital. The
dataset contained diagnosis information for 254 glaucomatous eyes
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Algorithm 1: The training procedure

Input :The preprocessed VF training data, the preprocessed
VF test data, RT data, R, A9, 11, A2, A3
Output:G, W

1 Align timestamps of VF and RT according to their first
measurement respectively;

2 For each point of each training patient, use all the
measurements to fit a linear function of VF sensitivity
against time;

3 for each test patient do

4 for S in the range(2,8) do

5 Construct a VF matrix Fy;

6 Construct a VF matrix for each training patient by

linear interpolation where the timestamps are the

first S timestamps and the last timestamp of the
current test patient;

7 All the VF matrix values are rescaled into the range
[0,1] by dividing themselves by 40;

8 Compute the pair-wise similarity zo,; by Eq. (5);

9 For each patient, select all RT measurements whose

timestamps are not larger than the S, timestamp,
and concatenate them into a four-dimensional tensor;

10 Pre-train the model as indicated in Section 4.3.3;

1 Use Adam to solve optimization problem Eq. (8);

=

2 return G, W

in various pathological stages, collected from Hiroshima Memorial
Hospital and Osaka University Hospital. For each glaucomatous
eye, there were two diagnosis time series, VF measurements and
RT measurements.

We studied VF measurements in the 24-2 mode (containing 52
visual field points). The VF data range was [0, 40] measured in terms
of TH. The lengths of VF time series ranged from 3 to 25. The mean
length was 9.2.

The RT measurements were taken in the vicinity of the macula,
and had three channels corresponding to three different retinal
layers: GCPL, RNFL and RCL. Each measurement channel was a
two-dimensional array with size 512 X 128. The range of the RNFL
data was [0, 1848], the range of the GCPL data was [0, 1673], and
the range of the RCL data was [0, 394.3]. All measurements were
in micrometers (um). The lengths of RT time series ranged from 1
to 13. The mean length was 5.3.

4.2 Data Preprocessing

We horizontally flipped the VF data of the right eye to resolve the
horizontal symmetry. Furthermore, we flipped the RT data both
vertically and horizontally for the optical image flip in the eyes to
be taken into account. We thus maintained the natural relationship
between the RT and VF [30]. All channels of the RT data were
resized to 224 X 224, and the values were rescaled to [0, 255].
When feeding RT series to the FCN, we aligned RT series into a
four-dimensional tensor so that the index for the third axis of the
tensor roughly corresponded to RT timestamps. If we encounter
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a missing value along this axis, we fill the missing values with
estimates from linear regression. Further details of preprocessing
can be found in the supplementary material.

4.3 Experimental Settings

We partitioned the datasets into five sets of approximately equal
size and applied five-fold cross-validation. One set was regarded
as the test set, and the remaining sets formed the training set. We
predicted the VF from the most recent diagnosis for each patient
using information from their first S VF diagnoses and corresponding
RT diagnoses , for which the last timestamp did not exceed that
of the VF. Note that the S diagnoses are also referred to as known
measurements in this section.

4.3.1 Baseline Methods. Three baselines were used here: patient-
wise linear regression (LR); a clustering-based method (TSLR) [17];
and the multi-task matrix completion approach (MTMC) [20], which
is the state-of-the-art technique.

Linear regression is performed for each visual field point. For
the TLSR, we chose to employ the SVD-EM method for spatial
feature clustering part, because this choice showed generally best
performance in [17]. We also followed the grid search strategy for
hyperparameters given in the original paper [17]. For the MTMC,
we followed the same set of hyperparameters for the model and
preprocessing of the dataset reconstruction. Note that only the VF
data can be utilized by these baselines, while both the VF and RT
data can be utilized by the proposed model.

4.3.2  Evaluation Metric. The performance was quantified by the
root mean squared error (RMSE), which is defined as:

D (5 _ . \2
RMSE:\/—Zd:I (de yd), )

where y; and §j; denote the actual and predicted dth local TH value
on the final diagnosis day, respectively.

We also evaluated the methods in terms of the improvement rate
compared to the patient-wise linear regression, which is defined as

1 M
IR(S) = + Z (1 )
i=1

where M is the number of eyes in the test dataset, RMSE g (i, S)
is the RMSE of the ith patient for patient-wise linear regression,
and RMSE f(i, S) is that for prediction method f, with S known
measurements. If IR equaled 0, the prediction accuracy of f was
identical to that of the LR. If IR became large, f outperformed the
LR and vice versa.

RMSE £(i, 5)

"~ RMSE (i, S) (10)

4.3.3 Model Setting and Training Details. We set the latent space
dimensionality R to be four, according to the prior knowledge that
only a small number of alternative patterns is needed to achieve
a good fit [20]. We optimize hyperparameters Ao, A1, A2 via 5-fold
cross-validation. A3 was fixed because the result was less sensitive
to the choice. The hyperparameter tuning was performed for each of
the settings of S. For each W; = [A;B;], we initialized A; and B; by
sampling from uniform distributions. We initialized G;, ©g, and ©p
via pretraining. Further details can be found in the supplementary
material.
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Table 1: Comparison of the mean of RMSE for prediction of
TH values.

S
Methods 7 3 ) 5 5 7 3
LR 50.66 | 21.11 | 13.21 | 9.76 | 7.98 | 6.52 | 6.06
TSLR 6.27 6.01 5.65 | 5.54 | 552 | 5.09 | 5.02
MTMC 5.65 5.47 499 | 482 | 483 | 4.67 | 4.62
DLLR 496 | 4.76 | 4.61 | 4.49 | 4.48 | 4.46 | 4.43

Table 2: Comparison of the median of RMSE for prediction
of TH values.

S
Methods 5 3 7] z g 7 3
LR 34.74 | 1694 | 10.58 | 8.64 | 7.12 | 5.68 | 5.24
TSLR 6.09 5.75 545 | 5.10 | 5.00 | 4.70 | 4.66
MTMC 496 | 474 | 4.65 | 453 | 457 | 436 | 4.27
DLLR 4.62 | 4.37 | 4.38 | 4.20 | 4.19 | 4.15 | 4.15
Table 3: Comparison of improvement rates.
S
Methods 5 3 ry s 2 : 3
TSLR 0.67 | 0.48 | 0.34 | 0.22 | 0.17 | 0.10 | 0.03
MTMC 0.76 | 0.62 | 0.48 | 0.39 | 0.30 | 0.20 | 0.15
DLLR 0.80 | 0.65 | 0.52 | 0.44 | 0.36 | 0.25 | 0.20

4.4 Performance Comparison

The experiment results are presented in Figure 6 and Tables 1 to 3.
It is apparent that the proposed method outperformed the baselines
in terms of all performance metrics for all values of S, especially
when S was small (e.g., two and three). In particular, DLLR out-
performed the previous state-of-the-art technique by as much as
12% when S = 2. Moreover, Table 3 critically demonstrates the
performance improvements, indicating that the IR values of the
proposed method could be as high as 0.8. Note that a smaller num-
ber of available VF measurements constitutes a more challenging
prediction task, as apparent from the increased errors with decreas-
ing S obtained in this experiment. However, even for S = 3, the
proposed method could achieve comparable performance to the
state-of-the-art technique with S = 8, which can be seen as accept-
able accuracy for medical field. This result shows that the proposed
model can greatly improve the efficiency of the current glaucoma
diagnosis because the number of costly VF measurements can be
drastically reduced through the use of cheaper RT measurements
to maintain acceptable prediction accuracy.

To check the significance of the results, we conducted one-sided
binomial tests between our method and the baselines for left eyes
and right eyes, respectively. The null hypothesis is that the perfor-
mance of our method was worse than that of the other methods.
For S < 8, the results of these tests show that the improved perfor-
mance of our method is statistically significant, with all p-values
less than 0.01. For S = 8 and the test between our method and the
state-of-the-art method, the p-value for the right eye is 0.018 and for
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Figure 6: Prediction error for VF TH by different methods
against the number of known measurements

the left eye is 0.111, which may be because with sufficient number
of known VF measurements, the prediction without OCT data is
already sufficiently accurate.

4.5 Effectiveness of RT Data for Progression
Prediction

4.5.1 Effect on Generalization. To verify the effectiveness of the
RT data as regards the progression prediction, we conducted an
experiment in which we compared the degree of overfitting and the
performance of the proposed model with and without the RT data.
(Note that we can simply remove all components with f(-; ) from
Eq. 8 if we wish to exclude the RT data. ) In particular, we examined
the training and test errors for these two scenarios. For each test
eye, the training error was the mean of the RMSE computed on all
known VF measurements, and the test error was the RMSE on the
VF measurement to be predicted.

The results for S = 2 and all test patients are presented in Figure 7.
Here, DLLR(VF) and DLLR(VF+RT) denote exclusion and inclusion
of the RT data, respectively. It is apparent that with the regular-
ization from the RT data, the training error is slightly increased,;
this is expected because the solution to the matrix factorization
is distorted from the optimal by the regularization from the RT
data. However, this regularization provides visible benefits to the
prediction, as apparent from the considerably large margin between
the test errors of the DLLR(VF) and DLLR(VF+RT). Collectively, we
can conclude that, when the number of known measurements is
small, the DLLR(VF) tends to overfit the data and, thus, does not
generalize well on future measurements. However, if we further
utilize the RT data, this overfitting can be effectively alleviated.

4.5.2 A Case Study. We further examine the linear functions fitted
by MTMC and DLLR. In particular, we present the linear functions
for alocal TH value of a representative test patient in Figure 8. When
S = 3, since the first two known measurements do not decrease
considerably, MTMC learns a linear function with a negative slope
of small magnitude. In this case, MTMC overfits the limited VF
data, and achieves bad prediction. When S = 8, we can see that
decreasing of the VF value is significant, and hence MTMC learns
a negative slope with a relative larger magnitude. But even when
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Figure 7: Training and test errors of DLLR with and without
RT data.
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Figure 8: Example regression lines for TH value fitted with
DLLR and MTMC.

S = 3, the proposed DLLR does not overfit the data and learns a
negative slope with a large magnitude to give accurate prediction.

5 CONCLUSION AND FUTURE WORK

In this paper, we address an important open problem in ophthalmol-
ogy of effective utilization of the RT time series obtained through
OCT to improve glaucoma progression prediction, for the first time.
To this end, we propose LPPs, latent representations for glaucoma
progression to resolve the temporal and data space heterogeneities
between VF and RT measurements, which inhibit effective use of
RT measurements in glaucoma progression prediction. Along with
methods to transform RT and VF time series to LPPs, we propose
DLLR, a framework for predicting glaucoma progression from both
RT and VF time series via LPPs. Experiments on a real dataset
demonstrate that the proposed model works very effectively.

To our best knowledge, no previous studies had shown evidence
that RT measurements are beneficial for the prediction of VF. Hence,
we foresee that the proposed framework could give a substantial
impact on ophthalmology.

We can seek several future directions. In the proposed model, we
assume that the relationship between VF and time is linear. Firstly,
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we can extend our framework to allow nonlinear relationship be-
tween VF and time because the speed of glaucoma progression can
actually vary due to health condition of a patient [23]. Another
important direction is evaluation of our framework with validation
datasets collected in different institutes than those from which our
dataset are provided. This should clarify ophthalmological impact
of our proposed framework.
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