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ABSTRACT
Consider a random preferential a�achment modelG (p) for network

evolution that allows both node and edge arrivals. Starting with

an arbitrary nonempty graph G0, at each time step, there are two

possible events: with probability p > 0 a new node arrives and a

new edge is added between the new node and an existing node, and

with probability 1 − p a new edge is added between two existing

nodes. In both cases, the involved existing nodes are chosen at

random according to preferential a�achment, i.e., with probability

proportional to their degree. G (p) is known to generate power law
networks, i.e., the fraction of nodes with degree k is proportional to

k−β . Here β = (4 − p)/(2 − p) is in the range (2,3].

Denoting the number of nodes of degree k at time t bymk,t , we

signi�cantly improve some long-standing results. In particular, we

show thatmk,t is concentrated around its mean with a deviation

of O (
√
t ), which is independent of k . We also tightly bound the

expectation E
[
mk,t

]
with an additive error of O (1/k ), which is

independent of t . �ese new bounds allow us to tightly estimate

mk,t for a considerably larger k values than before. �is, in turn,

enables us to estimate other important quantities, e.g., the size of

the k-rich club, namely, the set of all nodes with a degree at least k .

Finally, we introduce a new generalized model, G (pt ,rt ,qt ),
which extends G (p) by allowing also time-varying probabilities

for node and edge arrivals, as well as the formation of new compo-

nents. We show that the extended model can produce power law

networks with any exponent β in the range (1,∞). Furthermore,

the concentration bounds established formk,t in G (p) also apply

in G (pt ,rt ,qt ).
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1 INTRODUCTION
1.1 Background
Preferential a�achment is one of the prevalent mechanisms for

network evolution, in the context of both social networks and other

complex systems, and considerable e�orts have been invested in

studying its properties and behavior. �e basic idea in preferential

a�achment is that “the rich get richer”, which translates in a net-

work evolution context to the concept that nodes with high degrees

have a be�er chance to gain new edges, i.e., the probability that a

node gains a new edge is proportional to its degree.

A key feature of preferential a�achment models is that they are

known to generate networks with a power law degree distribution

[18], i.e., a distribution where the fraction of nodes with degree

k is proportional to k−β for some �xed β . �e power law degree

distribution has been observed in many real life networks (and

complex systems), as well as non-network scenarios, and is thought

to be a universal property. For example, the preferential a�achment

model itself was proposed by Price [19] to explain observed power

law degree distributions in citation networks and later by Barabasi

et al. [4] in order to explain the observed heavy-tailed degree

distributions in various other networks.

Speci�cally, consider the following model G (p) de�ned in [6].

Starting at time 0 with a graph consisting of a single node with a

single self-loop, at time t , with probability p > 0 a new node arrives

and a new edge is added between the new node and an existing

node, and with probability 1 − p a new edge is added between

two existing nodes. In both cases, existing nodes are chosen at

random according to preferential a�achment, i.e., with probability

proportional to their degree. Le�ing mk,t denote the number of

nodes with degree k at time t , and se�ing

β =
4 − p

2 − p
∈ (2,3] and Mk =

2

4 − p

k−1∏
j=1

j

j + β
,

the following is shown in [6].

Lemma 1.1. [6] In the G (p) model the following hold:

(i) Mk is proportional to k−β .
(ii) For every �xed k we have

lim

t→∞

E
[
mk,t

]

p · t
= Mk .
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(iii) For every integers k ,t and real c ≥ 0 we have

P
[
|mk,t − p ·Mk · (t + 1) | ≥ 2k

√
t ·

√
c + ln 2 + (k − 1) ln(t + 1)

]

≤ e−c .

Note that while (ii) suggests that the fraction of nodes with

degree k obeys a power law with exponent β , it only holds for �xed

k and only in the limit (t → ∞). �erefore, it is insu�cient in order

to estimate E
[
mk,t

]
for large k , e.g., k =

√
t . Also note that (iii)

implies a deviation ofO (
√
k3 · t · ln t ) formk,t from p ·Mk · (t + 1).

�is deviation bound is somewhat dissatisfactory since it increases

with k , contrary to the intuition that mk,t should become more

concentrated as k increases.

1.2 Paper Contributions
�e contribution of our paper is threefold. First, we improve Lemma

1.1(ii) by providing bounds on E
[
mk,t

]
for every k and t , rather

than only for �xed k’s and only in the limit t → ∞. �is, in turn,

allows us to estimate various quantities in G (p), for example, the

number of nodes with degree k =
√
t , which was not known before.

Our second contribution lies in signi�cantly improving the best

previously known concentration bounds for mk,t given by Lemma

1.1(iii), established over a decade ago. Speci�cally, we bound the

deviation by O (
√
t ), independent of k , Our third contribution is

introducing an extended preferential a�achment model that can

produce a power law network with any exponent in the range

(1,∞).
Let us now describe our results in more detail. Le�ing et = e0+t

denote the number of edges at time t , we �rst prove the following

theorem.

Theorem 1.2. In the G (p) model, for every integers t ≥ 0 and
1 ≤ k ≤ 2et we have

E
[
mk,t

]
≤ p ·Mk · et −

p2 (1 − p)

2(2 − p)
·Mk +

c∗

k
, (1)

E
[
mk,t

]
≥ p ·Mk · et + p (1 − p)Mk −

2p (e0 + 1 − p)

k (4 − p)
, (2)

where c∗ = max

{
2e0 , 2e1 (1 − p) , 2e2

1
p , − 8

ln(1−p )

}
.

Clearly, �m. 1.2 implies Lemma 1.1(ii). Note, however, that it

also implies a considerably tighter estimate for E
[
mk,t

]
, namely,

|E
[
mk,t

]
−p ·Mk ·et | ≤ O (1/k ), and thus can be applied to estimate

E
[
mk,t

]
for any k = o(t1−p/2).

Also note that �m. 1.2 may be used to bound the expected

size of the “rich club”. Formally, de�ning the k-rich club of the

network at time t to be the set of all nodes with degree at least k ,

and denoting its size by

RCk,t =
∑
j≥k

mj,t ,

we prove the following corollary.

Corollary 1.3. In the G (p) model, for every integers t ≥ 0 and
1 ≤ k ≤ 2et we have

E
[
RCk,t

]
≤ p · et · (φk − φ2et+1) + c

∗ · ln

(
2et
k − 1

)
, (3)

E
[
RCk,t

]
≥ p · et ·

(
φk − φ2et+1

)
−

2e0

3

· ln

(
2et + 1

k

)
, (4)

where φz = (1 + (1 − p/2)z)Mz = Θ(z1−β ).

Note that Cor. 1.3 implies |E
[
mk,t

]
− pet (φk − φ2et+1) | =

O (ln(t/k )), and thus can be applied to estimate RCk,t for any

k = o((t/ ln t )1−p/2).
For our second contribution, we prove the following rather

general theorem, which extends Lemma 1.1(iii) by bounding any

weighted combination ofmk,t values. For integer t ≥ 0 and reals

εεε = (ε1, . . . ,ε2et ) ∈ R
2et

, let ∆εεε = max

i,j
|εi − εj | be the maximum

distance between any two coordinates of εεε , and ‖εεε ‖∞ = maxi |εi |
be the maximum distance between a coordinate and 0. Also let

St (εεε ) =
∑

2et
k=1

εk ·mk,t .

Theorem 1.4. In the G (p) model, for every integer t ≥ 0, real
c ≥ 0, and reals εεε = (ε1,ε2, . . . ,ε2et ) ∈ R

2et , we have

P
[
St (εεε ) − E [St (εεε )] ≥

√
2ct · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))

]
≤ e−c ,

P
[
St (εεε ) − E [St (εεε )] ≤ −

√
2ct · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))

]
≤ e−c .

Note that �m. 1.4 suggests that mk,t is concentrated around

its mean with a deviation of O (
√
t ). �is is given by the following

direct corollary.

Corollary 1.5. In theG (p) model, for every integers k ≥ 0,t ≥ 0

and real c ≥ 0, we have

P
[
mk,t − E

[
mk,t

]
≥
√

32ct
]
≤ e−c ,

P
[
mk,t − E

[
mk,t

]
≤ −
√

32ct
]
≤ e−c .

Note that �m. 1.4 also suggests that RCk,t is concentrated

around its mean with a deviation of O (
√
t ). �is is given by the

following direct corollary.

Corollary 1.6. In the modelG (p), for every integers k ≥ 0,t ≥ 0

and real c ≥ 0, we have

P
[
RCk,t − E

[
RCk,t

]
≥
√

32ct
]
≤ e−c ,

P
[
RCk,t − E

[
RCk,t

]
≤ −
√

32ct
]
≤ e−c ,

For our third contribution, we consider a rather general pref-

erential a�achment model G (pt ,rt ,qt ) for network evolution that

allows three types of events. Starting with an arbitrary nonempty

graph G0, at time t , the following three types of events may occur.

i) Node arrival event: with probability pt a new node arrives and

a new edge is added between the new node and an existing node.

ii) Edge arrival event: with probability rt a new edge is added

between two existing nodes, and iii) Component arrival event:
with probability qt = 1 − pt − rt two new nodes arrive and a new

edge is added between them. In the �rst two cases, existing nodes

that participate in the event are chosen at random according to

preferential a�achment.

�e model G (pt ,rt ,qt ) was previously studied with null qt and

constant pt , i.e., qt = 0 and pt = p > 0 for all t . It is known
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(a) (b) (c)

Figure 1: �ree networks generated by themodelG (pt ,rt ,qt ). Each with 200 edges. Node sizes are proportional to their degrees.
(a) No component events: pt = 0.75,rt = 0.25,qt = 0. �is is the standard model with one connected component. Here β = 2.6.
(b) No edge events: pt = 0.75,rt = 0,qt = 0.25. We obtain many connected components. Here β = 3

2

3
. (c) No node events:

pt = 0,rt = 0.25,qt = 0.75. One giant component emerges. Here β = 5.

that for the special case where qt is null and pt is constant, the

resulting graph consists of a single connected component and obeys

a power law with exponent β = (4 − p)/(2 − p) ∈ (2,3]. In this

paper, we extend the model by allowing pt to vary over time, and

even diminish as t tends to in�nity. �e rationale for this is that it

allows us to model situations where the nodes already existing in

the network continue to create new connections among themselves,

hence as their number grows, the fraction of new edge events grows

as well. �is also allows the model both to account for changes

in the growth rate of large networks, and to explain phenomena

which were observed empirically in many networks, but could not

be captured by the original model. Such examples are densi�cation
[17] (i.e., unbounded average degree as the network grows), power

law distribution with exponent smaller than 2 or larger than 3 [7],

multiple connected components, etc. We show that in this model

it is possible to obtain networks obeying a power law with any

exponent in the range (1,∞). In particular, le�ing yt = pt + 2qt ,

we show that whenever lim

t→∞
yt = y < 2,

∑∞
i=1

yi = ∞ and

lim

t→∞
t ·yt+1/

∑t
j=1

yj = Γ > 0, the resulting network obeys a power

law with exponent β = 1 + 2Γ
2−y . �us selecting the parameters

so as to satisfy yt = tα−2
(1 < α < 2) yields networks obeying a

power law with exponent β = α . Likewise, se�ing the parameters

to satisfy yt = 1/ ln(t + 2) yields networks obeying a power law

with exponent β = 2, and aiming for yt = 2 − 2/(α − 1) (α > 2)

yields networks obeying a power law with exponent β = α . In

addition, we show that �m. 1.4 applies also in the extended model

G (pt ,rt ,qt ), see �m. 3.1. Figure 1 presents networks generated by

the model G (pt ,rt ,qt ) for selected parameters pt , rt and qt .

1.3 Related Work
�e �rst to consider a preferential a�achment based network evo-

lution process was Price [19] who studied citation networks. Mo-

tivated by early work of Simon [20] who showed power laws in

non networked se�ings like wealth, city sizes and word distribu-

tions, Price was interested in a network model that will generate

a power law degree distribution. He proposed a directed graph

model where a new paper cites an existing paper i with probability

qi+a∑
i qi+a

=
qi+a
n (c+a) , where qi is the number of papers that already

cite i (i.e., the in-degree of i), a is a positive constant and c is the

average (in- and out-)degree. So a new paper generates on average

c citations. �is model leads to a power law distribution of the

in-degrees with exponent β = 2 + a
c > 2.

Barabási and Albert [4] independently proposed their model for

growing undirected networks and coined the term “preferential

a�achment”. In their model each new node adds exactly c new

edges, each of which connects to (existing) node i with probability

d (i )/(
∑
v d (v )), where d (v ) is the degree of nodev . It can be shown

directly, or by a careful reduction from Price’s model (se�ing a = c),

that this leads to a power law degree distribution with β = 3.

�e model proposed here is a generalization of the one intro-

duced in [1, 8] and we follow the formulation of Chung and Lu [6].

�ey analyzed an undirected network evolution with two types

of preferential a�achment events: a node event with probability p
and an edge event with probability 1 − p. As discussed later on, this

leads to a power law with β =
4−p
2−p ∈ (2,3].

A di�erent type of models are the copying based models [15, 16].

In the simple copy model, every new node that joins the network

adds a single directed edge. It selects an existing node u uniformly

at random and then connects to u with probability 1 − p or to the

single node thatu points to with probability p. It can then be shown

that the in-degree distribution follows a power law with exponent

β = 1 + 1

p ∈ (2,∞).

While models with time varying probabilities were considered

before [9, 11–14], they have not captured the full range (1,∞).
�e exponent β of the power law has a signi�cant impact on the

networks structure. In [2] we studied the core size in preferential

a�achment models. It can be shown that for β = 2, the core size

becomes sublinear in the network size, which may have implications

on the size of elites in social networks [3].

Additional study of large scale social networks has revealed

several other universal properties, for example the “small-world”

phenomena, short average path lengths, navigability and high clus-

tering coe�cients.

�e rest of the paper is organized as follows. Section 2 presents

the model formally. Section 3 establishes improved concentration
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bounds for mk,t , Section 4 establishes bounds for E
[
mk,t

]
, and

section 5 deals with power laws for degree distributions, proves

their existence, and analyzes their exponent.

2 THE GENERALIZED G (pt ,rt ,qt ) MODEL
In this section we describe a generalization of the preferential a�ach-

ment model G (p) de�ned in Ch. 3.1 of [6]. G (p) has one parameter,

p, assumed therein to be constant with t . Here we allow p to vary

with t . Let us now introduce the model G (pt ,rt ,qt ) formally.

Consider a sequence (Gt )
∞
t=1

of graphs, Gt = (Vt ,Et ), where

Vt (respectively, Et ) denotes the set of nodes (resp. edges) in Gt
and nt = |Vt | (resp. et = |Et |). Let dt (w ) denote the degree of

node w in Gt . Starting from an arbitrary initial nonempty graph

G0, for t ≥ 1 the graph Gt is constructed from Gt−1 at time t by

performing either a node event with probability pt ∈ [0,1], an edge
event with probability rt , or a component event with probability

qt = 1 − pt − rt .

In a node event, a new vertex v is added to the graph, along

with a new edge selected using preferential a�achment. Formally,

the new edge is (v,u), where u ∈ Vt−1 is chosen with probability

proportional to its degree, i.e., γt (u) = dt−1 (u)/(
∑
w ∈Vt−1

dt−1 (w )).
In an edge event, a new edge (u,w ) is added, where bothu,w ∈ Vt−1

are chosen by preferential a�achment, independently of each other,

i.e., (u,w ) is chosen with probability γt (u) · γt (w ). Finally, in a

component event, two new nodes v and u are added, along with a

new edge (v,u). Note that exactly one edge is added at each time

step, so the number of edges in the graph Gt is et = e0 + t and the

sum of degrees is 2et = 2(e0 + t ).
1

We also have

E [nt ] = n0 +

t∑
j=1

(pj + 2qj ).

3 CONCENTRATION BOUNDS FORmk,t
We now establish �m. 1.4. To do that, we prove the following

more general theorem.

For integer t ≥ 0 and reals εεε = (ε1, . . . ,ε2et ) ∈ R
2et

, let ∆εεε =
max

i,j
|εi−εj | be the maximum distance between any two coordinates

of εεε , and ‖εεε ‖∞ = maxi |εi | be the maximum distance between a

coordinate and 0. Also let St (εεε ) =
∑

2et
k=1

εk ·mk,t .

Theorem 3.1. In theG (pt ,rt ,qt ) preferential a�achment model,
for every integer t ≥ 0, real c ≥ 0, and reals εεε = (ε1,ε2, . . . ,ε2et ) ∈
R2et , we have

P
[
St (εεε ) − E [St (εεε )] ≥

√
2ct · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))

]
≤ e−c ,

P
[
St (εεε ) − E [St (εεε )] ≤ −

√
2ct · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))

]
≤ e−c .

Note that �m. 3.1 suggests a deviation ofO (
√
t ) from the mean.

�is can be obtained by se�ing all the coordinates in εεε to zero except

for a single εk which is set to 1, yielding the following.

Corollary 3.2. In the model G (pt ,rt ,qt ), for every integers k ≥
0,t ≥ 0 and real c ≥ 0, we have

P
[
mk,t − E

[
mk,t

]
≥
√

32ct
]
≤ e−c ,

P
[
mk,t − E

[
mk,t

]
≤ −
√

32ct
]
≤ e−c ,

1
Here a self loop increments the degree of a node by two.

Note that for k > 2et , we have mk,t = 0 and Cor. 3.2 follows

trivially. �m. 3.1 also implies concentration bounds for RCk,t .

�is can be obtained by using a vector εεε in which εi = 0 for i < k
and εi = 1 for i ≥ k , yielding the following.

Corollary 3.3. In the model G (pt ,rt ,qt ), for every integers k ≥
0,t ≥ 0 and real c ≥ 0, we have

P
[
RCk,t − E

[
RCk,t

]
≥
√

32ct
]
≤ e−c ,

P
[
RCk,t − E

[
RCk,t

]
≤ −
√

32ct
]
≤ e−c ,

Finally, note that �m. 3.1 implies �m. 1.4, Cor. 3.2 implies Cor.

1.5, and Cor. 3.3 implies Cor. 1.6 as a special case since the model

G (p) can be obtained from the model G (pt ,rt ,qt ) by se�ing pt = p
and qt = 0.

�e rest of this section is dedicated to proving �m. 3.1.

3.1 Recursive Relation formk,t
As a �rst step, we �nd a recursive representation for mk,t+1

in

terms ofmk ′,t for smaller k ′ ≤ k . Note thatm0,t =m0,0 for every t .
Also note that the number of edges at time t is et = e0 + t . Hence,

since the sum of the degrees at time t equals 2et , we havemk,t = 0

for k > 2et . �erefore, we focus onmk,t for 1 ≤ k ≤ 2et .

Let Ft denote the σ -algebra generated by the graphs G0, . . . ,Gt .

Intuitively, Ft encodes all the history until time t . Fix k ≥ 2. Since

0 ≤ dt+1 (v ) − dt (v ) ≤ 2 for every node v and time t , we have

E
[
mk,t+1

| Ft
]
=

∑
{v : k−2≤dt (v )≤k }

P[dt+1 (v ) = k] . (5)

Recalling that γt (v ) = dt−1 (v )/
∑
w ∈Vt−1

dt−1 (w ), for every node v
such that dt+1 (v ) = k , there are at most three possible values for

dt (v ):

(i) dt (v ) = k − 2 and at time t + 1 there was an edge event

where the edge (v,v ) was added (this happens with probability

rt+1 · (γt+1 (v ))
2
).

(ii) dt (v ) = k − 1 and at time t + 1 there was either a node event

involving v (this happens with probability pt+1 · γt+1 (v )) or

an edge event where the edge (v,w ) w , v was added (this

happens with probability rt+1 · 2γt+1 (v ) · (1 − γt+1 (v ))).
(iii) dt (v ) = k and at time t+1 there was either a node event where

v was not involved (this happens with probability pt+1 · (1 −
γt+1 (v ))), an edge event where the edge (u,w ) v < {u,w } was

added (this happens with probability rt+1 · (1 − γt+1 (v ))
2
) or

a component event (this happens with probability qt+1).

Le�ing αk,t = k/(2et ), for every v such that dt (v ) = i we have

γt+1 (v ) = αi,t . Denoting

Ak,t = pt+1 (1 − αk,t ) + rt+1 · (1 − αk,t )
2 + qt+1 ,

Bk,t = pt+1 · αk,t + 2 · rt+1 · αk,t · (1 − αk,t ) ,

Ck,t = rt+1 · α
2

k,t ,

we have

Ak,t + Bk,t +Ck,t = 1 (6)

and Ak,t ,Bk,t ,Ck,t ≥ 0 for every 0 ≤ k ≤ 2et . Furthermore, by Eq.

(5), for every k ≥ 2 we have

E
[
mk,t+1

| Ft
]
=mk,t ·Ak,t+mk−1,t ·Bk−1,t+Ck−2,t ·mk−2,t . (7)

KDD 2017 Research Paper KDD’17, August 13–17, 2017, Halifax, NS, Canada

48



Similarly, for k = 1 we have

E
[
m1,t+1 | Ft

]
= A1,t ·m1,t + pt+1 + 2qt+1 . (8)

Le�ing

Xk,t =



mk−1,t · Bk−1,t +mk−2,t ·Ck−2,t k ≥ 2 ,

pt+1 + 2qt+1 k = 1 ,

Eq. (7) and (8) can be rewri�en as

E
[
mk,t+1

| Ft
]
=mk,t · Ak,t + Xk,t . (9)

Taking expectation on both sides, we get

E
[
mk,t+1

]
= E

[
mk,t

]
· Ak,t + E

[
Xk,t

]
. (10)

3.2 Analysis of the Martingale E
[
mk,t | F`

]
For integers 0 ≤ ` ≤ t and 0 ≤ k ≤ 2et , denote

Yk,t
`
= E

[
mk,t | F`

]
, where the expectation is taken over all that

occurred from time ` + 1 till time t . By the law of total expectation,

we have

E
[
Yk,t
`
| F`−1

]
= E

[
E

[
mk,t | F`

]
| F`−1

]

= E
[
E

[
mk,t | F` ,F`−1

]
| F`−1

]

= E
[
mk,t | F`−1

]
= Yk,t

`−1
.

�erefore, Yk,t
0
,Yk,t

1
, . . . ,Yk,tt is a martingale (with respect to the

�ltration F0 ⊆ · · · ⊆ Ft ). �is general construction is commonly

referred to as a Doob Martingale [10]. �erefore, for a vector εεε =
(ε1, . . . ,ε2et ) ∈ R

2et
, le�ing

Y t` (εεε ) =

2et∑
k=1

εk · Y
k,t
`
=

2et∑
k=1

εk · E
[
mk,t | F`

]
,

we have that Y t
0
(εεε ),Y t

1
(εεε ) . . . ,Y tt (εεε ) is also a Doob martingale (with

respect to the same �ltration F0 ⊆ · · · ⊆ Ft ). We next bound

the di�erence between consecutive elements in the sequence. For

1 ≤ ` ≤ t and reals εεε = (ε1, . . . ,ε2et ) ∈ R
2et

, let

∆t` (εεε ) = |Y
t
` (εεε ) − Y

t
`−1

(εεε ) |.

Lemma 3.4. For every 1 ≤ ` ≤ t and εεε = (ε1, . . . ,ε2et ), we have

∆t` (εεε ) ≤ 2∆εεε + 2 max(∆εεε , ‖εεε ‖∞).

Proof. Fixing `, the proof is by induction on t . For t = `, le�ing

Ψ1 =

2e∑̀
k=1

εk · (mk,` −mk,`−1
) ,

Ψ2 = ε1 · (p` + 2q` ) +

2e∑̀
k=1

εk · ((1 −Ak,`−1
)mk,`−1

− Xk,`−1
) ,

by Eq. (9) we have

∆`
` (εεε ) =

�������

2e∑̀
k=1

εk · (E
[
mk,` | F`

]
− E

[
mk,` | F`−1

]
)

�������

=

�������

2e∑̀
k=1

εk · (mk,` −Ak,`−1
·mk,`−1

− Xk,`−1
)

�������
= | − ε1 · (p` + 2q` ) + Ψ1 + Ψ2 | . (11)

Note that

Ψ1 =




2ε1, At time ` a compenent event occurred,

ε1 + εi+1 At time ` a new node was connected

− εi , to an existing node of degree i,

εi+2 − εi , At time ` a self loop was added to a

node of degree i,

εi+1 − εi At time ` a new edge was added

+ εj+1 − εj , between two distinct existing nodes

with degrees i and j .

�erefore, we have

|Ψ1 − ε1 · (p` + 2q` ) | ≤ max(2|ε1 |, |ε1 | + ∆εεε , (p` + 2q` ) |ε1 | + 2∆εεε )

≤ (p` + 2q` )∆εεε + 2 max( |ε1 |,∆εεε ) .

For Ψ2, recalling that mk,`−1
= 0 for every k > 2e`−1

, and by Eq.

(6) we obtain

|Ψ2 | =

�������

2e∑̀
k=1

mk,`−1

(
(1 −Ak,`−1

)εk − Bk,`−1
εk+1

−Ck,`−1
εk+2

) �������

=

�������

2e∑̀
k=1

mk,`−1

(
Bk,`−1

(εk − εk+1
) +Ck,`−1

(εk − εk+2
)
) �������

≤

2e∑̀
k=1

mk,`−1

(
Bk,`−1

· ∆εεε +Ck,`−1
· 2∆εεε

)
= (p` + 2r` )∆εεε

2e∑̀
k=1

αk,`−1
mk,`−1

= (p` + 2r` )∆εεε .

Plugging this into Eq. (11), we obtain

∆`
` (εεε ) ≤ |Ψ1 − ε1 · (p` + 2q` ) | + |Ψ2 |

≤ (2p` + 2r` + 2q` )∆εεε + 2 max{|ε1 |,∆εεε }

= 2∆εεε + 2 max{|ε1 |,∆εεε } ≤ 2∆εεε + 2 max{‖εεε ‖∞,∆εεε } .

Hence the induction basis holds. Next, assuming the claim for t ,
we prove it for t + 1. By the law of total expectation and Eq. (9),

Y t+1

` (εεε ) =

2et+1∑
k=1

εk · E
[
mk,t+1

| F`

]

=

2et+1∑
k=1

εk · E
[
E

[
mk,t+1

| Ft
]
| F`

]

=

2et+1∑
k=1

εk · E
[
Ak,t ·mk,t + Xk,t | F`

]

= ε1 · (pt + 2qt ) +

2et∑
k=1

ε̃k · E
[
mk,t | F`

]

= ε1 · (pt + 2qt ) + Y
t
` (ε̃εε ) ,
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where ε̃k = εk ·Ak,t +εk+1
·Bk,t +εk+2

·Ck,t and ε̃εε = (ε̃1, . . . , ε̃2et ).
2

�erefore, by the induction hypothesis we have

∆t+1

` (εεε ) =
���Y
t+1

` (εεε ) − Y t+1

`−1
(εεε )��� =

���Y
t
` (ε̃εε ) − Y

t
`−1

(ε̃εε )���
= ∆t` (ε̃εε ) ≤ 2∆ε̃εε + 2 max(‖ε̃ ‖∞,∆ε̃εε )

≤ 2∆εεε + 2 max(‖εεε ‖∞,∆εεε ) ,

noting that every coordinate of ε̃εε is a convex combination of three

coordinates of εεε , so ‖ε̃εε ‖∞ ≤ ‖εεε ‖∞ and ∆ε̃εε ≤ ∆εεε . �e lemma follows.

�

Proof of �m. 3.1: By Lemma 3.4, we may apply Azuma’s

inequality to the martingale Y t
0
(εεε ),Y t

1
(εεε ), . . . ,Y tt (εεε ), and obtain for

every λ ≥ 0

P[Y tt (εεε ) − Y
t
0
(εεε ) ≥ λ] ≤ exp

(
−

λ2

2t · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))2

)
,

P[Y tt (εεε ) − Y
t
0
(εεε ) ≤ −λ] ≤ exp

(
−

λ2

2t · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞))2

)
.

Noting thatY tt (εεε ) =
∑

2et
k=1

εk ·mk,t andY t
0
=

∑
2et
k=1

εk ·E
[
mk,t

]
and

le�ing λ =
√

2ct · (2∆εεε + 2 max(∆εεε , ‖εεε ‖∞)), �m. 3.1 follows. �

4 IMPROVED BOUNDS FOR E
[
mk,t

]
We now prove �m. 1.2 for G (p). Consider the model G (p), which

can be derived from the model G (pt ,rt ,qt ) by se�ing pt = p and

qt = 0 for every t . �us we obtain the simpli�ed expressions

Ak,t = 1 −
(2 − p)k

2et
+ (1 − p) ·

k2

4e2

t
,

Bk,t =
(2 − p)k

2et
− 2(1 − p) ·

k2

4e2

t
,

Ck,t = (1 − p) ·
k2

4e2

t
.

Recall that β =
4−p
2−p and Mk =

2

4−p
∏k−1

j=1

j
j+β .

Proof of �m. 1.2 : To prove Ineq. (1), le�ing

`k,t = E
[
mk,t

]
−

(
pet −

p2 (1 − p)

2(2 − p)2

)
·Mk −

c∗

k
,

it su�ces to show that `k,t ≤ 0 for every t and 1 ≤ k ≤ 2et . We

show this by induction on t . For t = 0, since et ≥ 1, we have

k · `k,0 ≤ k · E
[
mk,0

]
− c∗ ≤ k · E

[
mk,0

]
− 2e0 ≤ 0 ,

where the last inequality follows since

∑
2e0

k=1
k ·mk,0 = 2e0, hence

the basis of the induction holds. Assuming the claim for t , we prove

2
Note that εεε ∈ R2et+1 and ε̃εε ∈ R2et , thus Y t+1

`
(εεε ) and Y t

`
(ε̃εε ) are well de�ned.

it for t + 1. For k = 1, by Eq. (10), it can be shown that

`1,t+1 = A1,t · `1,t +
p (1 − p)M1

4et

−

(
c∗ −

p2 (1 − p)M1

2(2 − p)2

) (
1 −A1,t

)
≤ 0 +

p (1 − p)M1

4et
−

(
c∗ −

p (1 − p)M1

2

)
·

1

2et

=
p (1 − p)M1 − c

∗

2et
≤

1 − 2e0

2et
≤ 0 .

For 2 ≤ k ≤ 2et , by Eq. (10), it can be shown that

`k,t+1
= Ak,t · `k,t + Bk−1,t · `k−1,t +Ck−2,t · `k−2,t

−
p (1 − p)Mk
2(2 − p)2et

(
p2 (1 − p)

2(2 − p)2et
+

4 − p

k − 1

(
1 −

p (1 − p)

2(2 − p)2et

))
≤ Ak,t · `k,t + Bk−1,t · `k−1,t +Ck−2,t · `k−2,t ≤ 0 .

For 2et+1 − 1 ≤ k ≤ 2et+1, we have

k · `k,t+1
≤ k · E

[
mk,t+1

]
− c∗ .

Note that for k = 2et+1 and mk,t+1
= 1, necessarily the initial

graph G0 is composed of a single node (of degree 2e0) and only

edge events occur until time t + 1, thus

k · `k,t+1
≤ 2et+1 · (1 − p)

t+1 − c∗

≤ max

{
2e1 (1 − p) ,

2

− ln(1 − p)

}
− c∗ ≤ 0 ,

where the second inequality follows by maximizing over the range

t ≥ 0. Finally, for k = 2et+1−1 andmk,t+1
> 0, we analyze the two

possible cases. In the �rst case, the initial graph G0 is composed of

two nodes, one of degree 1 and the other of degree 2e0−1. �erefore,

necessarily only edge events occur until time t + 1, thus

k · `k,t+1
≤ (2et+1 − 1) · (1 − p)t+1 − c∗ ≤ 0 ,

as before. In the second case, the initial graph G0 is composed of

a single node v0 (of degree 2e0). �erefore, exactly t edge events

(involving the edge (v0,v0)) and one node event occur until time

t + 1. �erefore,

k · `k,t+1
≤ (2et+1 − 1) · (1 − p)t · p · t − c∗

≤ 2e2

t+1
· (1 − p)t · p − c∗

≤ max

{
2e2

1
· p ,

8p

(ln(1 − p))2

}
− c∗ ≤ 0 ,

where the third inequality follows by maximizing over the range

t ≥ 0, thus concluding the proof of Ineq. (1). To prove Ineq. (2),

le�ing

Zk,t = p (et + 1 − p)Mk −
p (e0 + 1 − p)M1

k
− E

[
mk,t

]
,

it su�ces to show that Zk,t ≤ 0 for every t ≥ 0 and 1 ≤ k ≤ 2et .

We show this by induction on t . For t = 0, since β > 1, we have

Zk,0
p (e0 + 1 − p)

≤ Mk −
M1

k
≤ −

M1

k
+M1

k−1∏
j=1

j

j + 1

= 0 .
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Assuming the claim for t , we prove for t + 1. For k = 1, by Eq. (10),

it can be shown that

Z1,t+1 = A1,t · Z1,t −
p (1 − p)

2et (4 − p)
− p · e0 ·M1

(
1 −A1,t

)
≤ A1,t · Z1,t − 0 − 0 ≤ 0 .

For 2 ≤ k ≤ 2et , by Eq. (10), it can be shown that

Zk,t+1
= Ak,t · Zk,t + Bk−1,t · Zk−1,t +Ck−2,t · Zk−2,t

+
p (1 − p)Mk

et

(
−1 +

1 + (1 − p)/et

2(2 − p)2

(
4 − p

k − 1

− p
))

≤ 0 + 0 + 0 +
p (1 − p)Mk

et

(
−1 +

1 + (1 − p)/et
2 − p

)
≤

p (1 − p)Mk
et

(
−1 +

1 + (1 − p)

2 − p

)
= 0 ,

and for 2et+1 − 1 ≤ k ≤ 2et+1, since β ≥ 2, we have

Zk,t+1
≤ p (et+1 + 1 − p)Mk −

p (e0 + 1 − p)M1

k

≤ p (et+1 + 1 − p)M1

k−1∏
j=1

j

j + 2

−
p (e0 + 1 − p)M1

k

=
pM1

k

(
2et+1

k + 1

− e0 + (1 − p)
(

2

k + 1

− 1

))
≤

pM1

k
(1 − 1 + (1 − p) (1 − 1)) = 0 ,

thus concluding the proof of Ineq. (2). �eorem 1.2 follows. �
We now prove Cor. 1.3 using �m. 1.2.

Proof of Cor. 1.3 : By Ineq. (1),

E
[
RCk,t

]
=

2et∑
j=k

E
[
mj,t

]
≤ p · et

2et∑
j=k

Mj + c
∗

2et∑
j=k

1/j

≤ c∗ · ln
(

2et
k − 1

)
+ p · et

2et∑
j=k

Mj .

Noting that Mj = φ j −φ j+1, Ineq. (3) follows. �e proof of Ineq. (4)

is similar. �

5 POWER LAW IN G (pt ,rt ,qt )
In this section, we show that the in the G (pt ,rt ,qt ) model, it is

possible to obtain networks obeying a power law degree distribution

with any exponent in the range (1,∞), thus expanding the range

of (2,3] obtainable in the standard G (p) model (see Lemma 1.1).

5.1 Existence of Power Law
�e following lemma can be found in [6].

Lemma 5.1. [6] Suppose that a sequence {at } satis�es the recur-
rence relation

at+1 =

(
1 −

bt
t + t1

)
at + ct for t ≥ t0 .

Furthermore, suppose lim

t→∞
bt = b > 0 and lim

t→∞
ct = c . �en

lim

t→∞
at /t exists and lim

t→∞
at /t = c/(1 + b).

We use Lemma 5.1 to prove the following generalized lemma.

Lemma 5.2. Suppose that a sequence {at } satis�es the recurrence
relation

at+1 =

(
1 −

bt
t + t1

)
at + ct for t ≥ t0 . (12)

Furthermore, le�ing {st } be a sequence of reals satisfying
lim

t→∞
st /st+1 = 1, and dt = t (1 − st /st+1), suppose that lim

t→∞
bt = b,

lim

t→∞
ct · t/st = c , lim

t→∞
dt = d and b + d > 1. �en lim

t→∞
at /st exists

and lim

t→∞
at /st = c/(b + d ).

Note that Lemma 5.1 is a special case of Lemma 5.2 obtained by

se�ing st = t .

Proof. Denote

a∗t =
at · t

st
,

b∗t =
t + t1
t
·

(
dt −

st
st+1

)
+
t + 1

t
·

st
st+1

· bt ,

c∗t = ct ·
t + 1

st+1

.

By Eq. (12),

a∗t+1
=

at+1 · (t + 1)

st+1

=

(
1 −

bt
t + t1

)
at ·

t + 1

st+1

+ ct ·
t + 1

st+1

=

(
1 −

b∗t
t + t1

)
a∗t + c

∗
t .

Since lim

t→∞
b∗t = b + d − 1 > 0, and lim

t→∞
c∗t = c , we may apply

Lemma 5.1, and obtain lim

t→∞

at
st
= lim

t→∞

a∗t
t
=

c

b + d
. �

�e following theorem and corollary complete the proof of a

power law in G (pt ,rt ,qt ).

Theorem 5.3. ConsiderG (pt ,rt ,qt ) and letyt = pt +2qt . Assume
that lim

t→∞
yt = y < 2,

∑∞
t=1

yt = ∞ and lim

t→∞
t ·yt+1/

∑t
j=1

yj = Γ >

0. �en le�ing β = 1 + 2Γ
2−y , the limit Mk = lim

t→∞
E[mk,t ]

E[nt ]
exists for

every k ≥ 1 and

Mk =
Γ

Γ + 1 − y/2
·

k−1∏
j=1

j

j + β
. (13)

Proof. By induction on k . For k = 1, consider Eq. (10). By

applying Lemma 5.2 with (t1,st ,at ,bt ,ct ) set to

(e0,E [nt ] ,E
[
m1,t

]
,et (1 − A1,t ),yt+1), yielding the limits b =

1 − y/2, and c = d = Γ, Eq. (13) follows. Assuming the claim for

k−1, we prove it for k . Consider Eq. (10). Applying Lemma 5.2 with

(t1,st ,at ,bt ,ct ) set to (e0,E [nt ] ,E
[
mk,t

]
,et (1 − Ak,t ),Bk−1,t ·

E
[
mk−1,t

]
+ Ck−2,t · E

[
mk−2,t

]
), we obtain the limits d = Γ,

b = k · (1 − y/2) and by the induction hypothesis,

c = lim

t→∞

ct · t

st
= (k − 1)

(
1 −

y

2

)
Mk−1

.

�erefore, Mk exists and

Mk =
(k − 1) (1 − y/2)Mk−1

k · (1 − y/2) + Γ
=

k − 1

k − 1 + β
·Mk−1

.

�
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Corollary 5.4. Under the assumptions stated in �m. 5.3,Mk is
proportional to k−β .

Proof. Consider Eq. (13). By the First Order Condition [5], a

di�erentiable function f is convex if and only if f (x2) ≥ f (x1) +
f ′(x1) (x2−x1) for every x1 and x2. Applying this with ( f (z),x1,x2)

set to (zβ ,1,1 + 1/j ), we obtain

k−1∏
j=1

j

j + β
=

k−1∏
j=1

(
1 +

β

j

)−1

≥

k−1∏
j=1

(
1 +

1

j

)−β
= k−β .

Applying the First Order Condition with ( f (z),x1,x2) set to

(zβ ,1,1 − 1/(j + β )), we obtain

k−1∏
j=1

j

j + β
=

k−1∏
j=1

(
1 −

β

j + β

)
≤

k−1∏
j=1

(
1 −

1

j + β

)β

=

(
β

k − 1 + β

)β
≤ ββ · k−β .

�erefore, c1 · k
−β ≤ Mk ≤ c2 · k

−β
for some positive constants

c1,c2 and every k ≥ 1. �

Note that lim

t→∞
E [nt ] = ∞. �us nt is concentrated around

E [nt ], yielding an expected power law with exponent β . Further-

more, for yt = ω (1/
√
t ), we have E [nt ] = ω (

√
t ). By �m. 5.3,

E
[
mk,t

]
= Ω(E [nt ]) = ω (

√
t ) for �xed k . �erefore, by �m.

3.1, mk,t is concentrated around E
[
mk,t

]
, thus the power law is

obtained almost surely.

5.2 Power Law Exponent Characterization
In Sect. 5.1 we showed that le�ing yt = pt + 2qt , and whenever

lim

t→∞
yt = y < 2,

∑∞
t=1

yt = ∞ and lim

t→∞
t · yt+1/

∑t
j=1

yj = Γ > 0,

the resulting network obeys a power law with exponent β = 1+ 2Γ
2−y .

Under these assumptions, we have β > 1. �e following lemma

shows that any value of β in the range (1,∞) is a�ainable for some

possible choice of the probabilities pt ,rt and qt .

Lemma 5.5. For any x ∈ (1,∞), there exists a choice of pt ,rt ,qt
such that in G (pt ,rt ,qt ) the resulting network follows a power law
degree distribution with exponent β = x .

Proof. Consider the following three cases.

(i) For x ∈ (2,∞), se�ing yt = 2 − 2/(x − 1) ∈ (0,2) for every t
and applying Cor. 5.4, we obtain a power law with exponent

β = 1 + 2

2−(2−2/(x−1)) = x .

(ii) For x ∈ (1,2), se�ing yt = tx−2
for every t , we have

tx−1∫ t
j=0

jx−2dj
=

(x − 1) · tx−1

[jx−1
]
t
j=0

= x − 1 .

�erefore,

Γ = lim

t→∞

yt+1 · t∑t
j=1

yj
= lim

t→∞

(t + 1)x−2 · t∑t
j=1

jx−2
= lim

t→∞

tx−1∫ t
j=0

jx−2dj

= x − 1 .

By Cor. 5.4, G (pt ,rt ,qt ) follows a power law degree distribu-

tion with exponent

β = 1 + 2Γ/(2 − y) = 1 + 2(x − 1)/(2 − 0) = x .

(iii) For x = 2, se�ing yt = 1/ ln(t + 2) for every t , we have

Γ = lim

t→∞

yt+1 · t∑t
j=1

yj
= lim

t→∞

t/ ln(t + 3)∑t
j=1

1/ ln(j + 2)

= lim

t→∞

t/ ln(t + 3)

t/ ln t
= 1 .

By Cor. 5.4, G (pt ,rt ,qt ) follows a power law degree distribu-

tion with exponent

β = 1 + 2Γ/(2 − y) = 1 + 2/(2 − 0) = 2.

�

We now show that component events are needed in G (pt ,rt ,qt )
in order to obtain a power law with exponent larger than 3, namely,

in a model with no component events, the exponent β is restricted

to the range (1,3].

Lemma 5.6. Assume lim

t→∞
yt = y and lim

t→∞
yt+1 · t/

∑t
j=1

yj = Γ.

�en:
(i) For y > 0, we have Γ = 1.
(ii) For y = 0 we have Γ ≤ 1. Here 0/0 is interpreted as 0.

Proof. Let yt =
1

t
∑t
j=1

yj . For y > 0, we have also lim

t→∞
yt = y,

so lim

t→∞
yt+1 · t/

∑t
j=1

yj = y/y = 1. Part (i ) follows. Turning

to (ii ), for y = 0, if yt = 0 for in�nitely many t ’s, then clearly

Γ = 0. Otherwise, there exists t0 such that yt > 0 for every t ≥ t0.

Consider the following positive descending subsequence. For every

i ≥ 1 we let ti be the minimum integer such that ti > ti−1 andyti ≤
yti−1

. �e minimum exists since yti−1
is positive and lim

t→∞
yt = 0.

By construction, yti ≤ yt for every t ∈ [ti−1,ti ]. Since (yti )
∞
i=0

is

descending, we have yti ≤ yt for every t ∈ [t0,ti ], thus le�ing

Q (i ) =
yti+1 · ti∑ti

j=1
yj
≤
yti+1 · ti∑ti

j=t0

yj
≤

yti+1 · ti

(ti − t0 + 1) · yti+1

=
ti

ti − t0 + 1

,

it follows that Γ = lim

i→∞
Q (i ) ≤ lim

i→∞
ti/(ti − t0 + 1) = 1. �

Corollary 5.7. Consider G (pt ,rt ,qt ). Assume lim

t→∞
qt = 0,

lim

t→∞
yt = y,

∑t
j=1

yj = ∞, and lim

t→∞
yt+1 · t/

∑t
j=1

yj = Γ > 0.

�en the resulting graph follows a power law degree distribution with
exponent β ∈ (1,3].

Proof. By Cor. 5.4, G (pt ,rt ,qt ) follows a power law degree

distribution with exponent β = 1 + 2Γ/(2 − y) > 1. By Lemma 5.6,

for 0 < y ≤ 1 we have β = 1 + 2

2−y ∈ (2,3] and for y = 0 we have

β = 1 + Γ ∈ (1,2]. �

6 CONCLUSIONS AND DISCUSSION
Consider the preferential a�achment model G (p) described in [6].

�e contribution of this paper is threefold. First, we improve the

concentration bounds on the number of nodes of degree k at time

t , denoted mk,t . Speci�cally, we show that mk,t is concentrated

around its mean with a deviation of O (
√
t ), an improvement of the

previously known deviation of O (
√
k3t ln t ). �ese bounds also

allow us to bound the concentration of the k-rich club, namely the

number of nodes with degree at least k .

Second, we bound the expectation of mk,t , showing that

E
[
mk,t

]
= pMket ± O (1/k ) , where β = 1 + 2

2−p and Mk =
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(a) (b)

Figure 2: An example of two di�erent networks with the same power law exponent β = 5. Each with 200 edges. (a) No edge
events: pt = 0.5,rt = 0,qt = 0.5. Many connected components. (b) No node events: pt = 0,rt = 0.25,qt = 0.75. A giant connected
component.

2

4−p
∏k−1

j=1

j
j+β is proportional to k−β , and et = e0+t is the number

of edges at time t . �is allows us to estimate E
[
mk,t

]
for any k =

o(t1−p/2), and the k-rich club, namely E
[
RCk,t

]
=

∑
j≥k E

[
mj,t

]
,

for any k = o((t/ ln t )1−p/2).
�ird, we extend the G (p) model in a natural way to a model

G (pt ,rt ,qt ), by allowing the creation of new connected compo-

nents, and time varying p. �is results in a model for networks

obeying a power law degree distribution with any exponent β in

the full spectrum 1 < β < ∞.

�e new model allows us to point out some delicate issues that

come up in the analysis of social networks. Let us mention two

such examples. �e �rst deals with the di�erence between the

degree distribution in the network as a whole and that of the largest

component in the same network. Consider the case where pt =
qt = 1/2 for every t , thus there are no edge events. An illustration

of the generated network appears in Figure 2(a). By �m. 5.3, we

obtain y = 1.5, Γ = 1 and so the whole network follows a power

law degree distribution with exponent β = 5. However, any single

component of this network is created using node events only, and

hence can be described within the classical preferential a�achment

model of Barabási and Albert [4], or in our model G (pt ,rt ,qt ) with

pt = 1. By �m. 5.3, the degree distribution in this component

follows a power law with exponent
ˆβ = 3, which is considerably

di�erent from β = 5, the exponent of the entire network. �e

surprising implication is that, focusing on studying the largest

component alone might be insu�cient for determining the correct

power law exponent of the network as a whole.

�e second example highlights yet another important feature

of our model, namely, that it can generate many networks with

the same power law distribution, but strikingly di�erent structure.

To illustrate this, consider the case where rt = 0.25 and qt =
0.75 for every t , thus there are no node events. An illustration of

the generated network appears in Figure 2(b). By �m. 5.3, the

generated network follows a power law with exponent β = 5. While

the above two networks display the same power law distribution,

they also di�er in some of their properties. For example, it can

be shown that only the la�er will have a single giant component,

which follows a power law degree distribution with exponent β = 5.

�ese examples emphasize some of the advantages of our extended

preferential a�achment model. We leave the formal proof of the

above claims to the complete version of the paper.
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