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ABSTRACT

Consider a random preferential attachment model G(p) for network
evolution that allows both node and edge arrivals. Starting with
an arbitrary nonempty graph Gy, at each time step, there are two
possible events: with probability p > 0 a new node arrives and a
new edge is added between the new node and an existing node, and
with probability 1 — p a new edge is added between two existing
nodes. In both cases, the involved existing nodes are chosen at
random according to preferential attachment, i.e., with probability
proportional to their degree. G(p) is known to generate power law
networks, i.e., the fraction of nodes with degree k is proportional to
k=P . Here B =(4-p)/(2—p) is in the range (2,3].

Denoting the number of nodes of degree k at time t by my ;, we
significantly improve some long-standing results. In particular, we
show that my , is concentrated around its mean with a deviation
of O(t), which is independent of k. We also tightly bound the
expectation E [mk’,] with an additive error of O(1/k), which is
independent of t. These new bounds allow us to tightly estimate
my.; for a considerably larger k values than before. This, in turn,
enables us to estimate other important quantities, e.g., the size of
the k-rich club, namely, the set of all nodes with a degree at least k.

Finally, we introduce a new generalized model, G(ps,rs,qs),
which extends G(p) by allowing also time-varying probabilities
for node and edge arrivals, as well as the formation of new compo-
nents. We show that the extended model can produce power law
networks with any exponent f in the range (1,00). Furthermore,
the concentration bounds established for my , in G(p) also apply
in G(pt,rt,qt).
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1 INTRODUCTION
1.1 Background

Preferential attachment is one of the prevalent mechanisms for
network evolution, in the context of both social networks and other
complex systems, and considerable efforts have been invested in
studying its properties and behavior. The basic idea in preferential
attachment is that “the rich get richer”, which translates in a net-
work evolution context to the concept that nodes with high degrees
have a better chance to gain new edges, i.e., the probability that a
node gains a new edge is proportional to its degree.

A key feature of preferential attachment models is that they are
known to generate networks with a power law degree distribution
[18], i.e., a distribution where the fraction of nodes with degree
k is proportional to k=P for some fixed B. The power law degree
distribution has been observed in many real life networks (and
complex systems), as well as non-network scenarios, and is thought
to be a universal property. For example, the preferential attachment
model itself was proposed by Price [19] to explain observed power
law degree distributions in citation networks and later by Barabasi
et al. [4] in order to explain the observed heavy-tailed degree
distributions in various other networks.

Specifically, consider the following model G(p) defined in [6].
Starting at time 0 with a graph consisting of a single node with a
single self-loop, at time ¢, with probability p > 0 a new node arrives
and a new edge is added between the new node and an existing
node, and with probability 1 — p a new edge is added between
two existing nodes. In both cases, existing nodes are chosen at
random according to preferential attachment, i.e., with probability
proportional to their degree. Letting my , denote the number of
nodes with degree k at time ¢, and setting

4-p
2-p

k-1
2 J
= € (2,3 and My =-—— —>
p (2.3] K 4_p]]]+ﬁ

the following is shown in [6].

LEmMMA 1.1. [6] In the G(p) model the following hold:

(i) My is proportional to k=p.
(ii) For every fixed k we have

E[mk,t] B
Tpet

lim
t—o0

k -
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(iii) For every integers k,t and real c > 0 we have

P[lmp,—p- M- (t+1)] 2 2k V- e+ In2+ (k- 1)In(t + 1)]

<e ‘.

Note that while (ii) suggests that the fraction of nodes with
degree k obeys a power law with exponent f, it only holds for fixed
k and only in the limit (¢ — o). Therefore, it is insufficient in order
to estimate E [mk,t] for large k, e.g., k = V/t. Also note that (iii)
implies a deviation of O( VK3 - t - Int) for my ; from p - My - (t +1).
This deviation bound is somewhat dissatisfactory since it increases
with k, contrary to the intuition that my , should become more
concentrated as k increases.

1.2 Paper Contributions
The contribution of our paper is threefold. First, we improve Lemma
1.1(ii) by providing bounds on E [mk’ [] for every k and t, rather
than only for fixed k’s and only in the limit t — co. This, in turn,
allows us to estimate various quantities in G(p), for example, the
number of nodes with degree k = v/t, which was not known before.
Our second contribution lies in significantly improving the best
previously known concentration bounds for m; ; given by Lemma
1.1(iii), established over a decade ago. Specifically, we bound the
deviation by O( \/7), independent of k, Our third contribution is
introducing an extended preferential attachment model that can
produce a power law network with any exponent in the range
(1,00).

Let us now describe our results in more detail. Letting e; = ep +1
denote the number of edges at time ¢, we first prove the following
theorem.

THEOREM 1.2. In the G(p) model, for every integerst > 0 and
1 <k < 2e; we have

2 *
pr(1-p) c
E[mk’t] < p-Mk~et— 2(2—p) 'Mk‘F?, (l)
E[mk t] 2 p-Mg-e +P(1—P)Mk——2p(eo+1_p) . (2)
’ k(4 -p)

where ¢* = max {Zeo , 2e1(1-p), Zefp S —ﬁ}.

Clearly, Thm. 1.2 implies Lemma 1.1(ii). Note, however, that it
also implies a considerably tighter estimate for E [mk’t], namely,
|E [mk,t] —p-Mjy -e;| < O(1/k), and thus can be applied to estimate
E [mk,t] for any k = o(t17P/2),

Also note that Thm. 1.2 may be used to bound the expected

size of the “rich club”. Formally, defining the k-rich club of the
network at time ¢ to be the set of all nodes with degree at least k,

and denoting its size by
RCk’, = Z mj,t N

Jj=k

we prove the following corollary.
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CoROLLARY 1.3. In the G(p) model, for every integerst > 0 and
1 < k < 2e; we have

" 2e
]E[Rck,t] < prer (Qg — P2e,41) +C '1n(k_t1), )

2ey 2er +1
B[RC] 2 prer (o - pze) - 2 oI (ZE2) @

where ¢, = (1+ (1 —p/2)z)M, = @(zl_ﬁ).

Note that Cor. 1.3 implies |E [mk’t] — per(Qx — Q2e,4+1)| =
O(In(t/k)), and thus can be applied to estimate RCy , for any
k =o((t/Int)1=P/2).

For our second contribution, we prove the following rather
general theorem, which extends Lemma 1.1(iii) by bounding any
weighted combination of my , values. For integer ¢ > 0 and reals
&€= (e1,...,82,) € R2¢t let A = n}a}(Iei - ¢j| be the maximum

distance between any two coordinates of ¢, and ||¢]|o = max; |&;]
be the maximum distance between a coordinate and 0. Also let

2
Se(e) = £ e - my.

THEOREM 1.4. In the G(p) model, for every integer t > 0, real
c>0,andrealse = (e1,€2,...,62¢,) € RZ€: e have

P[Sc(e) ~EIS:()] = Vaet - (2 +2max(Ae. llelle))| < €7,
P[si(e) ~E[S:()] < ~ Vet - (20¢ + 2max(De.llelle))] < ¢

Note that Thm. 1.4 suggests that m; ; is concentrated around
its mean with a deviation of O( V/t). This is given by the following
direct corollary.

COROLLARY 1.5. In the G(p) model, for every integersk > 0,t > 0
and real ¢ > 0, we have

P [mk,t -E [mk,,] > 320t] < efc’
P[mk,t —E[mk’t] < —@] < €

Note that Thm. 1.4 also suggests that RCy ; is concentrated
around its mean with a deviation of O( Vt). This is given by the
following direct corollary.

COROLLARY 1.6. In the model G(p), for every integersk > 0,t > 0
and real ¢ > 0, we have

P[RCy, —E[RCy,| = V32ct] < &7,
P[RCy, —E[RCy,| < -V32ct] < e,

For our third contribution, we consider a rather general pref-
erential attachment model G(p;,7s,q;) for network evolution that
allows three types of events. Starting with an arbitrary nonempty
graph Gy, at time ¢, the following three types of events may occur.
i) Node arrival event: with probability p; a new node arrives and
a new edge is added between the new node and an existing node.
ii) Edge arrival event: with probability r; a new edge is added
between two existing nodes, and iii) Component arrival event:
with probability g; = 1 — p; — r; two new nodes arrive and a new
edge is added between them. In the first two cases, existing nodes
that participate in the event are chosen at random according to
preferential attachment.

The model G(p;,r¢,q:) was previously studied with null g; and
constant p;, i.e, g; = 0 and p; = p > 0 for all t. It is known
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Figure 1: Three networks generated by the model G(p;,r;,q;). Each with 200 edges. Node sizes are proportional to their degrees.
(a) No component events: p; = 0.75,r; = 0.25,q; = 0. This is the standard model with one connected component. Here § = 2.6.
(b) No edge events: p; = 0.75,r; = 0,q; = 0.25. We obtain many connected components. Here f = 3%. (c) No node events:
pr =0,r; =0.25,q; = 0.75. One giant component emerges. Here ff = 5.

that for the special case where g; is null and p; is constant, the
resulting graph consists of a single connected component and obeys
a power law with exponent f = (4 — p)/(2 — p) € (2,3]. In this
paper, we extend the model by allowing p; to vary over time, and
even diminish as ¢ tends to infinity. The rationale for this is that it
allows us to model situations where the nodes already existing in
the network continue to create new connections among themselves,
hence as their number grows, the fraction of new edge events grows
as well. This also allows the model both to account for changes
in the growth rate of large networks, and to explain phenomena
which were observed empirically in many networks, but could not
be captured by the original model. Such examples are densification
[17] (i.e., unbounded average degree as the network grows), power
law distribution with exponent smaller than 2 or larger than 3 [7],
multiple connected components, etc. We show that in this model
it is possible to obtain networks obeying a power law with any
exponent in the range (1,00). In particular, letting y; = p; + 2q;,
we show that whenever tli_)n;o yr=y<2 Y2,yi=c and

tli—>n;>lo tyry1/ 25:1 yj =T > 0, the resulting network obeys a power

law with exponent f = 1 + % Thus selecting the parameters

so as to satisfy y; = t72 (1 < a < 2) yields networks obeying a
power law with exponent = . Likewise, setting the parameters
to satisfy y; = 1/In(t + 2) yields networks obeying a power law
with exponent f = 2, and aiming for y; = 2 - 2/(a¢ — 1) (@ > 2)
yields networks obeying a power law with exponent f = . In
addition, we show that Thm. 1.4 applies also in the extended model
G(pt,re,qt), see Thm. 3.1. Figure 1 presents networks generated by
the model G(p;,r¢,q;) for selected parameters p;, r; and g;.

1.3 Related Work

The first to consider a preferential attachment based network evo-
lution process was Price [19] who studied citation networks. Mo-
tivated by early work of Simon [20] who showed power laws in
non networked settings like wealth, city sizes and word distribu-
tions, Price was interested in a network model that will generate
a power law degree distribution. He proposed a directed graph
model where a new paper cites an existing paper i with probability
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qgita _ gita
2igi+ta ~ n(ct+a)’
cite i (i.e., the in-degree of i), a is a positive constant and c is the
average (in- and out-)degree. So a new paper generates on average
c citations. This model leads to a power law distribution of the
in-degrees with exponent f = 2 + £ > 2.

Barabasi and Albert [4] independently proposed their model for
growing undirected networks and coined the term “preferential
attachment”. In their model each new node adds exactly ¢ new
edges, each of which connects to (existing) node i with probability
d(i)/ (X, d(v)), where d(v) is the degree of node v. It can be shown
directly, or by a careful reduction from Price’s model (setting a = c),
that this leads to a power law degree distribution with § = 3.

The model proposed here is a generalization of the one intro-
duced in [1, 8] and we follow the formulation of Chung and Lu [6].
They analyzed an undirected network evolution with two types
of preferential attachment events: a node event with probability p
and an edge event with probability 1 — p. As discussed later on, this
leads to a power law with = 3:_2 € (2,3].

A different type of models are the copying based models [15, 16].
In the simple copy model, every new node that joins the network
adds a single directed edge. It selects an existing node u uniformly
at random and then connects to u with probability 1 — p or to the
single node that u points to with probability p. It can then be shown
that the in-degree distribution follows a power law with exponent
ﬁ=1+ll)€(2,oo).

While models with time varying probabilities were considered
before [9, 11-14], they have not captured the full range (1,00).

The exponent f of the power law has a significant impact on the
networks structure. In [2] we studied the core size in preferential
attachment models. It can be shown that for § = 2, the core size
becomes sublinear in the network size, which may have implications
on the size of elites in social networks [3].

Additional study of large scale social networks has revealed
several other universal properties, for example the “small-world”
phenomena, short average path lengths, navigability and high clus-
tering coefficients.

The rest of the paper is organized as follows. Section 2 presents
the model formally. Section 3 establishes improved concentration

where g; is the number of papers that already
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bounds for my ;, Section 4 establishes bounds for E [mk,t], and
section 5 deals with power laws for degree distributions, proves
their existence, and analyzes their exponent.

2 THE GENERALIZED G(p;,r;,q;) MODEL

In this section we describe a generalization of the preferential attach-
ment model G(p) defined in Ch. 3.1 of [6]. G(p) has one parameter,
p, assumed therein to be constant with ¢. Here we allow p to vary
with t. Let us now introduce the model G(p;,r¢,q;) formally.

Consider a sequence (G;);2, of graphs, G; = (V;,E;), where
Vi (respectively, E;) denotes the set of nodes (resp. edges) in G;
and n; = |V¢| (resp. e; = |E¢|). Let d¢(w) denote the degree of
node w in G;. Starting from an arbitrary initial nonempty graph
Gy, for t > 1 the graph G; is constructed from G;_; at time ¢t by
performing either a node event with probability p; € [0,1], an edge
event with probability r;, or a component event with probability
qt = 1 =Pt —Tt.

In a node event, a new vertex v is added to the graph, along
with a new edge selected using preferential attachment. Formally,
the new edge is (v,u), where u € V;_; is chosen with probability
proportional to its degree, i.e., y; (u) = di-1(u)/ (X wev,_, di-1(w)).
In an edge event, a new edge (u, w) is added, where both u,w € V;_1
are chosen by preferential attachment, independently of each other,
i.e., (u,w) is chosen with probability y;(u) - y;(w). Finally, in a
component event, two new nodes v and u are added, along with a
new edge (v,u). Note that exactly one edge is added at each time
step, so the number of edges in the graph G; is e; = eg + ¢ and the
sum of degrees is 2e; = 2(ep + t).! We also have

t
E[n] =no+ ) (pj +2q))-
j=1

3 CONCENTRATION BOUNDS FOR my ;

We now establish Thm. 1.4. To do that, we prove the following
more general theorem.
For integer t > 0 and reals &€ = (e1,...,€2¢,) € R2%¢r let Ag =

max |¢; —¢;| be the maximum distance between any two coordinates
L]
of €, and ||€||c = max; |¢;| be the maximum distance between a

coordinate and 0. Also let S;(¢) = Zie:’l £ - My -

THEOREM 3.1. In the G(pt,rt,q:) preferential attachment model,
for every integert > 0, real c > 0, and reals € = (e1,€2,. .. ,€2¢,) €
R%€t | we have

P [S(e) —E[S:(e)] 2 Vact - (20 + 2max(Ae. llelleo))] < €7,
P[Se(e) ~E[S:()] < — Vet - (20e + 2max(Ae.llelle))| < 7.

Note that Thm. 3.1 suggests a deviation of O( Vt) from the mean.
This can be obtained by setting all the coordinates in € to zero except
for a single ¢, which is set to 1, yielding the following.

COROLLARY 3.2. In the model G(pt,rt,qy), for every integers k >
0,t > 0 and real c > 0, we have

P[my, —B[mp.| = V32ct] < e,
Pmes B [mi] < - V3zar] < e

Here a self loop increments the degree of a node by two.
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Note that for k > 2e;, we have my ;, = 0 and Cor. 3.2 follows
trivially. Thm. 3.1 also implies concentration bounds for RCy ;.
This can be obtained by using a vector ¢ in which ¢; = 0 fori < k
and ¢; = 1for i > k, yielding the following.

COROLLARY 3.3. In the model G(pt,rt,q:), for every integers k >
0,t > 0 and real ¢ > 0, we have

P[RCk, -E[RCk,] = V32| < e°,
P[RCk, -E[RCk,| < -V32ct] < e°,

Finally, note that Thm. 3.1 implies Thm. 1.4, Cor. 3.2 implies Cor.
1.5, and Cor. 3.3 implies Cor. 1.6 as a special case since the model
G(p) can be obtained from the model G(p;,r¢,q;¢) by setting p; = p
and g; = 0.

The rest of this section is dedicated to proving Thm. 3.1.

3.1 Recursive Relation for m; ;

As a first step, we find a recursive representation for my ;.1 in
terms of my , for smaller k’ < k. Note that mg ; = my, for every t.
Also note that the number of edges at time ¢ is e; = ep + t. Hence,
since the sum of the degrees at time ¢ equals 2e;, we have my , = 0
for k > 2e;. Therefore, we focus on my. ; for 1 < k < 2e;.

Let #; denote the o-algebra generated by the graphs Gy, . ..,G;.
Intuitively, 7; encodes all the history until time ¢. Fix k > 2. Since
0 < dt41(v) —dy(v) < 2 for every node v and time ¢, we have

E [mk,t+1 | 7‘?] = Z

(v : k=2<d, (v) <k}

Plde+1(v) = k] . (5)

Recalling that y; (v) = d¢-1(v)/ Xwev,_, di—1(w), for every node v
such that dy+1(v) = k, there are at most three possible values for
dt (v):

(i) di(v) = k — 2 and at time ¢ + 1 there was an edge event
where the edge (v,v) was added (this happens with probability
re1 s (Ye (©))?).
d¢(v) = k — 1 and at time ¢ + 1 there was either a node event
involving v (this happens with probability ps4+1 - y¢+1(v)) or
an edge event where the edge (v,w) w # v was added (this
happens with probability rs41 - 2yr41(v) - (1 = yr+1(0))).
d¢(v) = k and at time ¢+ 1 there was either a node event where
v was not involved (this happens with probability p;4+1 - (1 —
Yt+1(v))), an edge event where the edge (u,w) v ¢ {u, w} was
added (this happens with probability rz4+1 - (1 = yz+1(2))?) or
a component event (this happens with probability g;1).

(ii)

(iii)

Letting ay ; = k/(2e;), for every v such that d;(v) = i we have
Yt+1(v) = a;,+. Denoting

A = praa(l—agy) +reer-(1- “k,t)z +qr+1 >
Bir = pravc g+ 2-rien oy (I-agy),
Chpr = reei-ap,,

we have

(6)
and Ag ¢, By +,Ck,; = 0 for every 0 < k < 2e¢;. Furthermore, by Eq.
(5), for every k > 2 we have

Apr + Bk +Crp =1

E [mk,t+1 | 7’?] = mp - Akt +Mi—1,6-Bk—1,1+Cr—2, Mi—2,¢ - (7)
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Similarly, for k = 1 we have

E[my,e41 | Fe] = Ave - mae + pear +2qe+1 - ®)
Letting
[N LU N “Br_yptmp_p; Croy k22,
et =
Pr+1 +2qt+1 k=1,
Eq. (7) and (8) can be rewritten as
E [mk,t+1 [ 7’?] =mg Ak + Xkt - )
Taking expectation on both sides, we get
B [mipa] =B [mice] - Ar + B [Xee] - (10)

3.2 Analysis of the Martingale E [my ; | 7]
For integers 0 < £ < t and 0 < k < 2e;, denote
Y(]f T-E [mk’t | 7"5] where the expectation is taken over all that

occurred from time ¢ + 1 till time ¢. By the law of total expectation,
we have
k,
E[Y 1 Feoa| = B[E[mee | Fo] | Fooi]
E[E[mi, | Fo.Fo1] | Foi]

E[mp | Fooa] =

k.t
Y, .

Therefore, Y(f’t, Ylk’t, ... ,Ytk’t is a martingale (with respect to the
filtration Fy C --- C F;). This general construction is commonly
referred to as a Doob Martingale [10]. Therefore, for a vector € =

(¢1,. - ., €2¢,) € R%¢, letting

2e; 2e;
Y;(E) = ka-Yf’t = ng'E[mk,tlﬁ’]’
k=1 k=1

we have that Yot (e), Ylt &..., Ytt (¢) is also a Doob martingale (with
respect to the same filtration 5 C --- C F;). We next bound
the difference between consecutive elements in the sequence. For
1<{<tandrealse = (e1,...,62¢,) € R2¢:, Jet
Al(e) = |Y/(e) = Y[ (e)l.
LEMMA 3.4. Foreveryl < { <t ande = (e1,...,e2¢,), we have
A;(é‘) < 2A¢ + 2max(Ag, |l€]loo)-

Proor. Fixing ¢, the proof is by induction on ¢. For ¢ = ¢, letting

2ep
Y= Z ek - (Mo = M e-1) »
k=1
2ep
Yo = e (pe+2q0) + Z e - (1= A p-1)mp e-1 = X, e-1) »
k=1
by Eq. (9) we have
2ep
Ae) = | e B [mice | Fo| — B [miee | Fooi])
k=1
2ep
= Z ek - (mic,e = Ake-1 - Mic -1 = Xie,e-1)
k=1

(11)

| — &1 (pe +2q¢) + ¥1 + P2 .
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Note that
2¢1, At time £ a compenent event occurred,
€1 + €41 At time £ a new node was connected
- £, to an existing node of degree i,
¥ = £i+a — Ei, At time ¢ a self loop was added to a
node of degree i,
Eiv1 — & At time £ a new edge was added
+€j+1 — €j, between two distinct existing nodes
with degrees i and j.

Therefore, we have

[¥1 — €1 - (pr + 2q¢)| < max(2ler],le1] + A, (pr + 2q¢)l€1] + 2A¢)
< (pe +2q¢)Ae + 2 max(|er], Ag) .

For ¥s, recalling that my ,_; = 0 for every k > 2e,_;, and by Eq.
(6) we obtain

2ep
[P, = Z Mg ¢-1 ((1 = Ak, e-1)ek — B o—18k+1 — Ck,€—1€k+2)
k=1
2ep
= Z i1 (Br.o-1(ek = eke1) + Cho-1(ek = ex42))
k=1
2ey
< Z Mot (Br.o-1 - Be + Cr o1 - 2
k=1
2ep
= (pe +2re)Ae Z Ae,e-1Mie-1 = (Pe +2re)Ae
k=1

Plugging this into Eq. (11), we obtain

Ao(e)

IN

[¥1 —e1- (pe +2q¢)| + 2]
(2pg + 21 + 2q¢)Ae + 2max{|er], A}
= 2Ag +2max{le1],Ae} < 2Ag + 2max{]|€]lco, Mg} -

IA

Hence the induction basis holds. Next, assuming the claim for ¢,
we prove it for ¢ + 1. By the law of total expectation and Eq. (9),

2ep41

Z e B [mk,t+1 | 775]

k=

2f3t+11

= Z 138 'E[E [mk,m | ‘ﬁ] | 7‘2]
P
2€t+11

= Z ¢ B [Ak,t M + X | Tf]
k=1

Y;_H (é‘)

2e;

= e (pr+2q) + ) é B me, | 7
k=1

= e (pr+2q) + Y[,
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where Ek = gk'Ak,t +Ek+1 -Bk’t+€k+2~ck’t and € = (51,. .. ,5282).2

Therefore, by the induction hypothesis we have

ATHe) IARCERAHGIEN ACESANG]
ALE) < 20z +2max(||]leo, Az)

< 20 + 2max((le]lo, Ag)

noting that every coordinate of £ is a convex combination of three

coordinates of &, 0 [|€]lcc < ||€]lo and Az < A,. The lemma follows.

]

Proof of Thm. 3.1: By Lemma 3.4, we may apply Azuma’s
inequality to the martingale Yot (&), Yf (&),... ,Ytt (€), and obtain for
every A > 0

).2
P Yo (0) 2 A] < exp (_Zt C(2he + 2max(Ae, ||e||oo))2) ’

/12
BLY! (€) - YL(¢) < ~A] < exp (—Zt. —— Zmax(AE,Ilellw))z) .

Noting that Y/ (¢) = Zie:’l e -my ; and Yot = Zie:‘l ep-B [mk’t] and

letting A = V2ct - (2A¢ + 2max(Ag, ||€]loo)), Thm. 3.1 follows. O

4 IMPROVED BOUNDS FOR E [my ;]

We now prove Thm. 1.2 for G(p). Consider the model G(p), which
can be derived from the model G(p;,7:,q;) by setting p; = p and
q:+ = 0 for every t. Thus we obtain the simplified expressions

(2-pk k*
Ap, = 1-— 4 (1-p) —
k,t zet +( P) 46‘% ’
(2-p)k K2
B = 27 _21-p) - —,
k.t 2e; (1-p) 4e?
k2
Cry = (A-p)- 2
t
Recall that f = % and Mj. = ﬁ ]—[;.‘:_11 ﬁ

Proof of Thm. 1.2:  To prove Ineq. (1), letting

2 *
P (1-p) c
)M K

b,y = E [mk,t] - (Pet - 22-p)? -

it suffices to show that {3 ; < 0 for every t and 1 < k < 2e¢;. We
show this by induction on ¢. For t = 0, since e; > 1, we have

k~fk,()$k'E[mk’0] —c* Sk'E[mk,o]_zeOSO,

where the last inequality follows since Zii’l k- my o = 2ep, hence
the basis of the induction holds. Assuming the claim for ¢, we prove

?Note that £ € R?¢t+1 and & € R?¢¢, thus Y[f“(e) and Y[f (&) are well defined.
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it for ¢ + 1. For k = 1, by Eq. (10), it can be shown that

1-p)M
el = Al,t'fl,t+p—( )My
4€t
2
« P(A-p)M
- BT 1-a
(c 22 p)? )( o)
< o PU=PIM (C*_P(I_P)Ml) 1
4e; 2 2e;
_ p(A=p)M; —c* 1— 2e 0
B 26[ - 26[ - ’

For 2 < k < 2e;, by Eq. (10), it can be shown that

Ckrv1 = Akt ket + B, - Cr—1,6 + Ch—o,r  Ch—2t
_p-pMy (P’ -p) 4-p(  p(l-p)
2(2-p)ler \22-p)2er k-1 2(2 - p)2er
<Akl +Bi—1r €10 + Cr—yp it <0

For 2e;41 — 1 < k < 2e441, we have
k-lg i1 <k-E [mk,t+1] -

Note that for k = 2e;41 and my ;1 = 1, necessarily the initial
graph Gy is composed of a single node (of degree 2eg) and only
edge events occur until time ¢ + 1, thus

A

2epe1 - (1—p)'t = c*

2 <0
“m(-p ) =7

where the second inequality follows by maximizing over the range
t > 0. Finally, for k = 2e;+1 —1and my ;41 > 0, we analyze the two
possible cases. In the first case, the initial graph Gy is composed of
two nodes, one of degree 1 and the other of degree 2eg—1. Therefore,
necessarily only edge events occur until time ¢ + 1, thus

k- fk,t+1 =

IN

max {2e1(1 -,

k- fk,t+1 < (2€t+l — 1) . (1 _p)t+1 —¢* <0 i

as before. In the second case, the initial graph Gy is composed of
a single node vy (of degree 2ep). Therefore, exactly ¢ edge events
(involving the edge (vp,vp)) and one node event occur until time
t + 1. Therefore,

kelpipr < (epyr—1)-(1-p)f-p-t—c*
< 2e§+1-(1—p)t~p—c*
8p
< max Zez-p,—}—c*so,
{ PP (In(1 - p))?

where the third inequality follows by maximizing over the range
t > 0, thus concluding the proof of Ineq. (1). To prove Ineq. (2),
letting

pleo +1—p)M;
Hat oo g, |
it suffices to show that Z , < 0 forevery ¢t > 0 and 1 < k < 2e;.
We show this by induction on ¢. For t = 0, since § > 1, we have

Zir = pler + 1= p)My -

k=1 .

My — 2L M o

-t < [T =0
k j=1]+1

Zk.o
pleo+1-p)
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Assuming the claim for ¢, we prove for ¢ + 1. For k = 1, by Eq. (10),
it can be shown that

p(1-p)
7 = A1, Z1,——— Y 5 M (1-A
1,41 Lt L1t 2e,(4—p) peeo- M ( Lt)
< Al,t'Zl’t—O—OSO.

For 2 < k < 2e;, by Eq. (10), it can be shown that

Ziter = Akt Ziky +Bi-1,t - Zg—1,0 + Cr—o,t ~ Zg-2,¢
p(1 = p)M (_1+ 1+ (1-p)/es (4—p _p))
e 22-p)2 \k-1
< 040404 PAZPIMr (—1+ 1+(1_P)/et)
er 2—p
o PU=PM (—1+ 1+(1—p)) _ 0.
er 2 —p

and for 2e;41 — 1 < k < 2e441, since § > 2, we have

pleo +1—p)M;

Zitr1 S plers1 +1=p)My — A
k-1
i pleo+1-p)M
< p(€t+1+l—p)M1gm—f
fﬂ(zef_ﬂ_ _ (L_ ))
RVl Gt O o it
M
< %(1—1+(1—p)(1—1)):0,

thus concluding the proof of Ineq. (2). Theorem 1.2 follows. O
We now prove Cor. 1.3 using Thm. 1.2.

Proof of Cor. 1.3: By Ineq. (1),
2e; 2e; 2e;
E[RC,CJ] = ZE[MJ";] <p-e ZMj+C*Zl/j
=k j=k Jj=k

2e
2e 4

* t
c ln(m)+pet]ZkM]

Noting that M; = ¢j — ¢j+1, Ineq. (3) follows. The proof of Ineq. (4)
is similar. ]

IN

5 POWER LAW IN G(p;,7+,q:)

In this section, we show that the in the G(p;,rs,q;) model, it is
possible to obtain networks obeying a power law degree distribution
with any exponent in the range (1, o), thus expanding the range
of (2,3] obtainable in the standard G(p) model (see Lemma 1.1).

5.1 Existence of Power Law
The following lemma can be found in [6].

LEmMA 5.1. [6] Suppose that a sequence {a;} satisfies the recur-
rence relation

at+1=(1— )at+ctfort2to.

t
t+1
Furthermore, suppose lim by = b > 0 and lim ¢; = c. Then

t—o0 t—o0

lim a;/t exists and lim a;/t = c¢/(1 + D).
t—oo t—o0

We use Lemma 5.1 to prove the following generalized lemma.
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LEMMA 5.2. Suppose that a sequence {a;} satisfies the recurrence

relation
a =(1-
=1

Furthermore, letting {s;} be a sequence of reals satisfying
lim s;/s;41 =1, and dy = t(1 — s¢/st+1), suppose that lim b; = b,
t—o0 t—o0

)at+ctfort2t0. (12)

lim ¢; - t/sy = ¢, lim dy =d andb +d > 1. Then lim a;/s; exists
t—o0 t—oo >0

and tlim ar/sy =c/(b+4d).

Note that Lemma 5.1 is a special case of Lemma 5.2 obtained by
setting s; = t.

Proor. Denote

% _ at't
a; = vt
t+t s t+1 N
bi = Lolg, - 2 )+ 2= 28 oy,
St+1 t St+1
. t+1
Cy = Ct
St+1
By Eq. (12),
& at+1'(t+l): 1- bt a.t+1+C.t+1
i+ St+1 t+t ! Sr+1 Sr+1

b*
= |1-—|aj+c.
t+1

Since lim by = b+d -1 > 0, and lim ¢; = ¢, we may apply
t—o0 t—o0
1. At . a’; [4
Lemma 5.1, and obtain lim — = lim — = . m]
t—oo §;  tooo b+d

The following theorem and corollary complete the proof of a
power law in G(p¢,7+,q1).

THEOREM 5.3. Consider G(ps,rt,qr) andlety; = pr+2q;. Assume
that tli)rrolo Yr =y <2,252,yr =0 and tli_)rr;ot-ytﬂ/ Z]t.zl yj=T>

E[my,.]
E[n,]

0. Then letting f = 1 + ZZTF the limit My = lim exists for
y t—o0
everyk > 1 and
r k-1 j

r+1-yj2 j:1j+ﬁ

My (13)

Proor. By induction on k. For k = 1, consider Eq. (10). By
applying Lemma 5.2 with (¢1,s¢,a¢,bs,¢1) set to
(eo.E[n:].E[m1,].e:(1 — A1,¢),ys+1), yielding the limits b =
1-y/2,and ¢ = d =T, Eq. (13) follows. Assuming the claim for
k—1, we prove it for k. Consider Eq. (10). Applying Lemma 5.2 with
(t1,5¢,as,bs,¢1) set to (eo,E[ne] ,E [mk,t] ser(1 = A ¢),B—1,r -
E [mk—l,t] + Ci_z: - E [mk—Z,t])’ we obtain the limits d = T,
b =k - (1—y/2) and by the induction hypothesis,

¢= lim & =(k—1)(1—%)Mk_1.

t—oo s

Therefore, M} exists and

M = (k=1)(1-y/2) My _
k= Tk -y +r

k-1 M
k-1+p k=t
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COROLLARY 5.4. Under the assumptions stated in Thm. 5.3, My, is
proportional to kP

Proor. Consider Eq. (13). By the First Order Condition [5], a
differentiable function f is convex if and only if f(x2) > f(x1) +
f’(x1)(x2—x1) for every x1 and x,. Applying this with (f(z),x1,x2)
set to (zﬁ, 1,1+ 1/j), we obtain

k=l k-1 g\ ke \B 5
—_ = 1+ —) > (1 + —.) =kF.
ja itk g( j 111 j

Applying the First Order Condition with (f(z),x1,x2) set to
(z#,1,1 - 1/(j + p)), we obtain

]!jlji H(l_ﬁiﬂ)S

_ BN s
—(m)ﬁﬁ'k~

Therefore, ¢; - k™# < My < ¢y - k=P for some positive constants
c1,¢2 and every k > 1. |

—

Note that tlim E[n;] = oo. Thus n; is concentrated around
—00

E [n], yielding an expected power law with exponent j. Further-
more, for y; = w(1/ Vt), we have E [n;] = w(Vt). By Thm. 5.3,
E [mk’t] = Q(E[n:]) = w(Vt) for fixed k. Therefore, by Thm.
3.1, my ; is concentrated around E [mk,t], thus the power law is
obtained almost surely.

5.2 Power Law Exponent Characterization

In Sect. 5.1 we showed that letting y; = p; + 2q;, and whenever
tangoyt =y<2 Z;o:l y; = o and tlLIIgot . yt+1/2§:1 y;=T>0,
the resulting network obeys a power law with exponent f = 1+ %
Under these assumptions, we have § > 1. The following lemma
shows that any value of f in the range (1, ) is attainable for some
possible choice of the probabilities p;,r; and g;.

LEMMA 5.5. For any x € (1,0), there exists a choice of pr,rt,q;
such that in G(p¢,re,qr) the resulting network follows a power law
degree distribution with exponent ff = x.

Proor. Consider the following three cases.
(i) For x € (2,00), setting y; = 2 —2/(x — 1) € (0,2) for every ¢
and applying Cor. 5.4, we obtain a power law with exponent

_ 2 _
P=1+ gy = *

(ii) For x € (1,2), setting y; = t*~2 for every t, we have
-1 (x—1)- X1
t e n g <1t =x-1
Jimo 2] =0
Therefore,
. Yrerct )Yy !
r = lim = = hmt—._zz lim —
t—00 Zj:l yj oo Zj—l J* o j=0jx?2d]
= x-1.

By Cor. 5.4, G(p¢,1+,q;) follows a power law degree distribu-
tion with exponent
f=1+2T/2-y)=1+2(x—-1)/(2-0) =x.
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(iii) For x = 2, setting y; = 1/In(t + 2) for every ¢, we have

Y1t t/In(t +3)
' = Ilim=—/——-= _
t—>00 2]‘.:1 yj oo 25.:1 1/In(j +2)
t/In(t +3)
T toe  t/lnt

By Cor. 5.4, G(p¢,rt,q;) follows a power law degree distribu-
tion with exponent
f=1+2T/2-y)=1+2/(2-0)=2.

O

We now show that component events are needed in G(py,rs,q;)
in order to obtain a power law with exponent larger than 3, namely,
in a model with no component events, the exponent f is restricted
to the range (1,3].

LEMMA 5.6. Assume tlgr;o y: =y and tli_)ngo Yre1 - t/ th':l y; =T.
Then:

(i) Fory > 0, we havel = 1.
(ii) Fory = 0 we haveT < 1. Here 0/0 is interpreted as 0.

Proor. Lety, = % th':l yj. For y > 0, we have also tli_)ngoyt =y,
so lim yry1 -t/ X yj = y/y = 1. Part (i) follows. Turning

t—o0 J
to (ii), for y = 0, if y; = 0 for infinitely many ¢’s, then clearly
I' = 0. Otherwise, there exists tp such that y; > 0 for every t > t,.
Consider the following positive descending subsequence. For every
i > 1 welet t; be the minimum integer such that ¢; > ¢;_j and y;; <
Yt;_,- The minimum exists since y;,_, is positive and tll)ngo yr = 0.
By construction, y;; < y; for every t € [tj—1,t;]. Since (y¢;);2, is
descending, we have y;, <y, for every t € [to,t;], thus letting

1t 1 b 1t £
Q) = ytlftl - < ytlt:rl = (t; —!t/tlill) .l . tl +1°
2]:1 Yj Zj:to yj i—1o Yt;+1 i— 1o
it follows that I' = lim Q(i) < lim #;/(t; —to+ 1) = 1. m]
1—00 i—o00

CoROLLARY 5.7. Consider G(ps,rs,qt). Assume tlim q: = 0,
—00

limy; =y, X, yj = o0, and lim ys41 -t/ Xi,y; = T > 0.
t—o0 Jj=1 t—o0 j=1

Then the resulting graph follows a power law degree distribution with
exponent f € (1,3].

Proor. By Cor. 5.4, G(p;,r+,q;:) follows a power law degree
distribution with exponent f = 1+ 2I'/(2 — y) > 1. By Lemma 5.6,
for0<y<1lwehavef=1+ % € (2,3] and for y = 0 we have
B=1+T € (1,2]. o

6 CONCLUSIONS AND DISCUSSION

Consider the preferential attachment model G(p) described in [6].
The contribution of this paper is threefold. First, we improve the
concentration bounds on the number of nodes of degree k at time
t, denoted my ;. Specifically, we show that my , is concentrated
around its mean with a deviation of O( V), an improvement of the
previously known deviation of O( Vk3tInt). These bounds also
allow us to bound the concentration of the k-rich club, namely the
number of nodes with degree at least k.
Second, we bound the expectation of my, ;, showing that

E[mk’t] = pMpe; + O(1/k) , where f = 1 + ﬁ and My =
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Figure 2: An example of two different networks with the same power law exponent § = 5. Each with 200 edges. (a) No edge
events: p; = 0.5,r; = 0,q; = 0.5. Many connected components. (b) No node events: p; = 0,r; = 0.25,q; = 0.75. A giant connected

component.

2kt L i - = i
P 155 7B 18 proportional to K, and e; = eg + is the number

of edges at time ¢. This allows us to estimate E [mk,t] for any k =
o(t17P/2), and the k-rich club, namely E [RCk’t] =2j>kE [mj,t],
for any k = o((¢/ Int)1~P/2).

Third, we extend the G(p) model in a natural way to a model
G(pt,rt.q:), by allowing the creation of new connected compo-
nents, and time varying p. This results in a model for networks
obeying a power law degree distribution with any exponent f in
the full spectrum 1 < f§ < 0.

The new model allows us to point out some delicate issues that
come up in the analysis of social networks. Let us mention two
such examples. The first deals with the difference between the
degree distribution in the network as a whole and that of the largest
component in the same network. Consider the case where p; =
q: = 1/2 for every t, thus there are no edge events. An illustration
of the generated network appears in Figure 2(a). By Thm. 5.3, we
obtain y = 1.5, T = 1 and so the whole network follows a power
law degree distribution with exponent = 5. However, any single
component of this network is created using node events only, and
hence can be described within the classical preferential attachment
model of Barabasi and Albert [4], or in our model G(p¢,r¢,q;) with
pr = 1. By Thm. 5.3, the degree distribution in this component
follows a power law with exponent B = 3, which is considerably
different from f = 5, the exponent of the entire network. The
surprising implication is that, focusing on studying the largest
component alone might be insufficient for determining the correct
power law exponent of the network as a whole.

The second example highlights yet another important feature
of our model, namely, that it can generate many networks with
the same power law distribution, but strikingly different structure.
To illustrate this, consider the case where r; = 0.25 and g; =
0.75 for every ¢, thus there are no node events. An illustration of
the generated network appears in Figure 2(b). By Thm. 5.3, the
generated network follows a power law with exponent f = 5. While
the above two networks display the same power law distribution,
they also differ in some of their properties. For example, it can
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be shown that only the latter will have a single giant component,
which follows a power law degree distribution with exponent = 5.
These examples emphasize some of the advantages of our extended
preferential attachment model. We leave the formal proof of the
above claims to the complete version of the paper.
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