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ABSTRACT

The growing importance of functional data has fueled the
rapid development of functional data analysis, which treats
the infinite-dimensional data as continuous functions rather
than discrete, finite-dimensional vectors. On the other hand,
heterogeneity is an intrinsic property of functional data due
to the variety of sources to collect the data. In this paper, we
propose a novel multi-task function-on-function regression
approach to model both the functionality and heterogeneity
of data. The basic idea is to simultaneously model the relat-
edness among tasks and correlations among basis functions by
using the co-grouping structured sparsity to encourage simi-
lar tasks to behave similarly in shrinking the basis functions.
The resulting optimization problem is challenging due to
the non-smoothness and non-separability of the co-grouping
structured sparsity. We present an efficient algorithm to
solve the problem, and prove its separability, convexity, and
global convergence. The proposed algorithm is applicable
to a wide spectrum of structured sparsity regularized tech-
niques, such as structured `2,p norm and structured Schatten
p-norm. The effectiveness of the proposed approach is veri-
fied on benchmark functional data sets collected from various
domains.

CCS CONCEPTS

•Computing methodologies → Multi-task learning;
•Mathematics of computing → Regression analysis;

KEYWORDS

Function-on-function regression; multi-task learning;
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1 INTRODUCTION

A large amount of functional data is being produced in many
areas, such as healthcare [18], biology [19], climatology [23],
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signal processing [17], etc. Their units of observation are
functions defined on some continuous domains. In the Cana-
dian weather prediction example [23], the temperature and
precipitation profiles were collected daily over a period of
30 years in 35 weather stations. Another example is neu-
roimaging, where the activation levels observed at voxels in
the brain are the responses over two or three dimensions of
space and possibly time as well [16]. The distinctive charac-
teristic of functional data analysis [23] is that it treats the
infinite-dimensional data as real-valued functions rather than
discrete, finite-dimensional vectors which are commonly used
by machine learning algorithms. On the other hand, hetero-
geneity is an intrinsic property of functional data due to the
fact that data is usually collected from multiple sources. For
example, the relationship between temperature and precipita-
tion in one area is likely to be different from its neighbor areas
although they are closely correlated. Intuitively, leveraging
such kind of data heterogeneity appropriately may help build
a better regression model for the functional data.

In this paper, for the first time, we focus on heterogeneous
functional data analysis, and propose a novel Multi-task
Function-On-function REgression approach (Multi-Fore) to
model both the functionality and heterogeneity of the data.
The goal is to leverage the relatedness among tasks and the
correlations among basis functions to improve the regression
performance for all the tasks. We propose to use the co-
grouping structured sparsity regularization to characterize
the grouping of basis functions and the soft-clustering of
tasks. It encourages the similar tasks to behave similarly
in selecting the basis functions. The objective of Multi-
Fore is to minimize the regression loss resulting from using
functional predictor to recover the functional response for
each task, while imposing the co-grouping structured sparsity
regularization on the regression weights. The intuition of
co-grouping is that the regression weights can be row-wise
grouped according to the types of basis functions, and column-
wise grouped according to the soft-clustering of tasks.

The resulting optimization problem is challenging due to
the non-smoothness and non-separability of the objective
function. To address this challenge, we first transform the
non-smooth objective function into a smooth one by making
use of an auxiliary function. Then, we prove the separabil-
ity of the reformulated objective function, which leads to
an efficient algorithm to solve the problem. Furthermore,
we build the connections between the original problem and
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its reformulation by showing that both of them are strict-
ly convex and converge to the same global optimum. The
proposed approach covers a wide range of sparsity regulariza-
tions. In particular, it provides a unified framework to solve
both the structured `2,p norm and the structured Schatten p-
norm regularized problems. The effectiveness of the proposed
method is evaluated on functional data sets in comparison
with various existing functional regression algorithms.

In summary, the main contributions of this paper are as
follows:

• We introduce a new learning problem targeting het-
erogeneous functional data.

• We propose a novel multi-task functional regression
approach based on co-grouping structured sparsity to
model both the relatedness among tasks and correla-
tions among basis functions.

• We develop an efficient algorithm to solve the co-
grouping structured sparsity regularized problem, which
enjoys the nice properties of separability, convexity,
and global convergence. It covers a wide spectrum of
structured sparsity regularizations such as structured
`2,p norm and structured Schatten p-norm.

• We demonstrate the effectiveness of Multi-Fore on
various functional data sets.

The rest of the paper is organized as follows. After a review
of the related work in Section 2, we present the Multi-Fore
approach in Section 3, and show the experimental results in
Section 4. Finally, we conclude the paper in Section 5.

2 RELATED WORK

In this section, we review the related work on functional data
analysis (FDA) [23]. In particular, we focus on functional
regression, which is one of the most active areas in FDA.

Most of the current functional regression work involves
either functional predictor or functional response. To name a
few, Yao et al. [27] proposed the Principal Analysis by Con-
ditional Expectation (PACE) model aiming at estimating
functional principal component scores for sparse longitudinal
data; Goldsmith et al. [4] proposed the Penalized Function-
al Regression (PFR) using truncated power series for basis
functions with `2 penalties; Zhang et al. [30] presented a
spline-based Functional Linear Model (FLM) with period-
ic spline bases via roughness regularization; Yuan and Cai
[29] introduced a general Reproducing Kernel Hilbert Space
(RKHS) approach to functional linear regression regularized
by roughness penalties. In contrast, some work on the func-
tional regression used sparsity constraints. Zhu and Cox [33]
proposed a functional generalized linear model, in which func-
tional principal components were used to reduce the model to
multivariate logistic regression and a group Lasso penalty was
applied to select useful functional covariates among multiple
curves; James et al. [10] introduced the FLiRTI model which
used `1 penality to encourage sparsity for interpretability;
Lee and Park [14] developed a sparse functional linear regres-
sion model that imposed different sparsity penalties such as

Lasso and adaptive Lasso on the regression coefficients; Fan
et al. [3] proposed a Functional Additive Regression (FAR)
model which used group-Lasso to perform variable selection
across multiple functional predictors using orthogonal basis
transform.

There has been comparatively little work for function-on-
function regression, which involves both functional predictor
and functional response [18]. Some function-on-function re-
gression methods [19, 28] utilized Functional Principal Com-
ponent Analysis (FPCA) to capture the variance of functional
data. For example, FPCreg [28] is a nonparametric regression
model based on functional principal component decomposi-
tion. Different from FPCreg, the Functional Additive Models
(FAM) model [19] utilized the functional principal compo-
nents in an additive way. Regularization is widely used in the
function-on-function models. FdaLM [23] is a linear function-
on-function regression model with roughness penalties (or `2
regularization). The regression model proposed in [8] consid-
ered a variety of regularization techniques for linear B-spline
basis functions, including basis truncation, roughness penalty,
and `1 sparsity penalty. The Penalized Function-on-Function
Regression (PFFR) method [9] accommodated multiple func-
tional predictors and response observed on dense or sparse
grids. PFFR applied quadratic roughness penalties to avoid
overfitting. A functional additive mixed model [24] was de-
veloped for the regression of functional response on both
functional and scale predictors. Quadratic penality was used
and the smoothing parameters were estimated by the restrict-
ed maximum likelihood method. A multi-level functional
regression model proposed in [17] incorporated various basis
expansions including principal components, spline-based and
wavelet-based functional representations. The FarMost mod-
el [25] used mode-sparsity constraint to automatically filter
out the irrelevant basis functions for both predictors and
responses. In addition, some nonlinear functional regression
models have also been proposed, such as the Triple-Basis
Estimator (3BE) [21] and the functional RKHS approach [12].

Multi-task learning aims to improve the performance of
each task by borrowing the knowledge learned from relat-
ed tasks. Different assumptions on task relatedness lead
to different multi-task learning models. Some typical work
include: multi-task feature learning [1], clustered multi-task
learning [31], low-dimensional subspace learning [11], robust
multi-task learning [5], etc. Sparsity regularizations are wide-
ly used in multi-task learning, such as `2,1-norm regular-
ized method [1], weighted Lasso regularized method [15],
group Lasso regularized method [26], sparse group Lasso reg-
ularized methods [32], tree-guided group Lasso regularized
method [13], tree-guided fused lasso [7], elastic net regularized
method [6], etc.

Different from existing work on either function-on-function
regression or multi-task learning, in this paper, we aim to
model both the functionality and heterogeneity of data. To
the best of our knowledge, this is the first work on heteroge-
neous functional regression.
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3 THE MULTI-FORE APPROACH

In this section, we introduce the Multi-Fore model, and then
present an efficient algorithm to solve the problem.

3.1 Generalized Schatten Norm

We first introduce the proposed generalized Schatten norm.
The entrywise `p,q norm of a matrix W is defined as

‖W‖p,q =

∑
i

(∑
j

|Wij |p
)q/p1/q

.

The case where p = q = 2 yields the Frobenius norm. The
case where p = 2, q = 1 yields the `2,1 norm.

The Schatten p-norm (0 < p <∞) of a matrix W ∈ Rn×m
is defined as

‖W‖Sp =

min{n,m}∑
i=1

σpi

 1
p

= tr
[(

(MMT )
p
2

)] 1
p

where σi is the ith largest singular value of W . The case
where p = 2 yields the Frobenius norm, while the case where
p = 1 yields the trace norm (or nuclear norm).

We define a new matrix norm named generalized Schatten
norm as follows.

Definition 3.1 (Generalized Schatten Norm). The gen-
eralized Schatten p-norm of a matrix W is defined as

‖W‖(∆,p) =

{
‖W‖Sp , ∆ = 0

‖W‖2,p , ∆ = 1

The generalized Schatten p-norm covers both the `2,p norm
and the Schatten p-norm. In particular, it subsumes some of
the most popular sparsity regularizations such as `2,1 norm
and trace norm. Both of them result in sparse structures by
forcing either the row-wise sparsity or the low-rank matrix.

3.2 The Multi-Fore Model

Suppose there are T functional regression tasks which are
correlated with each other. For the ith task, denote the
functional predictor by xi (s) ∈ Rni×1 measured at grid point
s ∈ S, and functional response yi (t) ∈ Rni×1 measured at
t ∈ T , where ni is the number of curves, S and T are two
interval domains. Note that we do not require the predictor
and response to be defined on the same domains. Our goal
is to build a regression model of functional response yi on
functional predictor xi by borrowing the information from
other related regression tasks.

The basic functional regression model [23] can be repre-
sented as

yi (t) =

∫
xi (s)βi (s, t) ds+ εi (t) (1)

where βi (s, t) is a bivariate regression coefficient function,
and εi (t) is the residual function. Intuitively, the regression
function βi(s, t) for a fixed value of t can be interpreted as
the related weight placed on xi(s) required for predicting
yi(t). We consider the bivariate regression function βi (s, t)

as a double expansion in terms of K1 basis functions ϕu(1 ≤
u ≤ K1) and K2 basis functions θv(1 ≤ v ≤ K2) as follows.

βi (s, t) =

K1∑
u=1

K2∑
v=1

wuvϕu (s) θv (t) = ϕT (s)Wiθ (t) (2)

where ϕ (s) ∈ RK1×1, θ (t) ∈ RK2×1, and Wi is a K1 ×K2

matrix of coefficients wuv. Denote Xi =
∫
xi (s)ϕT (s) ds.

The substitution of Eq. 2 into in Eq. 1 gives

yi (t) = XiWiθ (t) + εi (t) . (3)

Next, we introduce the proposed multi-task function-on-
function regression model. It aims to leverage both the
relatedness among tasks and the correlations among basis
functions to build a better functional regression model. On
one hand, the basis functions are naturally classified into
groups according to their types, such as Fourier basis func-
tions, Spline basis functions, Wavelet functions, functional
PCA, etc. Different types of basis functions are suitable for
different functional data since they have different properties.
It is challenging to choose which kinds of basis functions to
fit the given functional data. On the other hand, we may
have prior knowledge on the grouping of tasks in many cases.
By better modeling the relatedness among tasks, the per-
formance of multiple regression tasks could be significantly
improved.

The key idea of the proposed Multi-Fore approach is to
build a multi-task functional regression model by using the
co-grouping sparsity regularization, which encourages the
tasks in the same cluster to behave similarly in selecting
either the individual or the groups of basis functions. The
intuition of co-grouping is that the regression weights can be
row-wise grouped according to the types of basis functions,
and column-wise grouped according to the soft-clustering of
tasks.

We assume that the regression tasks are clustered into
overlapping groups, i.e., each task belongs to one or more
task clusters. Let G be the number of task clusters. Denote
the set of task indices in the kth cluster by g (k), and the
set of task clusters by Ω = {g(k)|1 ≤ k ≤ G}. Denote
W = [W1, · · · ,WT ], which is the concatenation of the weight
matrices of all the tasks. Let W(k) be the block matrix

corresponding to the kth cluster, which is a horizontally
concatenated matrix of all the weight matrices Wi(1 ≤ i ≤ T )
if i ∈ g(k). Suppose the basis functions θ are divided into
B groups. Then, W can be vertically partitioned into B
sub-matrices. Let W (b)(1 ≤ b ≤ B) be the sub-matrix
corresponding to the bth group of basis functions.

We propose to use structured generalized Schatten norm
to model both the soft-clustering of tasks and the grouping
of basis functions. The objective of Multi-Fore is to minimize
the loss resulting from regressing the functional response on
the functional predictor for each task, while imposing the
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co-grouping structured sparsity on the regression weights:

min
W

T∑
i=1

∫
‖yi (t)−XiWiθ (t)‖2F dt

+

G∑
k=1

αk
∥∥W(k)

∥∥p
(∆,p)

+

B∑
b=1

βb

∥∥∥W (b)
∥∥∥
F

(4)

where p(1 ≤ p ≤ 2) controls the sparisty of the regression
weights. The co-grouping structured sparsity regularization
is imposed on the clusters of tasks and the grouping of basis
functions. αk and βb are non-negative tradeoff parameter-
s. The first regularization imposed on the clusters of tasks
encourages the tasks in the same cluster to behave similarly
in selecting basis functions, and ensures task-cluster-specific
sparsity by shrinking irrelevent basis function. The sec-
ond regularization imposed on the vertically partition of W
ensures the group sparsity of basis functions by shrinking ir-
relevant groups. In such a way, we can simultaneously model
the relatedness between tasks and the correlations among
basis functions.

The proposed structured generalized Schatten norm covers
a wide range of models with sparse regularizations, such
as structured `2,p norm ‖W(k)‖p2,p and structured Schatten
p-norm ‖W(k)‖Sp . For the former, it encourages the similar
tasks to behave similarly in shrinking the basis functions.
For the latter, it encourages the similar tasks to share the
similar low-rank structures. Both of them result in the sparse
structure of the weight matrix.

Furthermore, the structured generalized Schatten norm
provides a flexible mechanism to characterize the task re-
latedness. It allows for the modeling of soft-clustering of
regression tasks. For example, we are able to simultaneously
learn the task-dependent relatedness and task-independent
relatedness by using the proposed Multi-Fore model. The
task-dependent relatedness captures the specific properties of
each individual task, while the task-independent relatedness
models the common properties shared among all the tasks.
In Multi-Fore, this corresponds to the case where there are
G = T +1 task clusters, i.e., Ω = {{1}, · · · , {T}, {1, · · · , T}}.
Note that each task belongs to two clusters, i.e., the single-
task cluster which contains the task only and the all-in-one
cluster which contains all the tasks. Then, Eq. 4 can be
instantialized as follows,

min
W

T∑
i=1

∫
‖yi (t)−XiWiθ (t)‖2F dt

+

[
αG‖W‖p∆,p +

T∑
i=1

αi ‖Wi‖p∆,p

]
+

B∑
b=1

βb

∥∥∥W (b)
∥∥∥
F
.

(5)
Here, the norms ‖Wi‖p∆,p and ‖W‖p∆,p ensure the task-specific

sparsity and task-common sparsity, respectively, while ‖W b
a‖F

models the group sparsity.

3.3 Optimization

The optimization of Multi-Fore is challenging due to the non-
smoothness and non-separability of co-grouping structured
sparsity. To address this problem, we first transform the
objective function into a smooth one, and prove the separa-
bility of the reformulated objective, which allows us to solve
the problem in parallel. The proposed algorithm is convex,
convergence-guaranteed, and adaptable to both structured
`2,p and structured Schatten p-norm regularized problems.

We first introduce the following inequality [20].

Lemma 3.2. For any positive definite matrices A and At,
the following inequality holds when 0 < p ≤ 2:

tr
(
A
p
2

)
− p

2
tr

(
AA

p−2
2

t

)
≤ tr

(
A
p
2
t

)
− p

2
tr

(
AtA

p−2
2

t

)
.

The Hadamard product of two matrices, X and Y , is
denoted by X � Y . Let W̃ = W (τ) where τ is the iteration
index. I is the identity matrix. Denote

Φ∆
W =

{
WWT , ∆ = 0(
WWT

)
� I, ∆ = 1

Φ̃∆
W =

{
W̃W̃T , ∆ = 0(
W̃W̃T

)
� I, ∆ = 1

It is easy to verify that both Φ∆
W and Φ̃∆

W are positive definite
matrices.

In Theorem 3.3, we transform the non-smooth objective
defined in Eq. 4 into a smooth one by making use of an
auxiliary function, and derive an iterative update algorithm
to solve the problem.

Theorem 3.3 (Update Rule). The objective function
defined in Eq.4 is non-increasing under the update

W (τ+1) = arg min
W

T∑
i=1

∫
‖yi (t)−XiWiθ (t)‖2F dt

+

G∑
k=1

αktr
(
WT

(k)D
(τ)
k W(k)

)
+

B∑
b=1

βb

2‖W̃ (b)‖F
tr
(
W (b)TW (b)

)
(6)

where τ is the iteration index, and D
(τ)
k (1 ≤ k ≤ G) is as

follows,

D
(τ)
k =

p

2

[
Φ̃∆
W(k)

] p−2
2
. (7)

Proof. Denote

L(W ) =

T∑
i=1

∫
‖yi (t)−XiWiθ (t)‖2F dt.

The objective function in Eq. 4 is rewritten into

F (W ) = L(W ) +

G∑
k=1

αk
∥∥W(k)

∥∥p
(∆,p)

+

B∑
b=1

βb

∥∥∥W (b)
∥∥∥
F

= L(W ) +

G∑
k=1

αktr
[
(Φ∆

W(k)
)
p
2

]
+

B∑
b=1

βb

∥∥∥W (b)
∥∥∥
F
.
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The key issue is to design an auxiliary function for F (W ).
Define a new function,

J
(
W,W (τ)

)
= L(W ) +

B∑
b=1

βb

∥∥∥W (b)
∥∥∥2

F
+
∥∥∥W̃ (b)

∥∥∥2

F

2
∥∥∥W̃ (b)

∥∥∥
F

+

G∑
k=1

αk

[
2− p

2
tr
(

(Φ̃∆
W(k)

)
p
2

)
+
p

2
tr
(

Φ∆
W(k)

(Φ̃∆
W(k)

)
p−2
2

)]
.

Note that J
(
W,W (τ)

)
is an auxiliary function of F (W ) due

to the facts:

J (W,W ) = F (W )

and

J
(
W,W (τ)

)
≥ F (W )

where the latter follows from: 1) u2 +v2 ≥ 2uv for any scalars

u and v; 2) Lemma 3.2 since both Φ∆
W and Φ̃∆

W are positive
definite matrices.

Since J
(
W,W (τ)

)
is an auxiliary function of F (W ), F (W )

is non-increasing under the update

W (τ+1) = arg min
W

J
(
W,W (τ)

)
.

We obtain the derivative of J
(
W,W (τ)

)
:

∂

∂W
J
(
W,W (τ)

)
=

∂

∂W
L(W ) +

∂

∂W

G∑
k=1

αk
p

2
tr
[
(Φ∆

W(k)
)(Φ̃∆

W(k)
)
p−2
2

]

+
∂

∂W

B∑
b=1

βb

∥∥∥W (b)
∥∥∥2

F

2
∥∥∥W̃ (b)

∥∥∥
F

=
∂

∂W
L(W ) +

∂

∂W

G∑
k=1

αktr
(

Φ∆
W(k)

D
(τ)
k

)

+
∂

∂W

B∑
b=1

βb

∥∥∥W (b)
∥∥∥2

F

2
∥∥∥W̃ (b)

∥∥∥
F

=
∂

∂W
L(W ) +

∂

∂W

G∑
k=1

αktr
(
WT

(k)D
(τ)
k W(k)

)
+

∂

∂W

B∑
b=1

βb

2‖W̃ (b)‖F
tr
(
W (b)TW (b)

)
where the last equality follows from the equivalence of the
derivatives.

Since F (W (τ)) = J(W (τ),W (τ)) ≥ minW J(W,W (τ)) =

J(W (τ+1),W (τ)) ≥ F (W (τ+1)), the objective function F (W )
is non-increasing under the update. �

Theorem 3.3 provides an iteratively update way to solve the
optimization problem in Eq. 4. In Theorem 3.4, we further
show that the reformulation of the co-grouping structured
sparsity is separable, which leads to an efficient solution of
the problem.

Theorem 3.4 (Separability). The co-grouping struc-
tured sparsity is separable:

G∑
k=1

αktr
[
WT

(k)D
(τ)
k W(k)

]
+

B∑
b=1

βb

2‖W̃ (b)‖F
tr
(
W (b)TW (b)

)
=

T∑
i=1

tr
[
WT
i Γ

(τ)
i Wi

]
(8)

where

Γ
(τ)
i = Λ(τ) +

∑
1≤k≤G,i∈g(k)

αkD
(τ)
k (9)

for 1 ≤ i ≤ T , and Λ(τ) is a block diagonal matrix,[
Λ(τ)

]
bb

=
βb

2‖W̃ (b)‖F
I (10)

for 1 ≤ b ≤ B.

Proof.

G∑
k=1

αktr
(
WT

(k)D
(τ)
k W(k)

)
+

B∑
b=1

βb

2‖W̃ (b)‖F
tr
(
W (b)TW (b)

)

=

G∑
k=1

αk ∑
i∈g(k)

tr
(
WT
i D

(τ)
k Wi

)+ tr
[
WTΛ(τ)W

]

=

T∑
i=1

tr

WT
i

 ∑
1≤k≤G,i∈g(k)

αkD
(τ)
k

Wi


+ tr

[
WTΛ(τ)W

]
=

T∑
i=1

tr

WT
i

 ∑
1≤k≤G,i∈g(k)

αkD
(τ)
k

Wi


+

T∑
i=1

tr
[
WT
i Λ(τ)Wi

]

=

T∑
i=1

tr

WT
i

Λ(τ) +
∑

1≤k≤G,i∈g(k)

αkD
(τ)
k

Wi


=

T∑
i=1

tr
[
WT
i Γ

(τ)
i Wi

]
.

�

Due to the separability property of co-grouping structured
sparsity, the objective function in Eq.6 can be transformed
into:

min
W

T∑
i=1

∫
‖yi (t)−XiWiθ (t)‖2F dt+ tr

[
WT
i Γ

(τ)
i Wi

]
. (11)

The benefit of separability is that the reformulated problem
can be split into multiple independent sub-problems, which
could be solved in parallel.

Define JuvT =
∫
u (t) vT (t) dt for any functional data u (t)

and v (t). The Kronecker product between two matrices
U and V is denoted by U ⊗ V . Let w = vec (W ) be the
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vectorization of the matrix W into a vector w. We derive
the optimal solution of the problem in Theorem 3.5.

Theorem 3.5 (Optimum). The optimal solution for E-
q.11 is as follows,

vec (Wi) =
[
JθθT ⊗

(
XT
i Xi

)
+ IK2 ⊗ Γ

(τ)
i

]−1

vec
(
XT
i JyiθT

)
.

(12)

Proof. The zero gradient condition of Eq. 11 with respect
to Wi gives∫

XT
i XiWiθ (t) θT (t)dt+ Γ

(τ)
i Wi =

∫
XT
i yi(t)θ

T (t)dt.

Based on the property of Kronecker product, vec
(
UHV T

)
=

(V ⊗ U) vec (H) for any matrices U , V , and H, we have∫
vec

[
XT
i XiWiθ (t) θT (t)

]
dt+ vec(Γ

(τ)
i Wi)

=vec

[∫
XT
i yi(t)θ

T (t)dt

]
.

Therefore,[
JθθT ⊗

(
XT
i Xi

)]
vec(Wi) +

[
IK2 ⊗ Γ

(τ)
i

]
vec(Wi)

=vec
(
XT
i JyiθT

)
which completes the proof. �

3.4 Convexity and Convergence

We conduct theoretical analysis on convexity and convergence
of the proposed optimization algorithm.

First, we prove the convexity of the original objective and
the reformulated objective functions.

Theorem 3.6 (Convexity of Reformulated Objec-
tive Function). The reformulated objective function in E-
q. 11 is strictly convex.

Proof. Eq. 11 is a linear combination of multiple indepen-
dent sub-problems, each of which is related to Wi(1 ≤ i ≤ T ),
respectively. Consider the sub-problem:

J(Wi) =

∫
‖yi(t)−XiWiθ(t)‖2F dt+ tr(WT

i Γ
(τ)
i Wi).

We can obtain the derivative of J(Wi),

∇J(Wi) = 2XT
i XiWiJθθT + 2Γ

(τ)
i Wi − 2XT

i JyiθT ,

and the Hessian matrix,

H [J(Wi)] = 2
[
JθθT ⊗ (XT

i Xi)
]

+ 2I ⊗ Γ
(τ)
i .

Note that the Kronecker product of two positive definite
matrices is positive definite. Since the matrices JθθT , XT

i Xi,

and Γ
(τ)
i are positive definite, the Hessian matrix H [J(Wi)]

is also positive definite. Therefore, the sub-problem J(Wi)
is strictly convex. To sum up, the reformulated objective
function J(W ) is strictly convex. �

Likewise, we can prove the convexity of the original objec-
tive function.

Theorem 3.7 (Convexity of Original Objective Func-
tion). The objective function in Eq. 4 is strictly convex when
1 ≤ p ≤ 2 .

Since the reformulated problem is a combination of inde-
pendent convex sub-problems, we adopt a divide-and-conquer
strategy to solve it. Algorithm 1 shows the proposed Multi-
Fore algorithm. It iteratively updates the regression weight

matrix W
(τ)
i and the matrices D

(τ)
k and Γ

(τ)
i until conver-

gence. To speed up, it updates W
(τ)
i in parallel.

Algorithm 1 Multi-Fore Algorithm

Input: functional predictors xi (s) and functional responses
yi (t) (1 ≤ i ≤ T ); basis functions ϕ and θ; αk(1 ≤ k ≤ G)
and βb(1 ≤ b ≤ B), maximum iteration τmax.

Output: regression weights Wi(1 ≤ i ≤ T ).
1: Set τ = 1;

2: Initialize Γ
(τ)
i (1 ≤ i ≤ T ) as identity matrix;

3: repeat

4: Update W
(τ)
i (1 ≤ i ≤ T ) for each task by Eq.12 in

parallel;

5: Update D
(τ)
k (1 ≤ k ≤ G) for each soft-cluster of tasks

by Eq.7;

6: Update Γ
(τ)
i (1 ≤ i ≤ T ) for each task by Eq.9;

7: τ ← τ + 1;
8: until convergence

Theorem 3.8 demonstrates the global convergence of Multi-
Fore. Also, it builds the equivalence between the original
objective function and the reformulated function in the sense
that both of them converge to the same global optimum.

Theorem 3.8 (Global Convergence). The proposed
Multi-Fore algorithm is guaranteed to converge to the global
optimum. Also, both of the objective function in Eq. 4 and
the reformulated function in Eq. 11 converge to the same
global optimum.

Proof. In Theorem 3.3, we show that the objective in
Eq. 4 is non-increasing under the update.

It is easy to verify that the reformulated function J(W,W (τ))
in Eq. 11 and the original objective function F (W ) in Eq. 4

have the same derivative at W (τ), i.e.,

∇F (W )|W (τ) = ∇J(W,W (τ))|W (τ) .

Thus, if W (τ) is a local optimal solution of J(W,W (τ)), i.e.,

∇J(W,W (τ))|W (τ) = 0, W (τ) should also be the local opti-
mal solution of F (W ) since

∇F (W )|W (τ) = ∇J(W,W (τ))|W (τ) = 0.

If W (τ) is not a local optimal solution of J(W,W (τ)), it means

that W (τ) 6= W (τ+1) = argminWJ(W,W (τ)). Therefore,

we have F (W (τ)) = J(W (τ),W (τ)) > minW J(W,W (τ)) =

J(W (τ+1),W (τ)) ≥ F (W (τ+1)). Obviously, the objective
function F (W ) is strictly decreasing.

In summary, the objective function F (W ) is strictly de-
creasing under the update until it reaches the local optimum,
i.e., ∇F (W )|W (τ) = 0.
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According to Theorems 3.6 and 3.7, both of the objective
function in Eq. 4 and the reformulated function in Eq. 11 are
strictly convex. For the convex function, the local optimum is
also the global optimum. Therefore, the proposed Multi-Fore
algorithm is guaranteed to converge to the global optimum.

Also, both the original objective function in Eq. 4 and the
reformulated function in Eq. 11 will converge to the same
global optimum, i.e.,

∇F (W )|W (∗) = ∇J(W,W (τ))|W (∗) = 0.

�
In Algorithm 1, the most time and space consuming pro-

cedure is to update Wi in Step 4. Note that the algorithm
complexity in Eq. 12 is related to K1 and K2, which are
the numbers of basis functions. Even though the number of
curves n or the number of points d is large, a far less number
of basis functions is enough to well represent the data. In oth-
er words, we usually have Ki � max(n, d) (i = 1, 2). Also,
owing to the separability of the co-grouping structured spar-
sity, we can adopt the divide-and-conquer strategy to solve
the problem in parallel. Therefore, the proposed Multi-Fore
algorithm is scalable to large data.

4 EXPERIMENTS

We evaluate the proposed method on the functional data sets
in comparison with various functional regression algorithms.

4.1 Setup

Three benchmark functional data sets collected from various
domains are used in our experiment. Table 1 shows the main
statistics of the data sets, where |S| and |T | are numbers of
points in the corresponding domains.

The Canadian Weather1 data [23] consists of the temper-
ature and precipitation profiles collected from 35 weather
stations over a period of 30 years. There are 365 time points
for either daily temperature or precipitation profile. The
goal is to predict the daily precipitation profile of a weather
station from the daily temperature profile.

The LipEMG data2 consists of 32 records of the movement
acceleration of the lower lip when a subject was required to
repeatedly say the the sentence, ‘say bob again’, and the
corresponding electromyographical (EMG) activities of the
muscle [22]. Each of these measures has 501 time points.
According to Newtons’s second law, acceleration reflects the
force applied to tissue by muscle contraction. The goal is to
predict the lip acceleration from the EMG activities.

The diffusion tensor imaging (DTI2) data [2] involves 340
DTI scans from the subjects with multiple sclerosis. Multiple
sclerosis is a demyelinating autoimmune-mediated disease
that is associated with brain lesions and results in severe
disability. From each DTI scan, fractional anisotropy (FA)
profiles are obtained along the corpus callosum (FA-CCA)
and right corticospinal (FA-RCTS) tracts. Each of the FA-
CCA or FA-RCTS tracts has 93 or 55 grid points, respectively.
To study the spatial association between demyelinations along

1http://www.psych.mcgill.ca/misc/fda/
2http://www.stats.ox.ac.uk/∼silverma/fdacasebook/lipemg.html

Table 1: Statistics of different data sets.

Data set n x |S| y |T |

Weather 35 Temperature 365 Precipitation 365
LipEMG 32 EMG 501 Acceleration 501
DTI2 340 FA-RCTS 55 FA-CCA 93

the tracts, we try to build a functional regression model to
predict FA-CCA from FA-RCTS.

For each data set, we cluster the curves into T groups
by using K-means algorithm, each group corresponding to
one task. We empirically set T = 5. The dynamic time
warping distance is used as the similarity metric to measure
the discrepancy between two curves. Since the model de-
fined in Eq. 5 is able to characterize both task-specific and
task-common relatedness, we implement this model in the
experiments. Note that in this case each task belongs to two
clusters, i.e., the single-task cluster and the all-in-one cluster.

4.2 Evaluation Metrics and Comparison
Methods

We adopt various evaluation metrics including MRSS and
MRPE to evaluate the proposed method.

Suppose there are totally m curve pairs in the test data.
Let fj(t) and yj(t) represent the predicted and true regression
functions respectively for the jth(j = 1, · · · ,m) curve. RSS
is the residual squares integrated over the domain, and MRSS
is the mean of RSS over testing curves, defined as,

MRSS =
1

m

∑m

j=1

∫
[yj(t)− fj(t)]2dt.

MRPE is the mean of the relative prediction errors over
testing curves, which is defined as,

MRPE =
1

m

∑m

j=1

∫
[yj(t)− fj(t)]2 dt∫

y2
j (t)dt

.

We compare our approach with various function-on-function
regression methods including FdaLM [23] with `2 regulariza-
tion, FPCreg [28], and FAM [19]. Both FPCreg and FAM
are available online in the PACE3 package.

We repeat the experiments 10 times and report the mean
and standard deviation of the performance. Note that the
smaller the value of either MRSS or MRPE on the test data,
the better the performance of the algorithm. The parameters
are tuned for each algorithm by cross-validation on training
data. The basis functions used in Multi-Fore include both
Fourier series and B-splines. The numbers of basis functions
are empirically set to 120.

4.3 Comparison of Multi-Fore Variants

Since the proposed Multi-Fore algorithm covers both struc-
tured `2,p norm and structured Schatten p-norm, we first
compare their performance differences. We implement two

3http://www.stat.ucdavis.edu/PACE/
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variants of Multi-Fore, i.e., Multi-Fore-Lp and Multi-Fore-Sp,
which correspond to structured `2,p and structured Schat-
ten p-norm, respectively. The sparsity parameter p varies
from 0.25 to 2.0 with step size 0.25. Figures 1 - 3 show the
performance MRPE varying with p on the three data sets.

Both Multi-Fore-Lp and Multi-Fore-Sp perform better
when p decreases from 2 to 1 in most cases. As proved
in Theorems 3.6 and 3.7, the objective function in Multi-Fore
is strictly convex when 1 ≤ p ≤ 2. Note that the case where
p = 1 yields much sparser structures of the regression weight
matrix than the case where p = 2. The results suggest that
the regression performance could be improved by learning the
low-rank structures and enhancing the sparsity of the regres-
sion weights. Also, Multi-Fore-Lp and Multi-Fore-Sp show
the comparable performances on these data sets although
they differ in the ways of enhancing the sparsity.
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M
R

P
E

 

 

Multi-Fore with Lp Multi-Fore with Sp

Figure 1: MRPE varies with p on Weather data.
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Figure 2: MRPE varies with p on LipEMG data.

In addition, we study the performance of Multi-Fore when
0.25 ≤ p < 1. It shows that the performances of both
Multi-Fore-Lp and Multi-Fore-Sp in this case are not very
stable across different data sets. This might be due to the
non-convexity of objective function when 0 < p < 1, which
prevents the algorithm from reaching the global optimum.
Based on the above results, we set p = 1 in the following
experiments.

0.25 0.5 0.75 1 1.25 1.5 1.75 20.005

0.01

0.015
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E

 

 

Multi-Fore with Lp Multi-Fore with Sp

Figure 3: MRPE varies with p on DTI2 data.

4.4 Performance Evaluation

We first examine intuitively how well the predictions of differ-
ent algorithms fit the ground-truth curves. For the LipEMG
data, we take the first response curve in the test data as an
example. Figure 4 shows the regression results. We can see
that most of the algorithms are basically capable of catching
the trend of the ground-truth curve. However, the proposed
Multi-Fore fits the ground-truth curve better than the others.
Next, we will quantitatively compare their performance.

Figure 4: Regression curves on LipEMG data.

Table 2 shows the regression performances in terms of
MRPE and MRSS respectively on the three data sets. The
proposed Multi-Fore algorithms including both Multi-Fore-Lp
and Multi-Fore-Sp perform better than the comparison algo-
rithms. FPCreg and FAM are based on functional principal
component analysis which keeps only the first few principal
components that explain the most variability. The results
show that the functional principal components explaining the
largest amount of variability in predictor may not necessarily
be the most discriminative in predicting response. FdaLM
shows relatively poor performance compared to the other
algorithms, indicating that using only the roughness penalty
may not be adequate to build a robust regression model. In
contrast, the competency of Multi-Fore is that it models the
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Table 2: Regression performance of different algorithms on the three data sets.

Algorithm
Weather LipEMG DTI2

MRPE MRSS MRPE MRSS MRPE MRSS

Multi-Fore-Lp 0.371±0.02 23.47±0.78 0.226±0.04 85.71±0.86 0.008±0.00 0.85±0.03
Multi-Fore-Sp 0.346±0.03 21.22±0.53 0.241±0.03 90.02±0.73 0.009±0.00 0.88±0.07
FdaLM 0.992±0.20 66.72±13.58 1.992±0.50 532.62±43.78 0.070±0.02 6.98±0.85
FPCreg 0.517±0.05 33.77±4.50 0.962±0.24 248.65±0.69 0.012±0.00 1.71±0.21
FAM 0.655±0.08 40.78±6.58 0.287±0.03 122.03±31.73 0.016±0.00 2.05±0.17

task relatedness by using the co-grouping structured spar-
sity regularization to encourage the similar tasks to share
either the individual or groups of basis functions. Multi-Fore
automatically picks out the most informative individual or
groups of basis functions for the similar tasks in building the
regression model, while truncating the irrelevant ones. As a
consequence, its performance on the unseen responses can be
improved.

In the three data sets, Multi-Fore-Lp performs better on
LipEMG and DTI2 data, while Multi-Fore-Sp performs bet-
ter on Weather data. Nevertheless, their performances are
comparable with each other.

4.5 Parameter Sensitivity

We study the performance sensitivity of Multi-Fore on the
regularization parameters α and β. Note that we have
G = T + 1 task clusters (see Eq. 5). We empirically set
[α1, · · · , αT , αG] = [α, · · · , α, Tα], which is used to control
the importance of the structured sparsity. The result on the
Weather data is shown in Figure 5. Multi-Fore performs
worse as α approaches 0 when no sparsity constraint is im-
posed on the regression weights. The optimal performance is
achieved at α = 16. The results show that the performance of
Multi-Fore can be significantly improved by learning the task
relatedness via the structured sparsity. Figure 5 shows the
similar trend of the performance along with the changes of β,
which controls group sparsity of the regression weights. We
empirically set [β1, · · · , βB ] = [β, · · · , β]. The results suggest
that truncating the irrelevant groups of basis functions could
lead to better performance.

0 1/64 1/16 1/4 1 4 16 64 256 1024 2048 40960.1
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Figure 5: MRPE varies with α or β (log4 scale).

4.6 Convergence

We study the convergence property of Multi-Fore. Figure 6
shows the performance varying with iterations on the Weather
data. We can see that MRPE drops sharply in the first several
iterations and becomes stable after about 5 iterations. The
results show that Multi-Fore converges very fast.
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Figure 6: MRPE varies with iterations.

5 CONCLUSION

We propose a novel multi-task functional regression method,
which uses the co-grouping structured sparsity to encourage
similar tasks to share either the individual or groups of
basis functions. An efficient algorithm is developed to solve
the resulting non-smooth and non-separable problem. The
proposed algorithm enjoys the advantages of separability,
convexity, global convergence, and wide adaptability. The
experimental results on various functional data demonstrate
the effectiveness of the proposed approach.
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