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ABSTRACT

The method of “random Fourier features (RFF)” has become a popu-
lar tool for approximating the “radial basis function (RBF)” kernel.
The variance of RFF is actually large. Interestingly, the variance
can be substantially reduced by a simple normalization step as we
theoretically demonstrate. We name the improved scheme as the
“normalized RFF (NRFF)”, and we provide a technical proof of the
asymptotic variance of NRFF, as validated by simulations.

We also propose the “generalized min-max (GMM)” kernel as a
measure of data similarity, where data vectors can have both pos-
itive and negative entries. GMM is positive definite as there is an
associate hashing method named “generalized consistent weighted
sampling (GCWS)” which linearizes this (nonlinear) kernel. We
provide an extensive empirical evaluation of the RBF and GMM
kernels on more than 50 datasets. For a majority of the datasets, the
(tuning-free) GMM kernel outperforms the best-tuned RBF kernel.

We then conduct extensive classification experiments for compar-
ing the linearized RBF kernel using NRFF with the linearized GMM
kernel using GCWS. We observe that, in order to reach a similar ac-
curacy, GCWS typically requires substantially fewer samples than
NRFF, even on datasets where the original RBF kernel outperforms
the original GMM kernel. As the training, storage, and process-
ing costs are directly proportional to the sample size, our experi-
ments can help demonstrate that GCWS would be a more practical
scheme for large-scale machine learning applications.

The empirical success of GCWS (compared to NRFF) can also be
explained theoretically, from at least two aspects. Firstly, the rela-
tive variance (normalized by the squared expectation) of GCWS is
substantially smaller than that of NRFF, except for the very high
similarity region (where the variances of both methods approach
zero). Secondly, if we are allowed to make a general model assump-
tion on the data, then we can show analytically that GCWS exhibits
much smaller variance than NRFF for estimating the same object
(e.g., the RBF kernel), except for the very high similarity region.
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1 INTRODUCTION

It is popular in machine learning practice to use linear algorithms
such as logistic regression or linear SVM. It is known that one can
often improve the performance of linear methods by using nonlin-
ear algorithms such as kernel SVMs, if the computational/storage
burden can be resolved. In this paper, we introduce an effective
measure of data similarity termed “generalized min-max (GMM)”
kernel and the associated hashing method named “generalized con-
sistent weighted sampling (GCWS)”, which efficiently converts this
nonlinear kernel into linear kernel. Moreover, we will also intro-
duce what we call “normalized random Fourier features (NRFF)”.

We start the introduction with the basic linear kernel. Consider
two data vectors u,v € RP. It is common to use the normalized
linear kernel (i.e., the “cosine”):

>2 uiv;

[sD 2 [vD 2
iz Ui\ Ziz1 05

This normalization step is in general a recommended practice. For
example, when using LIBLINEAR or LIBSVM packages [8], it is
suggested to first normalize the input data vectors to unit I3 norm.

The popularity of the cosine can be explained by the fact that,
if (uj,v;), i = 1to D, are iid samples from a bivariate zero-mean
normal distribution with a true (population) correlation parameter
p, then as D — oo, p converges to p. However, when data are not
exactly normal, as shown in [18], this convergence may not even
hold. See Section 3 for more explanation on this important matter.

p=pu,v)= (1

The proposed GMM kernel is defined on general data types which
can have both negative and positive entries. The basic idea is to
first transform the original data into nonnegative data and then
compute the min-max kernel [11, 14, 19] on the transformed data.

1.1 Generalized Min-Max (GMM) Kernel

Consider the data vector u;, i = 1 to D. We define the following
transformation, depending on whether an entry u; is positive or
negative:

if uj >0
if u; <0

tig; =0

()

{ U2i-1 = Ui,

tzi-1 =0, 2 =—Uu;

For example, when D = 2 and u = [-5 3], the transformed data
vector becomes @ = [0 5 3 0]. After this step of data transforma-
tion, the generalized min-max (GMM) similarity is defined as
2P min(i;, ;)

2D
i=1

GMM(u,v) = 3

max(@;, ;)
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When the data are binary (0/1), GMM becomes the well-known
“resemblance” similarity [4, 5, 16]. We will show in Section 4 that
GMM is indeed an effective measure of data similarity through an
extensive experimental study on kernel SVM classification. It is
generally nontrivial to scale nonlinear kernels for large data [3]. In
a sense, it is not practically meaningful to discuss nonlinear kernels
without knowing how to compute them efficiently. This paper will
focus on the “generalized consistent weighted sampling” (GCWS).

1.2 Generalized Consistent Weighted Sampling

Algorithm 1 summarizes the generalized consistent weighted sam-
pling (GCWS). Given data vectors u and v, we transform them into
nonnegative vectors # and o as in Eq. (2), then apply the original
consistent weighted sampling (CWS) [11, 19] to generate tuples:

(i’i Lt ) and (i*~ iy ) j=12,..,k )
u,j’ u,j v,]7 U]

where i* € [1, 2D] and ¢* is unbounded. Following [11, 19], we
have the basic probability result in Theorem 1.1.

THEOREM 1.1.

pr{(iz otn;) = (i515,;) | = GMM(. v) 5)

Algorithm 1 Generalized Consistent Weighted Sampling (GCWS).
Input: Data vector u = (i = 1 to D)

Transform: Generate vector % in 2D-dim by (2)

Output: Consistent uniform sample (i*, )

For i from 1 to 2D
ri ~ Gamma(2,1), ¢; ~ Gamma(2,1), i ~ Uniform(0,1)
log ii;
i [ B2 4 Bi), @ —log(ci) = rilti +1 - fi)
End For
i* « argmin; aj,

1ty

Note that for sparse data, one will only need to deal with nonzero
entries. The same random variables {r;, ¢;, i} will be used for all
data vectors (not just u). Algorithm 1 describes the procedure for
generating one sample (i*,¢*). With k independent samples, one
can simply use the averaged indicator to estimate GMM(u, v). The
expectation (E) and variance (Var) of the indicator are

E [1{1';]. =% andf) = t;gj}] = GMM(u, ), ©)
Var [l{i;;,j = i*i;,j and t;;’j = t;,j}] = (1 - GMM(u, v))GMM(u, v)
7)

The estimation variance, given k samples, will be % (1-GMM)GMM.

Practical Implementation: Based on intensive empirical obser-
vations [14], one can safely ignore t* (which is unbounded) and

= i:’;,j} ~ GMM(u,v). Specifically, for each
data vector u, we obtain k random samples iz’j, j = 1to k. Then
we store only the lowest b bits of i*, based on the idea of [17]. We
need to view those k integers as locations (of the nonzeros) instead
of numerical values. For example, when b = 2, we should view i*
as a vector of length 20 = 4.1f i* = 3, then we code it as [1000];
if i* = 0, we code it as [0 0 0 1]. We then concatenate all k such
vectors into a binary vector of length 2b x k, with exactly k 1’s.

simply use Pr {l;;
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For linear methods, the computational cost is largely determined
by the number of nonzeros in each data vector, i.e., the k in our case.
For the other parameter b, we recommend to use b > 4. When us-
ing batch algorithms (such as LIBLINEAR), a larger b will in gen-
eral increase the training time but typically not much. Note that,
with online learning [2], it would be obvious that the training time
is determined by the number of nonzeros (and number of epoches).

The natural competitor of the GMM kernel is the RBF (radial
basis function) kernel, and one competitor of the GCWS hashing
method could be the RFF (random Fourier feature) algorithm.

2 RBF KERNEL AND NORMALIZED RANDOM
FOURIER FEATURES (NRFF)

The radial basis function (RBF) kernel is widely used in machine
learning and many fields. In this study, for convenience (e.g., pa-
rameter tuning), we recommend the following version:

RBF(u,v;y) = e V1P) )

where p = p(u,v) is the cosine defined in Eq. (1) and y > 0is a tun-
ing parameter. Based on Bochner’s Theorem [23], it is known [21]
that, if we sample w ~ uniform(0,2x), r; ~ N(0,1) iid., and let
x= lezl uirij, y = lezl virij, where ||ull2 = [|v|l2 = 1, we have

E (VZcos(y7x + w)VZcos(yy +w)) = e 7072 (9)

This provides an elegant mechanism for linearizing the RBF kernel
and the RFF method has become very popular in machine learning,
computer vision, and beyond, e.g., [1, 6, 7, 9, 10, 20, 22, 24, 27, 28].

The result in Theorem 2.1 on the variance of RFF was known, for
example, see [25]. In this paper, we provide a proof with general in-
termediate results which are needed for the proof of Theorem 2.2.

THEOREM 2.1. Given x ~ N(0,1), y ~ N(0,1), E(xy) = p, and
w ~ uniform(0,2r), we have

E [\/ECOS(\/?X + w)\@ cos(vfyy + w)] — ¢ ¥(1-p) (10)
Var [\/5 cos(yfyx + w)\/icos(\/fy + w)] = % + % (1 _ e—ZY(l—P))Z
(11)

From Theorem 2.1, one can see that the variance of RFF might
be large. Interestingly, the variance can be substantially reduced if
we normalize the generated data, a procedure which we call “nor-
malized RFF (NRFF)”, as shown in Theorem 2.2.

THEOREM 2.2. Considerk iid samples (xj, yj, wj) wherex; ~ N(0,1),
yj ~ N(0,1), E(xjy;) = p, wj ~ uniform(0,2x), j = 1,2,...,k. Let
Xj = \/icos (\/ij + Wj) ande = \/§cos (\/fyj + Wj). Ask — oo,
the following asymptotic normality holds:

S5 XY 2

_ j=1%] Z _ev(1-p) = N (0,Vn,p,y) (12)

2 2

Zj:lXj Z]’=1Yj

where
1
11 ~2y(1-p))?

Voy = 373 (1 et p)) 1
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Obviously, Vp, p,y < Vp,y (in particular, Vy, 5y = 0 at p = 1),

i.e., the variance of the normalized RFF is smaller than that of the

original RFF. Figure 1 plots V{};}”

Y to visualize the improvement.
3%

91 -0.5 0 0.5 1

V,
Figure 1: The ratio =L
8 Vo.y

from Theorem 2.2 for visualizing

the improvement due to the normalization step.

Note that the theoretical results in Theorem 2.2 are asymptotic
(i.e., for larger k). With k samples, the variance of the original RFF

V,
is exactly % , however the variance of the normalized RFF (NRFF)

. . \4 . .
is written as =52 +0 (ﬁ ) .Itis thus important to understand the

behavior when k is not large. For this purpose, Figure 2 presents
the simulated mean square error (MSE) results for estimating the
RBF kernel e~¥(1=P), confirming that a): the improvement due to
normalization can be substantial, and b): the asymptotic variance
formula (13) becomes accurate for merely k > 10.

p=0.9,y=0.1 p=0.9,7y=0.5
: 107 \
RFF
D107~ \
K \RFF 10 \\\
107° 10
10° 10’ 10° 10° 10’ 10°
K K
p = 0.5,y=0.5
_4 -3
10 10
10° 10’ 10° 10° 10’ 10°
K K

Figure 2: A simulation study to verify the asymptotic theo-
retical results in Theorem 2.2. With k samples, we estimate
the RBF kernel ¢ 7(!P), using both the original RFF and
the normalized RFF (NRFF). With 10° repetitions at each k,
we can compute the empirical mean square error: MSE =
Bias®+Var. Each panel presents the MSEs (solid curves) for
a particular choice of (p, y), along with the theoretical vari-

\% V, .
ances: - and —/* (dashed curves). The variance of the

original RFF (curves above, or red if color is available) can
be substantially larger than the MSE of the normalized RFF
(curves below, or blue). When k > 10, the normalized RFF
provides an unbiased estimate of the RBF kernel and its em-
pirical MSE matches the theoretical asymptotic variance.
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Next, we attempt to compare RFF (and NRFF) with GCWS. While
ultimately we can rely on specific machine learning accuracy (e.g.,
classification, regression, or clustering) as a metric of performance,
here we compare their variances (Var) relative to their expecta-
tions (E) in terms of Var/E?, as shown in Figure 3. For example,
for GCWS, we know Var/E? = E(1 - E)/E? = (1 - E)/E.

Figure 3 shows that the relative variance of GCWS is substan-
tially smaller than that of the original RFF and NRFF, especially
when E is not large. For the very high similarity region (i.e., E — 1),
both NRFF and GCWS exhibit substantially smaller relative vari-
ances than the original RFF. Note that in the very high similarity
region, the variances of both NRFF and GCWS approach zero.

Var/ E?

Figure 3: Ratio of the variance over the squared expectation,
denoted as Var/E?, for the convenience of comparing RFF &
NRFF with GCWS. Also, see Section 3 and Figure 4.

The results from Figure 3 provide one plausible explanation why
later we will observe that, in the classification experiments, GCWS
typically needs substantially fewer samples than the normalized
RFF, in order to achieve similar classification accuracies. Note that
for practical data, the similarities among most data points are usu-
ally small (i.e., small E) and hence it is not surprising that GCWS
may perform substantially better, according to Figure 3.

While Var/E? (known as the squared coefficient of variation)
is a standard term in probability and statistics, there might be a
concern that we are comparing two different methods which esti-
mate different similarities. Interestingly, it is possible to connect
the GMM kernel with cosine (and hence the RBF kernel) if we are
allowed to make a gentle model assumption on the data. See Sec-
tion 3 and Figure 4, which deliver a similar conclusion as Figure 3.

In a sense, this drawback of RFF is expected, due to nature of

random projections. For example, as shown in [15], the linear esti-
2

mator of p using random projections has variance L2 where k

is the number of projections. Understandably, in order to make the

variance small, one will have to use a large number of projections.

Sketch Proof of Theorem 2.1: Firstly, we make use of a known
integral: f_o; cos(cx)e_xz/zdx = VZne_Cz/z to derive two basic in-
tegrals:

/00 cos(c1x) cos(czx)e_xz/zdx :g [e_<”1+02)2/2 + e_(cl_CZ)z/z]

0

/oo sin(c1x) sin(czx)e_xz/zdx :? [e‘(cl_CZ)Z/Z - e_(q”Z)z/z]

00
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Next, we consider integers by,b2 = 1,2,3, ..., and, after some te-

dious algebra, we derive

E (cos(c1x + byw) cos(cay + baw))

1 2
= 2— E(cos(c1x + byt) cos(cay + bat))dt
T
1 2(1 cja-p?) 27 2
=5 / / ez cos(cix + byt) cos(capx + bat)dxdt
T \21
1 L —2“”/ % 1 cos((er - copp)dx,  when by = b
=— z e 2 mcos((c; — c2p)x)dx, when by = by
2r 21 —00 P
c2(1-p?) ;
:L ! e : ZP ﬂVZﬂe_(cl_CZP)z/z
27 \2r
1 52+52—25152p 1 5
:Ee_ — —e_cz(l_p), when c;i =c2 =¢

The above integral is otherwise 0 if by # by. This completes the
proof of the first moment. Now, using the following fact

E cos(2ex + 2w) =— /2’r ! /w (2ex + 20)e 2dxdt
coslzcx w) =—- — coslzcx e X
2 0 V27‘[ —0o0

1 2 /00
-0

sin 2tdt = 0

———sin2t cos(2cx)e_x2/2dxdt

Var 2

1 , 21
:_e—ZCZ /
4 0

we are ready to compute the second moment

_go

E [cos(cx + w) cos(cy + W)]2

1
:ZE [cos(2ex + 2w) cos(2cy + 2w) + cos(2¢cx + 2w) + cos(2¢cy + 2w)] + —

1
=-E [cos(2¢x + 2w) cos(2cy + 2w)] + =

IS

1 1
— e—402(1—p) + =
8 4

and the variance

1,-acta-p) . 1 _ 1 —2c2a-p)
8 1

Var [cos(cx + w) cos(cy + w)] =

This completes the proof of Theorem 2.1.

Sketch Proof of Theorem 2.2: Define

Xj= \/icos(\/?xj + wj),
k
z:]‘:1 XjYj

JEE X2 5k v2
From Theorem 2.1, it is easy to see that, as k — co, we have
L X? > E(x? 3 Y2 -1
kz () Sof ot e
Zj 1%5Yj
\/kz Xz\/k Zk Yz

Y; = \/Ecos(\/?yj + wj),

Z =

= e_y(l_l) =1, a.s.

=

— e ¥(-p) _

Zoo, QA.S.
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We express the deviation Zp — Zw as

£ 2 XY — Zoo + Zoo
\/%Z Xz\/k Zk Yz
1_\/kz XZ\/ka Yz

\/kz Xz\/ka Yz

Zy ~Zoo =

(o]

1 vk
% 2j=1%Y) ~ Zeo
\/kz XZ\/ka YZ

1 - _ Z Xz ; Z} 1 j
=7 XiYj = Zoo + Zeo 5 + Op(1/k)
j=1
k -2k, x¢ 1-13k y?
1 k ~j=1"j
% Z;Xij—ZooJrZoo 5 +Zoo +0p(1/k)
]:
Thus, to analyze the asymptotic variance, it suffices to study:
1- X2 1-Y%)\?
E(Xy—Zoo+Zoo + Zeo p )

2, v2y0)°
-F (XY — Zo(XP+Y )/2)
=E(X?Y?) + ZLE(X* + Y* + 2X%Y?)/4 — ZoE(X3Y) — ZoE(XY?)
which can be obtained from the intermediate results in the proof
of Theorem 2.1. In particular, if b; = by, then
_ c1+c —2c1ep
E (cos(c1x + byw) cos(cay + baw)) = 3¢ 2

which is otherwise 0 if b1 # by. We can now compute

3
E [cos(cx +w)? cos(cy + w)] - ge—cz(l—p)

1
E [cos(cx + w) cos(cy + w)]? = 56_462(1_/)) +

3

NN

1
+

E[cos(cx +w)]* = 3

1- X2

2
1-Y?
+ Zoo 5 )
=E(X%Y?) + ZLE(X* + Y* + 2X%Y?) /4 — ZooE(X3Y) — Zoo E(XY?)

1 _402(1_/7) + l
4 2

Vi p,y :E(XY—ZOO + Zoo

:l _4C<1 P)+1+ _ZC<1 P) +3+
2 8 8

_eii-p) (Ee—e%—p) N Ee—cm—p))
2 2

2 2
-V e~2¢°(1-p) [3 _eieti- p)]
Py~ 4
where V), is the corresponding variance factor without the nor-

2
2
malization step: Vo,y = % + % (1 _ e 2¢ (I—P)) ) O

3 COMPARING NRFF WITH GCWS USING
ASYMPTOTIC OF GMM

The comparison might be more convincing if we can use both
NRFF and GCWS to estimate the same object. This task would not
be possible unless we can connect GMM with cosine in Eq. (1):

2 uiv;

[¢D 2 [yD 2
Lt Ui\ 2z Y

p=plu,v)=
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It is well understood that if (u;, v;), i = 1 to D, are iid samples from
a bivariate zero-mean normal distribution with a true correlation
parameter p, then as D — oo, p converges to p. However, when
data are not exactly normal, as shown in [18], this convergence
may not even hold.

For example, when (u;,v;), i = 1 to D, are iid samples from a
bivariate centered t-distribution with v degrees of freedom and a
p
1
if v > 2. [18] provided a much more general result by assuming
the data follow an “elliptical distribution” (which includes the ¢
distribution). Simply speaking, the use of cosine p makes sense
only when data have bounded second moments and it becomes
reliable when data have bounded fourth (or higher) moments.

covariance matrix ] the convergence p — p holds only

Under the same ¢-distribution assumption, [18] proved an inter-
esting convergence result for the GMM kernel:

-T2 _
GMM(u,v) = m =

The convergence holds as long as v > 1, which is a much weaker
assumption than that required for the convergence of cosine. The
result was also generalized to the elliptical distribution family.

(15)

) as D — o

These theoretical results provide a mechanism to compare GMM
with cosine. For example, if one uses both GMM and cosine to esti-
mate the true correlation p, it is more preferable to use GMM when
v < 8.In fact, even when the data are perfectly normal, using GMM
will not lose much statistical efficiency compared to using cosine.
Since real-world data are virtually always heavy-tailed, the results
in [18] appear to suggest one should essentially always use GMM.

In this section, we utilize the results in [18] to compare NRFF
with GCWS. To simplify the discussion, we assume that the data
dimension D is large enough and the data satisfy the convergence
conditions for both GMM and cosine. This way, it is reasonable to

assume
_ 1-y-p)/2
p=p GCMM=g= ——"T— (16)
1+/0-p)/2
Using the expression of g we can re-write RBF as
- _oy[g)?
p=1 —2( g) , ev(1-p) = zy(w) (17)
1+g

This result provides us another estimator of the RBF kernel from
GCWS hashing, which generates iid samples from a binomial dis-
tribution: binomial(k,g), where g is the probability parameter.

1-v(1-p)/2
1+y(1-p)/2
Then, denoting X = % Zle X;, we have

THEOREM 3.1. Assumeg = and X ~ binomial(k,g).

>\ 2
E (e_zy(%) ) =evi=P) 4 0o (%) (18)
oy (=x)\
Var (e ZY(”X) ) = % +0 (k_lz) (19)
_ 3
Vay = e2r0- _m91-9° 9” (20)

’ (1 +9)"’
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Proof sketch: For an asymptotic analysis with large k, it suf-
fices to consider Z = ﬁ as a normal random variable, whose
. _1l=g 2 _ 149(1-9)
mean and variance can be calculated tobe p = g 7 = K (irg) -
uet
A direct calculation shows that E (ezzt) = - 12 = e1-202¢ , Then,
—40
by letting 0% = %/12, we have
Var (eXZt) —E (eXZZt) _ B2 (eXZt)
1 uPot 1 e
= _p1-2022t — ——__p1-202t
V1 = 2522 1—20'21,‘
24 4/1 tiof L
(H_ZA +O(i2)) 2,ut1+ O(kz))
2 2 242t B
SN R t(1+ 2 +o0( )
k k2
4’2, 1
=T et 0|
k k2
The result follows by letting t = =2y, y = % and A% = 4(9](:9)%) .O

Theorem 3.1 and Theorem 2.2 provide a more direct compari-
son of GCWS with NRFF by v1suallzlng Y
ure 4, when estimating the RBF kernel, the variance of GCWS is
substantially smaller than the variance of NRFF, except for the very
high similarity region (depending on y). At high similarity, the vari-
ances of both methods approach zero. This provides another expla-
nation for the superb empirical performance of GCWS compared
to NRFF, as will be reported in Section 5.

. As shown in Fig-

10
=10
8 v
fe) 738
T 6 y=2
T g=1
T 4
>
2
(1) NRFF / GMM
-1 05 0 0.5 1
P
Vi

Figure 4: The variance ratio: L provides another com-

parison of GCWS with NRFF. ng; yis derived in Theorem 3.1
and Vy, ., is derived in Theorem 2.2. The ratios are signif-
icantly larger than 1 except for the very high similarity re-
gion (where the variances of both methods are close to zero).

4 AN EXPERIMENTAL STUDY ON KERNELS

Table 1 lists datasets from the UCI repository. Table 2 presents
datasets from the LIBSVM website as well as datasets which are
fairly large. Table 3 contains datasets used in an empirical study
on deep learning [12] and later for comparing deep nets with tree
methods [13]. Except for the relatively large datasets in Table 2,
we report the classification accuracies for using kernel SVM with
RBF and kernel SVM with GMM, at their the best l5-regularization
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C values. More detailed results (for all regularization C values) are
available in Figure 6. To ensure repeatability, we use the LIBSVM
pre-computed kernel functionality. This also means we can not
(easily) test nonlinear kernels on larger datasets (but then we can
resort to hashing methods, e.g., GMM or NRFF).

Table 1: Public (UCI) classification datasets and l;-regularized ker-
nel SVM results. We report test classification accuracies for the lin-
ear kernel, the best-tuned RBF kernel (and the best y), and the GMM
kernel, at their individually- best SVM regularization C values.

Dataset #train  #test #dim linear RBF (y) GMM
Covertype25k 25000 25000 54  62.64  82.66 (90) 82.65
CTG 1063 1063 35 60.59  89.75(0.1) 88.81
Car 864 864 6 71.53 94.91 (100) 98.96
DailySports 4560 4560 5625 77.70 97.61 (4) 99.61
Dexter 300 300 19999 92.67 93.00 (0.01)  94.00
Gesture 4937 4936 32 37.22 61.06 (9) 65.50
ImageSeg 210 2100 19 8381 91.38 (0.4) 95.05
Isolet2k 2000 5797 617 93.95 95.55 (3) 95.53
MSD20k 20000 20000 90 66.72 68.07 (0.1) 71.05
MHealth20k 20000 20000 23 72.62 82.65 (0.1) 85.28
Magic 9150 9150 10 78.04  84.43(0.8) 87.02
Musk 3299 3299 166 95.09  99.33(1.2) 99.24
PageBlocks 2737 2726 10 95.87 97.08 (1.2) 96.56
Parkinson 520 520 26 61.15 66.73(1.9) 69.81
PAMAP101 20000 20000 51 76.86 96.68 (15) 98.91
PAMAP102 20000 20000 51 81.22 95.67 (1.1) 98.78
PAMAP103 20000 20000 51 85.54 97.89 (19) 99.69
PAMAP104 20000 20000 51 84.03 97.32 (19) 99.30
PAMAP105 20000 20000 51 79.43 97.34 (18) 99.22
RobotNavi 2728 2728 24 69.83 90.69 (10) 96.85
Satimage 4435 2000 36 72.45 85.20 (200) 90.40
SEMG1 900 900 3000 26.00 43.56 (4) 41.00
SEMG2 1800 1800 2500 19.28 29.00 (6) 54.00
Sensorless 29255 29254 48 61.53 93.01 (0.4) 99.39
Shuttle500 500 14500 9 9181 99.52 (1.6) 99.65
SkinSeg10k 10000 10000 3 93.36 99.74 (120) 99.81
SpamBase 2301 2300 57 85.91 92.57 (0.2) 94.17
Splice 1000 2175 60 85.10 90.02 (15) 95.22
Thyroid2k 2000 5200 21 94.90 97.00 (2.5) 98.40
Urban 168 507 147 62.52 51.48 (0.01)  66.08
Vowel 264 264 10 39.39 94.70 (45) 96.97
YoutubeAudio10k 10000 11930 2000 41.35 48.63 (2) 50.59
YoutubeHOG10k 10000 11930 647 62.77 66.20 (0.5) 68.63
YoutubeMotion10k 10000 11930 64 26.24 28.81(19) 31.95

YoutubeSaiBoxes10k 10000 11930 7168  46.97
YoutubeSpectrum10k 10000 11930 1024  26.81

4931(1.1)  51.28
33.54 (4) 39.23

Table 2: Datasets in groups 1 and 3 are from the LIBSVM website.
Datasets in group 2 are from the UCI repository. Datasets in group
2 and 3 are fairly large and are used for testing hashing methods.

Dataset # train #test #dim linear RBF(y) GMM
Letter 15000 5000 16 61.66 97.44 (11) 97.26
1  Protein 17766 6621 357 69.14 70.32 (4) 70.64
SensIT20k 20000 19705 100 80.42 83.15(0.1)  84.57
Webspam20k 20000 60000 254 93.00 97.99 (35) 97.88
2 PAMAPI101Large 186,581 186,580 51 79.19
PAMAP105Large 185,548 185,548 51 83.35
IJCNN 49990 91701 22 92.56
3 RCV1 338,699 338,700 47,236 97.66
SensIT 78,823 19,705 100 80.55
Webspam 175,000 175,000 254 93.31
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Table 3: Datasets from [12] for comparing deep learning methods
with many learning algorithms such as kernel SVM. These datasets
were later used by [13] to compare deep nets with tree methods.

Dataset #train  #test #dim linear
M-Basic 12000 50000 784 89.98
M-Image 12000 50000 784 70.71
M-Noisel 10000 4000 784 60.28
M-Noise2 10000 4000 784 62.05
M-Noise3 10000 4000 784 65.15
M-Noise4 10000 4000 784 68.38
M-Noise5 10000 4000 784 72.25
M-Noise6 10000 4000 784 78.73 85.33 (15) 84.23
M-Rand 12000 50000 784 78.90 85.39 (12) 84.22
M-Rotate 12000 50000 784 47.99 89.68 (5) 84.76
M-RotImg 12000 50000 784 31.44 45.84 (18)  40.98

RBF (y) GMM
97.21(5)  96.20
77.84(16)  80.85
66.83 (10)  71.38
69.15 (11)  72.43
7168 (11)  73.55
7533 (14)  76.05
7870 (12)  79.03

The classification results indicate that, on these datasets, kernel
(GMM and RBF) SVM classifiers often substantially improve over
linear classifiers. Interestingly, For more than half of the datasets,
the (tuning-free) GMM kernel outperforms the best-tuned RBF ker-
nel. For a small number of datasets (e.g., “SEMG1” or “M-Rotate”),
even though the RBF kernel performs better, we will show in Sec-
tion 5 that GCWS can still be substantially better than NRFF.

For the datasets in Table 3, since [12] also conducted experi-
ments on the RBF kernel, the polynomial kernel, and neural nets,
we assembly the (error rate) results in Figure 5 and Table 4.

N
o

N
o

Error Rate (%)

—
o

—_
o

1 2 3 4 5 6
Dataset
Figure 5: Error rates on 6 datasets: M-Noisel to M-Noise6 as
in Table 3. In this figure, the curve labeled as “SVM” rep-
resents the results on RBF kernel SVM conducted by [12],
while the curve labeled as “RBF” presents our own experi-
ments. The small discrepancies might be caused by the fact
that we always use normalized data (i.e., p).

Table 4: Summary of test error rates of various algorithms on sev-
eral datasets used in [12]. Results in group 1 are reported by [12]
for using RBF kernel, polynomial kernel, and neural nets. Results
in group 2 are from our own experiments.

When experimenting with the RBF kernel, we searched 58 differ-
ent values of y € {0.001, 0.01, 0.1:0.1:2, 2.5, 3:1:20 25:5:50, 60:10:100,
120, 150, 200, 300, 500, 1000}, where for example 60:10:100 means
the values are from 60 to 100 spaced at 10. Basically, Tables 1, 2,
and 3 report the best RBF results among all y and C values.
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Group  Method M-Basic M-Rotate M-Image M-Rand M-Rotlmg
SVM-RBF 3.05% 11.11% 22.61% 14.58% 55.18%

1 SVM-POLY 3.69% 15.42% 24.01% 16.62% 56.41%
NNET 4.69% 18.11% 27.41% 20.04% 62.16%

Linear 10.02% 52.01% 29.29% 21.10% 68.56%

2 RBF 2.79% 10.30% 22.16% 14.61% 54.16%
GMM 3.80% 15.24% 19.15% 15.78% 59.02%
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Figure 6: Test classification accuracies using kernel SVMs. Both the GMM kernel and RBF kernel substantially improve linear
SVM. C is the I>-regularization parameter of SVM. For the RBF kernel, we report the result at the best y value for every C value.
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5 HASHING FOR LINEARIZING KERNELS

It is known that a straightforward implementation of nonlinear
kernels is difficult for large datasets [3]. For example, for a small
dataset with merely 60,000 data points, the 60,000 X 60,000 ker-
nel matrix has 3.6 x 10° entries. In practice, being able to linearize
nonlinear kernels becomes highly beneficial, as that would allow
us to easily apply efficient linear algorithms especially online learn-
ing [2]. Randomization (hashing) is a popular tool for linearization.

In the introduction, we have explained how to linearize both
the RBF kernel and the GMM kernel. From practitioner’s perspec-
tive, while the kernel classification results in Tables 1, 2, and 3 are
informative, they are not sufficient for guiding the choice of ker-
nels. For example, as we will show, for some datasets, even though
the RBF kernel outperform the GMM kernel, the linearization al-
gorithm (NRFF) requires substantially more samples (i.e., larger k).

We will report detailed experimental results on 4 datasets. As
shown in Table 5, on the first two datasets, the RBF and GMM ker-
nels perform similarly. In the second group, the RBF kernel notice-
ably outperforms the GMM kernel. We will show on all these 4
datasets, the GCWS hashing is substantially more accurate than
NRFF at the same number of sample size (k). We will then present
less detailed results on more datasets.

Table 5: 4 datasets for presenting detailed experimental results.

Group Dataset #train  #test #dim linear RBF(y) GMM
1 Letter 15000 5000 16 61.66 97.44(11) 97.26
Webspam?20k 20000 60000 254 93.00 97.99(35) 97.88

2 SEMG1 900 900 3000 26.00  43.56 (4) 41.00
M-Rotate 12000 50000 784 4799  89.68 (5) 84.76

Figure 7 reports the test classification accuracies on the Letter
dataset and Webspam20k dataset, for both linearized GMM ker-
nel using GCWS and linearized RBF kernel (at the best y) using
NRFF, using the LIBLINEAR package. Obviously, the results ob-
tained by GCWS hashing are noticeably better than the results of
NRFF, especially when the number of samples (k) is not too large.

For the Letter dataset, the original dimension is merely 16. It is
known that, for modern linear algorithms, the computational cost
is largely determined by the number of nonzeros. Hence, the num-
ber of samples (i.e., k) is a crucial parameter which directly con-
trols the training complexity. From Figure 7, we can see that with
merely k = 16 samples, GCWS already produces better results than
the original linear method. This phenomenon is exciting, because
in industrial practice, the goal is often to produce better results
than linear methods without consuming much more resources.

Figure 8 reports the test classification accuracies on the SEMG1
dataset and M-Rotate dataset, respectively. For both datasets, the
original RBF kernel considerably outperforms the original GMM
kernel. Nevertheless, NRFF still needs substantially more samples
than GCWS hashing on both datasets. Again, for GCWS, the results
do not differ much once we use b > 4. Once again, these results
confirm the advantage of GCWS hashing for large-scale learning.

Figure 9 reports test classification accuracies on more datasets,
only for b = 8 and k > 128, which again confirm that linearization
via GCWS works well for the GMM kernel. In contrast, the NRFF
approach requires substantially more samples (i.e., larger k).
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Figure 7: Letter and Webspam20k: Test classification accuracies of
the linearized GMM Kkernel (solid, GCWS) and linearized RBF ker-
nel (dashed, NRFF), using LIBLINEAR, averaged over 10 repetitions.
In each panel, we report the results on 4 different k (sample size) val-
ues: 128, 256, 1024, 4096 (right panels), and 16, 32, 64, 128 (left pan-
els). We can see that the linearized RBF (using NRFF) would require
substantially more samples in order to reach the same accuracies as
the linearized GMM Kkernel (using GCWS). In each panel, the solid
curve marked by * presents linear SVM results on the original data.
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Figure 8: SEMG1 and M-Rotate: Test classification accuracies of the
linearized GMM kernel (solid) and linearized RBF (dashed) kernel,
using LIBLINEAR. Again, the linearized RBF would require substan-
tially more samples in order to reach the same accuracies as the lin-
earized GMM Kkernel. On these two datasets, the original RBF kernel
outperforms the original GMM kernel as shown in Tables 1 and 3.

Figure 10 presents the hashing results on 6 larger datasets for
which we cannot directly train kernel SVMs. We report only for
b = 8 and k up to 1204. All these results confirm NRFF typically re-
quires substantially more samples than GCWS. This phenomenon
can be largely explained by the theoretical results in Theorem 2.2
and Theorem 3.1, which conclude that GCWS is considerably more
accurate than NRFF, unless the similarity level is very high.

Training time: For linear algorithms, the training cost is largely
determined by the number of nonzero entries per input data vec-
tor. In other words, at the same k, the training times of GCWS and
NRFF will be roughly comparable. For GCWS and batch algorithms
(e.g., LIBLINEAR), a larger b might increase the training time but
often not much. See Figure 11 for an example, which in fact shows
that NRFF consumed more time at high C (for achieving a good ac-
curacy). Of course, with online learning, it would be more obvious
that the training time is determined by the number of nonzeros
and number of epoches (it is now common to use only one epoch).
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Figure 9: More Datasets: Test classification accuracies of the lin-
earized GMM kernel (solid) and linearized RBF (dashed) kernel. Typ-
ically, the linearized RBF would require substantially more samples
in order to reach the same accuracies as the linearized GMM kernel.

6 CONCLUSION

Large-scale machine learning has become increasingly important
in practice. For many industrial applications, typically only linear
methods are affordable, and it is practically beneficial to have meth-
ods which can provide substantially more accurate prediction re-
sults than linear methods, with no substantial increase of compu-
tational cost. The method of “random Fourier features” (RFF) has
been a popular tool for linearizing the radial basis function (RBF)
kernel, with numerous applications in machine learning, computer
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Figure 11: PAMAP105Large: Training times of GCWS (solid
curves) and NRFF (dashed curves), for four sample sizes k €

{128, 256, 512, 1024}, and b < {4, 8}.

vision, and beyond, e.g., [1, 6, 7,9, 10, 20, 22, 24, 27, 28]. In this paper,
we rigorously prove that a simple normalization step (i.e., NRFF)
can substantially improve the original RFF procedure by consider-
ably reducing the estimation variance.

This paper also proposes the “generalized min-max” (GMM) ker-
nel as a measure of data similarity, to effectively capture data non-
linearity. The GMM kernel can be linearized via the “generalized
consistent weighted sampling” (GCWS). Our experimental study
demonstrates that usually GCWS does not need too many samples
in order to achieve good accuracies. In particular, GCWS typically
requires substantially fewer samples than NRFF, in order to reach a
similar accuracy. This is practically important, because the training
(and testing) cost is largely determined by the number of nonzeros
(which is the same as the number of samples in NRFF or GCWS)
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per data vector of the dataset. The empirical success of GCWS can
be explained by our theoretical analysis that the estimation vari-
ance of GCWS is usually much smaller than the variance of NRFF.

Given the popularity of the RBF kernel and RFF method, we expect
that the GMM kernel and GCWS hashing will also be adopted in a
broad range of applications, for example, computer vision [26].
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