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ABSTRACT

We propose a fast Newton hard thresholding pursuit algorithm for
sparsity constrained nonconvex optimization. Our proposed algo-
rithm reduces the per-iteration time complexity to linear in the data
dimension d compared with cubic time complexity in Newton’s
method, while preserving faster computational and statistical con-
vergence rates. In particular, we prove that the proposed algorithm
converges to the unknown sparse model parameter at a composite
rate, namely quadratic at first and linear when it gets close to the
true parameter, up to the minimax optimal statistical precision of
the underlying model. Thorough experiments on both synthetic
and real datasets demonstrate that our algorithm outperforms the
state-of-the-art optimization algorithms for sparsity constrained
optimization.
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1 INTRODUCTION

High-dimensional data, where the dimension is comparable to or
even larger than the sample size, are ubiquitous in modern Big
Data applications, ranging from texts, images, videos, to electronic
medical records, genomics data and neuroscience data. In order to
learn from high-dimensional data, it is crucial to exploit the intrinsic
low-dimensional structure of the data, which is often achieved
by imposing certain structural assumptions on the parameter of
the underlying model. In the past decade, various types of model
structures [30, 31] have been investigated, such as sparse vectors
and low-rank matrices, among which sparsity is probably the most
acknowledged one. Therefore, we will focus on sparse estimation in
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this paper, while the proposed algorithm and theory can potentially
be extended to other structural estimation problems as well.

The high-dimensional sparse estimation problem is often cast
as {1 norm regularized estimation methods such as Lasso [45] and
{1 norm regularized logistic regression [21, 31]. However, recent
studies [12, 15, 47, 48, 54, 57] showed that {1 norm regularization
tends to cause large estimation bias, and incur worse empirical
performance than the vanilla ¢, pseudo norm regularization or
constraint. This motivates a family of sparsity (i.e., {o pseudo norm)
constrained optimization problems as follows:

ménF(ﬁ) subject to || Bllo <'s, (1.1)
where F(B) = n~! X1, fi(B) is a loss function, which can be writ-
ten as the sum of a finite number of convex and smooth component
functions, || B]lo is the number of nonzero elements in f € R4, and
s is a tuning parameter that controls the sparsity of . Due to the
nonconvexity of the £y norm constraint, the problem in (1.1) is non-
convex and in general NP hard. Thus, it is much more challenging
than solving ¢ norm regularized estimation problems [21, 31, 45].
In order to obtain an approximate solution to (1.1), many first-order
optimization algorithms have been developed. For example, when
the objective function F(f) is the square loss function, it can be
solved approximately by matching pursuit [26], orthogonal match-
ing pursuit [46], CoSaMP [29], hard thresholding pursuit [13] and
iterative hard thresholding [6]. For general loss functions, there
also exists a set of algorithms such as forward feature selection
[4, 41], forward backward feature selection [44, 55], and iterative
gradient hard thresholding [16, 51]. Several stochastic algorithms
[8, 24, 34] are also proposed to solve this problem.

While the aforementioned first-order methods, including both
deterministic and stochastic ones, have been extensively studied
for solving the sparsity constrained optimization in (1.1), second-
order algorithms such as Newton’s method and its variants received
much less attention. To the best of our knowledge, the only existing
second-order method along this line is Newton greedy pursuit [52],
which borrows the idea of gradient hard thresholding algorithm
[51] to Newton’s method. It achieves a quadratic rate of conver-
gence in optimization and is demonstrated to be able to reduce the
per iteration complexity. However, its per iteration complexity is
still quite high, because in each iteration, it needs to solve a fairly
complex subproblem using another iterative optimization proce-
dure. To this end, efficient and practical second-order algorithms
for solving the nonconvex optimization problem in (1.1) are still in
demand.

In this paper, we aim to develop a fast second-order algorithm for
sparsity constrained optimization in (1.1), which is able to achieve
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not only fast rates of convergence in both optimization and statis-
tical estimation, but also a low per-iteration complexity. In detail,
we adapt an unbiased stochastic inverse Hessian estimator [2] and
propose a fast Newton hard thresholding pursuit (FNHTP) based on
iterative hard thresholding. More specifically, instead of calculating
the Hessian and its inverse directly, our algorithm estimates the
inverse of the Hessian in a stochastic and recursive way. There-
fore, the proposed algorithm significantly reduces the per iteration
complexity from the typical O(nd? + d°) to O(s - K1Kad), where
K; 2 logd and K3 is in the same order as the restricted condition
number of the Hessian of F(f) in (1.1), which will be discussed
in the theoretical analysis later. In other words, the per iteration
complexity of our algorithm is linear in the data dimension d, which
almost matches the per iteration complexity of first-order methods.
In the meantime, we show that the proposed algorithm enjoys a
composite convergence rate, which starts with a quadratic rate and
later transforms into a linear rate when it gets close to the unknown
true parameter. This together with the O(d) per iteration complex-
ity enables our algorithm to be faster than the aforementioned
first-order greedy methods. Furthermore, the estimator returned
by our algorithm converges to the unknown true parameter up
to the minimax optimal statistical error rate for a broad family
of sparse statistical models such as sparse linear regression and
sparse generalized linear models. We compare our algorithm with
the state-of-the-art baseline algorithms on both synthetic and real
high-dimensional datasets, and the experimental results verify the
superiority of our algorithm against the existing best algorithms.
The remainder of this paper is organized as follows. In Section
2, we briefly review related work. In Section 3, we review two
illustrative examples of the sparsity constrained optimization. We
present our algorithm in Section 4, and analyze it in Section 5. Then
we apply our algorithm to the two specific examples and illustrate
the corresponding theory in Section 6. We present the experimental
results in Section 7. Finally, we conclude this paper in Section 8.
Notation We use [n] to denote the index set {1,...,n}. Let A =
[Aij] € R4 be a matrix and x = [x1,. .. ,xq]" € R4 be vector.
Denote the i-th row of A as A, and the j-th column of A as A;.
For 0 < g < oo, we define the £y, {3 and (s vector norms as

Ixllo = X, 16 # 0).lxllg = (24, |x,-|q)” 7, and IIxlleo =
maxi<;<g |xi|, where 1(-) represents the indicator function. For a
vector x, we define supp(x) as the index set of nonzero entries of x,
and supp(x, s) as the index set of the top s entries of x in terms of
magnitude. In addition, we denote by xs the restriction of x onto
a index set S, such that [xg]; = x; ifi € S, and [xs]; = 0ifi ¢ S.
Also for matrix A, we denote Ag as the restriction of A to index
set S, ie, [[Als]ij = [Alij if (i,j) € S, and [[A]s];; = O otherwise.
Furthermore, we denote by x; the restriction of x onto the top s
entries in terms of magnitude, i.e., [xs]; = x; if i € supp(x,s), and
[xs]; = 0if i ¢ supp(x, s). Also, we denote by V"2F(p) the inverse
of the Hessian matrix V2F(B).

2 RELATED WORK

First-order Methods: For general-purpose convex optimization,
gradient descent attains a linear rate of convergence under certain
conditions. However, when the number of component functions
n is large, gradient descent can be computationally expensive at
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each iteration, because the time complexity for calculating the full
gradient is linear in n. To overcome this problem, stochastic gra-
dient descent is often used. The time complexity for calculating
a stochastic gradient descent is independent of n. Nevertheless,
due to the undiminished variance of stochastic gradient descent,
it has a sublinear rate of convergence . To accelerate stochastic
gradient descent, Johnson and Zhang [18] proposed stochastic vari-
ance reduced gradient (SVRG), which achieves the best of both
worlds: linear rate of convergence and low per-iteration complex-
ity. Other variance reduction based first-order algorithms include
[9, 40, 42, 53], to mention a few. For general—purpose nonconvex
optimization, gradient descent algorithm [32] and its stochastic vari-
ants [3, 14, 38] achieve sublinear convergence rate to the stationary
point. Unlike general nonconvex optimization where the objective
function is nonconvex, the objective function in (1.1) is convex,
and the nonconvexity is only introduced by the sparsity constraint.
Based on this observation, Yuan et al. [51] proposed a gradient hard
thresholding pursuit algorithm for solving the nonconvex problem
in (1.1), which achieves the linear rate of convergence. Similar
algorithm was proposed and analyzed in [16]. In [24], iterative
hard thresholding is used together with SVRG to achieve a better
iteration complexity for high-dimensional sparse estimation. In [8],
a randomized block coordinate descent algorithm together with
iterative hard thresholding and variance reduction is proposed for
sparsity constrained optimization. While the first-order algorithms
do enjoy light per-iteration computational cost, their convergence
rates cannot be better than linear.

Second-order Methods: In contrast, second-order algorithms
generally achieve faster convergence rates than first-order meth-
ods. For instance, Newton’s method is probably the most well-
recognized second-order method. It achieves a quadratic rate of
convergence under some certain conditions, which is significantly
advantageous over first-order methods. For a long time, the major
obstacle of applying Newton’s method is the high computational
costs. It requires O(nd? + d*) per iteration time complexity, where
the first term reflects the cost for computing the Hessian matrix
and the second term represents the cost for inversing the Hessian
matrix. Therefore, Newton’s method is computationally intractable
for high dimensional problems with big d.

In order to reduce the per iteration complexity of the Newton’s
method while still preserving a relatively fast convergence rate,
various Quasi-Newton methods have been proposed in the past
decades, in which the gradients and the intermediate iterates are
used to approximate the inverse Hessian matrix, leading to a less
expensive update in each iteration. A celebrated Quasi-Newton
method is the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm,
which requires O(nd + d?) per-iteration cost [5]. Recently, Erdogdu
and Montanari [11] proposed a new sub-sampled Newton method
via rank thresholding. Its per iteration complexity is reduced to
O(nd + d*|8S|), where |S| is the subsample size. Similar methods
and follow-up work have been proposed in [7, 10, 39, 49, 50]. Very
recently, Agarwal et al. [2] proposed an unbiased stochastic inverse
Hessian estimator, which reduces the per-iteration complexity to
be linear in the data dimension. Mutny [28] gave a new analysis
of the algorithm proposed in [2]. In [27], a new stochastic L-BFGS
algorithm is proposed, which attains a linear rate of convergence.
However, all these methods are only applicable to the classical
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regime (n > d), rather than the high dimensional regime (n < d).
For general nonconvex optimization, several second-order optimiza-
tion algorithms [1, 33] have been proposed, which are guaranteed
to converge to a local minimum. By leveraging the convexity of
the objective function, Yuan and Liu [52] proposed Newton greedy
pursuit , which combines the idea of gradient hard thresholding
algorithm [51] and Newton’s method. While it achieves quadratic
rate of convergence to the unknown sparse model parameter, its
computational complexity is still quite high, and not scalable to
high-dimensional data. Our proposed algorithm falls into the cat-
egory of second-order methods, and its per-iteration complexity
is linear in the data dimension. Therefore, it can be scaled up to
high-dimensional data.

3 ILLUSTRATIVE EXAMPLES OF SPARSITY
CONSTRAINED OPTIMIZATION

In this section, we give two examples of sparse estimation problems,
which fall in the sparsity constrained optimization problem in (1.1).
We will later demonstrate the implication of our general algorithm
and theory to these examples in Section 6.

Example 3.1 (Sparse Linear Regression). Consider the following
linear regression model

y=XB" +e, (3.1)

where y € RN denotes a vector of the responses, and X € RN jg
the design matrix, B* € R9 is the unknown regression coefficient
vector such that ||f*|lp < s*, and € € RN is a zero mean sub-
Gaussian noise vector. A commonly used estimator for the above
sparse linear regression problem is the Lasso estimator [45] with {1
norm penalty. An alternative estimator is the sparsity constrained
estimator

1
min —N||Xﬁ—y||§ subject to  [|Bllo < s, (3.2)

Berd 2

where s is a tuning parameter, which controls the sparsity of B.
This is indeed an example of the nonconvex optimization problem in

(1.1), where F(B) = 1/(2N)IIXB~ylI3. fi(B) = 1/(2b) S, eB, (x| B~
Ui )2 where B; stands for the i-th mini-batch, b = |B;] is the size

of the mini-batch, x;, € R4 is the i.-th row of X and y;, is the

i-th element of y. Here we choose the mini-batch size b to be in

the order of s. The reason will be clear in the theoretical analysis

of our proposed algorithm. Similar estimator has been studied by

[16, 46, 55], to mention a few.

Example 3.2 (Sparse Generalized Linear Models). We assume that
the observations in each task are generated from generalized linear
models

P(ylx, B*,0) = exp {[y(B", %) — (" x)]/c(0) },
where ®(-) : R — R is a link function, y € R is the response vari-
able, x € R s the predictor vector, 8* € R is the parameter such
that [|f*]lo < s*, and ¢(0) € R is fixed and known scale parameter.
A special example of generalized linear model is the linear regres-
sion model where the noise follows from a Gaussian distribution,
which corresponds to c¢(c) = o2 and ®(t) = t2. Logistic regres-
sion is another special case of the generalized linear model, where
@(t) = log(1 + exp(t)), c(o) = 1and y € {0, 1}. Given {x;, y;}N

i=

(3.3)

1@
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widely used estimator for B* is the ¢; regularized maximum likeli-
hood estimator [21, 25, 31]. An alternative estimator is the sparsity
constrained maximum likelihood estimator as follows

N
1 1 * s

m,én_N c(o) [5i(B.xi) = 2(B"Tx)]  subjectto [1Blo < s.
i=1

(3.4)

Following a similar construction of f;(p) as before, we can show
that (3.4) also fits in the generic framework in (1.1). The estimator
in (3.4) has been investigated by [17, 24, 51]. For more examples,
please refer to [16, 51] and references therein.

4 THE PROPOSED ALGORITHM

Standard Newton’s method works by conducting the following
update in each iteration:

Bt = g0 v 2E(pY) - VE(Y),

where VF(ﬁ(t)) is the gradient of F at ﬂ(t), V_ZF(ﬂ(t)) is the in-
verse Hessian matrix. Due to the curvature information incorpo-
rated by the inverse Hessian matrix, the update of Newton’s method
is insensitive to the condition number of the Hessian and guides
the quickest way descent by minimizing second-order Taylor ex-
pansion. However, computing the inverse of the Hessian matrix
requires O(d>) operations, which is computationally intractable for
the high dimensional data.

In order to address this problem, we adapt an unbiased inverse
Hessian estimator from [2, 28], which is inspired by the von Neu-
mann series in the following proposition.

PROPOSITION 4.1. For a matrix A € R4 sych that A > 0 and
[|All2 < 1, we have that,

ATl = 3% (1-A). (4.1)

Our key idea is to use the series expansion in (4.1) to construct an
unbiased estimator for the inverse Hessian matrix by the summation
of the polynomial terms. Note that the series expansion in (4.1) can
actually be computed in a recursive way. In particular, if we define
A1 as the sum of the first j terms in the series expansion of A2,
we can obtain the following recursive formula:

A=Yl I-A) =T+ (- A)A]T_ll.
As aresult, AJTI can be computed recursively. In addition, when j
is sufficiently large, A;l will become an accurate approximation to
AL

On the other hand, inspired by stochastic gradient descent (SGD)
where the stochastic gradient V fi (8) is sampled uniformly from
k € [n] as an unbiased estimator for the full gradient VF(f), we
use stochastic Hessian matrix V fi.(B) drawn from k € [n] as an
unbiased estimator for the full Hessian matrix V2F(f).

Putting the above pieces together, we introduce an unbiased
estimator %TZF (B) for the inverse full Hessian matrix V"2F(B) as
follows.

Definition 4.2. Given j independent and unbiased samples of
V2 (B). k € [n], V]TZF(ﬁ) is defined in the following recursive
way:

V,2F(B) =1,
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Vi2R(B) =1+ (1- V2fi, (B)) V72 F(B).

It can be shown that E[?;ZF(/;)] = VJTZF(ﬂ) and furthermore

we have lim;_,c E[ﬁjsz(ﬁ)] = V72F(B). In fact, it is not nec-
essary to maintain the inverse Hessian matrix estimator directly,
since only the product of the inverse Hessian matrix and the full
gradient vector matters in the update of Newton’s method. There-
fore, we only need to maintain an estimator for the product of
the inverse Hessian matrix and the full gradient. In detail, let
g = §;ZF(ﬁ) - VF(B), by invoking Definition 4.2, we can obtain
the recursive definition of g; as follows:

g = VE(B) + (1- V2 f, (B))gj—1

= VE() + gj-1 = V2 i, (B)gj-1. (42)

It can also be shown that E[g;] = V;2F(B) VF(8), and lim,; Elg)]

V~2F(B)VF(B). This reduces the space complexity from O(d?) to
o(d).

Given an unbiased estimator for the product of the inverse Hes-
sian matrix and the full gradient, we present a fast Newton hard
thresholding pursuit (FNHTP) algorithm in Algorithm 1.
Algorithm 1 Fast Newton Hard Thresholding Pursuit (FNHTP)

1: Input: Ky, Ky, sparsity s

2: Initialization: ﬂ(o) with IIﬂ(O)Ilo <s
3: fort=1,2,...T do

¢ g=VF(W)

5: for?:l,z,..,,Kldo

6 8 =8

7: forj=1,2,...,Ky do

8: Sample V2 fk_,- (ﬂ(t )) uniformly from
(V2 fe(BD)lk € [n]) _

o g = VE(B") +gi_, — Vi, (B") g},

10: end for

11:  end for .

12: g= 1/K1(ZIK=11 g}(Z)

13: ﬁ(t+0.5) — ﬁ(t) -2

14 ﬁ(t+1) — HT(ﬂ(t+0'5),S)

15: end for

16: Return: ﬂ(T+1)

Note that in each iteration of Algorithm 1, we have two layers
of loops. In the outer loop, gé is set to be VF(B() as an initializa-
tion. In the inner loop, Algorithm 1 uniformly samples a stochastic
Hessian matrix from {V2f;. (8())|k € [n]}, which is an unbiased
estimator of the full Hessian matrix V2F(8(*)). It then updates the
unbiased estimator for the product of inverse Hessian matrix and
the full gradient vector recursively using (4.2) in the inner loop.
After the outer loop is complete, our proposed algorithm computes
the aggregated estimator g for the product of inverse Hessian ma-
trix and the full gradient, which is the averaged estimator over each
iteration in the outer loop. And B+0-9) js the output of our fast
Newton update step. Since B+0-9) js not necessarily sparse after
the fast Newton update, in order to make it sparse, we apply a hard
thresholding procedure [16, 51] right after fast Newton update step.
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The hard thresholding operator is defined as follows:

Pi, ifi € supp(B,s)

[HT(B.5))i = { 0, otherwise (43)

The hard thresholding step preserves the entries of §(!+9-5) with
the top s large magnitudes and sets the rest to zero, where s is
a tuning parameter that controls the sparsity level. This yields a
sparse ,B(”l) with sparsity s.

Notice that the time complexity to compute szkj (B - g;"—l is
not necessarily O(d?). The reason is, for many machine learning and
statistics problems we are interested in, the stochastic Hessian ma-
trix V2 f;(B) can be written as the summation of several outer prod-
uct of two vectors. For example, in linear regression where f;(f) =
1/(2b) S ke, (BT Xk - yx)?, we have V2f;(B) = 1/b Ygep, Xix-
Therefore, the time complexity to compute V2 fkj (B g]i.i1 can
be reduced to O(bd). This gives rise to the O(bK1K2d) per iteration
complexity for our proposed algorithm. Table 1 summarizes the
comparison of the per iteration complexity for the state-of-the art
sparsity constrained nonconvex optimization algorithms. Since we
choose b to be in the order of s, as will be illustrated in our main the-
ory, O((N+bK1K3)d) is hence in the order of O((N +sK; k3 log d)d),
where k5 is the restricted condition number of the Hessian. There-
fore, the per iteration complexity of our algorithm is very similar to
that of first-order algorithms. And in our experiment, we found that
by setting K1 = 1, we have already achieved a decent performance,
which suggests that the per iteration complexity of our algorithm
can be further reduced to O((N + skzlogd)d) empirically.

Methods Per Iteration Complexity
GraHTP O(Nd)

SVRGHT O((N + k3)d)

NTGP O((Nd + s*)M)

FNHTP (Ours) O((N + b - K1K2)d)

Table 1: A comparison of nonconvex optimization al-
gorithms in terms of per iteration complexity (N = bn,
where b is the minibatch size and n is the number of
component functions, M is the number of inner loop
for NTGP algorithm)

0.4 :

—-K2 = 100
—K2 = 500
K2 = 1000

0.3

S}
o

=3

Log Estimation Error

0 5‘0
#lterations
Figure 1: Phase transition in the convergence rate of FNHTP

algorithm for sparse linear regression on a synthetic data.
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5 MAIN THEORY

We first layout a set of definition and assumptions, that are essential
for our main theory.

Definition 5.1 (Sparse Eigenvalues). Let s be a positive integer.
The largest and smallest s-sparse eigenvalues of a Hessian matrix
V2F(B) are

p*G) = sup{ TVZE(B)V : IIvllo < 5. [Ivilz =
v

1,pe Rd},

p~® = inf {VTVE(B)V < IVl <5 Ivllz = 1, € R},
v

Based on the sparse eigenvalues, we make the following assump-
tions on F(B) and f;(B) with respect to p* (s) and p~ (5) mentioned
above.

Assumption 5.2. F(f) satisfies restricted smoothness condition
at sparsity level 5 with constants p*(s): for all B, B’ such that
1B = Bllo <7, we have

F(B) - F(B') -~ VE(B') (B - B') < 2>

We further assume that

25 p.

pt() < L.

Recall that in order to apply Proposition 4.1 to approximate the
inverse Hessian matrix, we require L < 1. This condition seems to
be strong but actually most of the problem can be rescaled such
that this condition holds. Without loss of generality, in the rest of
this paper, we assume that L < 1 holds.

Further we need the assumption of restricted strong convexity
for each f;(-)

Assumption 5.3. f;(f) satisfies restricted strong convexity at

sparsity level s with constants p; (s) > 0: foralli = 1,...,n and all
B, B’ such that || — B’llo <5, we have
p; (5)
fiB) - fi(B) = VHi(B) (B-B) = lTllﬂ -BlI3

We further assume that
Prmin (8) = min p; (5) 2 > 0.

This immediately implies that function F(f) is also restricted
strong convex with constant p_. (s). Note that in order for As-
sumption 5.3 to hold for the illustrative examples, specifically for
4 > 0 holds, we generally need the mini-batch size b to be in order
of s.

Assumption 5.2 and Assumption 5.3 indicate that function F(f)
is strongly smooth and functions f;(f) are strongly convex when re-
stricted on to a sparse subspace. These restricted strong smoothness
and strong convexity conditions ensure that the standard convex
optimization results for strongly convex and smooth objective func-
tions [32] can be applied to our problem settings as well.

In addition, we need the following assumption on the Hessian,
which is a standard condition to prove the quadratic rate of New-
ton’s method.

Assumption 5.4 (Restricted Lipschitz Hessian). Suppose that F(f)
is twice continuously differentiable. We say F has Restricted Lips-
chitz Hessian with constant 5 if,

I[V*EB) - V2EB) 5], < vs18 - Il
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for all index set S with cardinality IS| < § and all B. B’ with

supp(f) U supp(p’) < S.
Now we are ready to present our main theorem.

THEOREM 5.5. Suppose Assumptions 5.2 and 5.4 hold with's =
2s+s*. In addition, assume that K1 > 16/3-logd, Ko > log(16/p)/p—
1, then with probability at least 1 — 2/d, the estimator i from
Algorithm 1 satisfies

”ﬁ(Hl) _ ﬂ*

, < VillBY = Bollz + yall B - 8713
j. ||VF(/3*)

.1)

where a = \/1 +(p++@+p)p)/2, p = min{s*,d — s}/(s — s +
s1), Y1 = aL(4/logd/(3K1)/pt +1/16), 2 = K5y5/(2p).

Remark 5.6. Theorem 5.5 demonstrates that our proposed algo-
rithm has a composite rate of convergence in optimization. It starts
with a quadratic rate of convergence, then transits into a linear rate
of convergence to the unknown true parameter up to the statistical
error, which is represented by the last term in (5.1). The compos-
ite rate of convergence is illustrated in Figure 1 using a synthetic
data. Similar composite rates of convergence have been proved in
[10, 11], but for convex optimization in the classical regime instead
of nonconvex optimization in the high-dimensional regime here.
Note that by choosing K to be large enough, we can always make
the linear contraction parameter ¢/ less than 1 since L < 1and a
sufficiently large s will ensure that /16 < 1. This guarantees the
contraction for the linear convergence. And in order to guaran-
tee the contraction for the quadratic term, we require the initial

m1n

point satisfying ||ﬁ(0) — B*ll2 < 1/¢n. Such requirement can be
achieved by initialing the proposed algorithm with gradient hard
thresholding algorithm [51].

Theorem 5.5 immediately implies the following result.

COROLLARY 5.7. Under the same conditions of Theorem 5.5, if
initialpointﬂ(o) satisfies IIﬁ(O)—ﬂ*Ilz < Y1 /Y, then with probability
at least 1 — 2/d, the estimator B9 from Algorithm 1 satisfies

”ﬁ(m) _p

/3||2+—|

, <l

—s}/(s—s"+

where a = \/1+(p+\/(4+p )p)/2, p = min{s*,
), Y1 = aL(4y/logd/(3K1) /p + 1/16)

Remark 5.8. Corollary 5.7 suggests that our proposed algorithm
achieves a linear rate of convergence, provided that the initial
solution (9 is sufficiently close to the unknown true parameter.

min{s*,

6 IMPLICATIONS FOR SPECIFIC
STATISTICAL ESTIMATION PROBLEMS

Our main theory for the generic optimization problem in (1.1) can
be readily applied to specific examples in Section 3, which are
highlighted in this section. Specifically, we will show the benefits
brought to sparse linear regression and sparse generalized linear
models.
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6.1 Sparse Linear Regression Models

To begin with, we assume that the noise vector € in (3.1) is zero-
mean and has sub-Gaussian tails.

Assumption 6.1. € is a zero mean random vector, and there exists
a constant o > 0 such that for any fixed ||v|2 = 1, we have

P(IvTel > ) < 2exp (- 6%/(20%)) forall &> o0.

In addition, we make an additional assumption on the design
matrix X in (3.1).
Assumption 6.2. Forall columnsinX € RN*d ye have [1Xsjllz <
VN, , where X.; is the j-th column of X.

Note that Assumption 6.2 is often made in the analysis of Lasso
estimator [31, 56].

COROLLARY 6.3. Under the same conditions as Theorem 5.5, if
Assumptions 6.1 and 6.2 hold, then with probability at least 1 — 2/d,
the estimator ﬂ(t) from Algorithm 1 for sparse linear regression in
(3.2) satisfies

([ 1)_ *
18D - £,
. " Cac [s*logd
< PllBD) = B*lla + vl BD - B ||§+T" Ng . (61)
—————————

Optimization Error -
Statistical Error

where o is the variance proxy of the sub-Gaussian random vector €,

a= \/l +(p+ /(4 +p)p)/2, p = min{s*,d—s}/(s—s* +min{s*,d—
s1), Y1 = aL(4y/logd/(3K1)/t + 1/16), Y2 = K5y5/(2p)-

On the right hand side of (6.1), there are two types of errors.
The first error term is the optimization error, which goes to zero
when t goes to infinity. The second error term is the statistical
error, which is independent of ¢ but depends on the sample size N.
Corollary 6.3 suggests that when applying our algorithm to sparse
linear regression, as long as the number of iterations is sufficiently
large, it achieves O(+/s* log d/N) statistical error, that matches the
minimax optimal rate for sparse linear regression [36].

6.2 Sparse Generalized Linear Models

For generalized linear model, we need the following assumption
on its link function ®(t), which is introduced in (3.3).
Assumption 6.4. There exists one @, > 0 such that the second
derivative of the link function satisfies ®"’(t) < a,, for all t € R.

Similar assumption has been made in [25]. We now provide a
corollary for the problem of sparse generalized linear model esti-
mation, as introduced in Example 3.2.

COROLLARY 6.5. Under the same conditions as Theorem 5.5, if
Assumptions 6.2 and 6.4 hold, then with probability at least 1 — 2/d,
the estimator ﬂ(t) from Algorithm 1 for sparse generalized linear
models in (3.4) satisfies

(t+1) _ p*
180 - ],
N . Caay [s*logd
< lIBD = Bllp + Yol BY - B ”§+TM‘/Tg’ (6.2)

————

Optimization Error .
Statistical Error
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where a, is an upper bound on the second derivative of the link
function ®(t), where @ = \/1 +(p+ M)/Z, p = min{s*,d —
s}/(s — s + min{s*,d — s}), Y1 = aL(4\/logd/W/,u + 1/16),
Y2 = Ksy5/(2H).

Corollary 6.5 demonstrates that when applying our algorithm to

sparse generalized linear models, it also achieves O(+4/s* log d/N)
statistical error rate, which is minimax rate-optimal.

7 EXPERIMENTS

In this section, we apply Algorithm 1 to sparse regression problems,
and present numerical results on both synthetic and large-scale real
datasets to evaluate the performance of the proposed algorithm.

7.1 Benchmark Problems

The first problem is the sparse linear regression shown in Example
3.1. The second problem is the sparse logistic regression for clas-
sification, which is a special instance of sparse generalized linear
models (Example 3.2). To be more specific, in Example 3.2, let

1
Yi = 0.

Then the sparsity constrained optimization is given by

N
Z [ -y x;rﬁ + log (1 + exp(x;rﬁ))] subject to [|Bllo < s,

i=1

with probability 1/(1 + exp(x; %))
with probability 1 — 1/(1 + exp(x; B*))

1
min —
BeRd N

where y; € {0, 1}. The same problem has been studied by [51].

7.2 Datasets

7.2.1 Sparse Linear Regression.

Synthetic Data: We generate an N X d design matrix X with
rows drawn independently from a multivariate normal distribution
N(0,X), where each element of . is defined by X;; = 0.6/7/1, The
true regression coefficient vector f* has s* nonzero entries that are
drawn independently from the standard normal distribution. The
response vector is generated by y = X' * + €, where each entry
of € follows a normal distribution with zero mean and variance
02 = 0.01. We generate the synthetic data in two settings: (1) N =
2,500,d = 5,000, s* = 250, (2) N = 5,000,d = 10, 000, s* = 500.
E2006-TFIDF Data: For lasso, we use E2006-TFIDF dataset to test
the performance on sparsity constrained linear regression, which
predicts risk from financial reports from thousands of publicly
traded U.S. companies [19]. It contains 16, 087 training instances,
3,308 testing instances and we randomly sample 50, 000 features
for this experiment.

7.2.2  Sparse Logistic Regression.
Synthetic Data: We generate an N X d design matrix X with
rows drawn independently from a multivariate normal distribution
N(0,1I), where I is a d X d identity matrix. The true regression
coefficient vector B* is generated in the same way as sparse linear
regression. Each response variable is generated from the logistic
distribution. We generate the synthetic data in two settings: (1)
N =5,000,d = 1,000,s™ =50, (2) N = 10,000,d = 2,000,s* = 100.
RCV1Data: RCV1 dataset is a Reuters Corpus Volume I dataset for
text categorization research [23]. Reuters Corpus Volume I (RCV1)
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is an archive of over 800,000 manually categorized newswire stories
made available by Reuters, Ltd. for research purposes. This dataset
contains 20, 242 training instances, 677, 399 testing instances and
47,236 features. We use the whole training set and a subset of the
test set, which contains 20, 000 testing instances for our experiment.
Astro-ph Data: The astro-ph dataset [22] collects the abstracts
of papers submitted to Astro Physics category in arXiv and their
author graph. This dataset classifies whether the papers belong
in the astro-physics section in arXiv or not according to their ab-
stracts. This dataset contains 29, 882 training instances, 32,478
testing instances and 99, 757 features.

20 Newsgroups Data: The 20 Newsgroups data [20] collects 19, 996
newsgroup documents, from across 20 different newsgroups. We
divided the dataset randomly into a training set which contains
10, 000 training instances, and a test set with 9, 996 testing instances.
A total number of 100, 000 features are selected out of the original
1,355, 191 features via Fisher information.

7.3 Evaluation Measures and Experimental
Environment

We test our proposed algorithm and other baseline methods in
terms of convergence rate and estimation/prediction performance.
For the evaluation of convergence, we use the measure of function
value gap, ie., F(ﬂ(T“)) — F(B*). As for estimation/prediction
performance, we adopt different measures for different datasets.
Estimation Error: On synthetic datasets, we use the estimation
error, i.e., IIﬁ(T“) — B*l2, as the performance measure. A lower
estimation error means a higher testing accuracy.
Mean Squared Error (MSE): For sparse linear regression on real
datasets, MSE is adopted. A lower MSE means a higher testing
accuracy.
Classification Error: For sparse logistic regression on real datasets,
we simply use classification error as the indicator for testing accu-
racy. A lower classification error means a higher testing accuracy.
The experiments are conducted on a computer with an 4-core
2.7GHz CPU and a 16GB RAM.

7.4 Baseline Methods

We compare our algorithm (FNHTP) with the state-of-the-art spar-
sity constrained optimization algorithms:

Gradient Hard Thresholding Pursuit (GraHTP) [51]: This work
is based on standard gradient descent algorithm and combined with
hard thresholding to deal with the sparsity constraint.

Stochastic Variance Reduced Gradient with Hard Threshold-
ing (SVRGHT) [24]: This method incorporates SVRG [18] with
iterative hard thresholding to further improve the efficiency of full
gradient based algorithms.

Newton Greedy Pursuit (NTGP) [52]: This method tries to solve
a sparsity constrained Newton’s method by iteratively solving an
exact minimization of a quadratic problem.

Subsampling and eigenvalue thresholding Newton (NewSamp)
[11]: This method adopted sub-sampling together with eigenvalue
thresholding to reduce per-iteration cost of Newton’s method. The
original algorithm was designed for classical regime but we modify
it to fit the high-dimensional regime here.
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Since SVRGHT algorithm has two layer of iteration loops. To be
clear, our later comparison over iterations refers to the outer loop
iteration for SVRGHT algorithm.

All the algorithms are implemented in Matlab, and the imple-
mentations are optimized for all algorithms.

7.5 Parameter Settings

For synthetic data, the sparsity parameter s is set to s = 4s™ in sparse
linear regression and s = 1.2s™ in sparse logistic regression for all
algorithms. For real data, we choose s = 2, 000 for all algorithms.

As to our algorithm, for synthetic data, we set K1 = 1, K» = N/2
for sparse linear regression, and K; = 1, K = N/5 for sparse logis-
tic regression. For real datasets, we chose Ky = 1, Kz = 1000. And
for batch size we choose b = 3s, where s is the sparsity parameter.
On both synthetic and real data, we chose K; = 1 because we found
in practice, by setting K; = 1, we have already achieved a satisfying
performance. Thus, even though choosing K7 = 1 means a little less
accurate in approximating the inverse Hessian matrix, it saves more
computation time and therefore further improves the efficiency of
our algorithm.

For all the baseline algorithms, the step size parameters are
chosen around the theoretical values to give the fastest convergence
under the five-fold cross validation. In addition, for SVRGHT, we
set the number of inner loop to be m = n, as suggested by [24]. And
for NewSamp, we set the sample size b = 100 and r = 10.

7.6 Experimental Results

Due to the intrinsic randomness of SVRGHT, NewSamp and FNHTP,
all the experimental results for these three algorithms are obtained
from 10 replications. Both the mean and standard deviation values
are reported in Tables 2, 3, 4 and 5. And Figures 2- 4 plot the mean
value of the results from all these replications. Due to space limit,
more experimental results can be found in the longer version of
this paper.

7.6.1 Synthetic Data Experiments. We first investigate the spar-
sity constrained linear regression problem in (3.2) on synthetic data.
we plot the logarithm of the objective function value gap and the
estimation error ||ﬁ(t ) - B |l2 of each algorithm for comparison. In
Figure 2, we compare the above measures for all algorithms after
the same number of iterations and the same CPU time. As we can
see from the figure, in terms of iteration number, NTGP algorithm
is the fastest due to the quadratic convergence rate. Our algorithm
FNHTP follows next and takes a clear lead over the other gradi-
ent based algorithms. This is consistent with the composite rate
shown in our theory. When considering the performance under the
same CPU time, NTGP falls behind due to the high computational
complexity in each iteration. Our proposed algorithm outperforms
all the baseline methods. The estimation error follows the simi-
lar pattern and we can observe that the result is consistent with
our theory in Corollary 6.3, i.e., the estimation error of our algo-
rithm consists of two terms: the optimization error that goes to
zero at a composite rate, and the statistical error that depends on
the problem parameters (d, n,s* and so on). Note that NewSamp
is worse than our algorithm. It suggests that the approximation
technique for Hessian matrix used by NewSamp is not as good as
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Figure 2: Comparison of different algorithms for sparsity constrained sparse linear regression on synthetic dataset with N =
5000, d = 10000, s* = 500. (a) and (b) show the logarithm of the function value gap over iterations and CPU time respectively. (c)
and (d) demonstrate the logarithm of the estimation error over iterations and CPU time respectively.
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Figure 3: Comparison of different algorithms for sparsity constrained logistic regression on synthetic dataset with N
10000, d = 2000, s* = 100. (a) and (b) show the logarithm of the function value gap over iterations and CPU time respectively. (c)
and (d) demonstrate the logarithm of the estimation error over iterations and CPU time respectively.
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Figure 4: Comparison of different algorithms in terms of the logarithm of objective function value gap on real regression and
classification datasets.

Table 2: Regression on E2006-TFIDF: MSE comparison of algorithms under the same CPU time averaged over 10 replications.
The boldfaced numbers denote the lowest MSE among all the algorithms under the same CPU time.

Method Time = 400s | Time =800s | Time =1200s | Time =1600s | Time = 2000s
GraHTP 3.1068 1.4970 0.8839 0.6237 0.5029
SVRGHT | 1.6278+0.0005 | 0.8044+0.0008 | 0.6129+0.0010 | 0.5335+0.0006 | 0.4852+0.0008
NTGP 3.5250 1.2641 0.7248 0.5536 0.4801
NewSamp | 0.5942+0.0081 | 0.3916+0.0061 | 0.34912+0.0059 | 0.3329+0.0042 | 0.3206:£0.0035
FNHTP | 0.3671+ 0.0063 | 0.3242+0.0027 | 0.3027+0.0024 | 0.2867+0.0021 | 0.2725+0.0022

the von Neumann series based Hessian approximation used by our
algorithm.

For sparse logistic regression problem, we plot the logarithm of

the objective function value gap and the estimation error || §(*) —
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Table 3: Classification on RCV1: classification error comparison of algorithms for the same CPU time averaged over 10 repli-
cations. The boldfaced numbers denote the lowest classification error among all the algorithms for the same CPU time.

Method [ Time = 100s [ Time = 200s Time = 300s [ Time = 400s [ Time = 500s
GraHTP 0.0726 0.0663 0.0636 0.0607 0.0584
SVRGHT 0.0602+0.0009 | 0.0549+0.0007 | 0.0521+£0.0010 | 0.0506+0.0006 | 0.0494+0.0008
NTGP - - - - 0.0431
NewSamp | 0.0493+0.0009 | 0.0447+0.0005 | 0.0426+0.0007 | 0.0410+0.0006 | 0.0404+0.0008
FNHTP 0.0436+0.0006 | 0.0416+0.0005 | 0.0402+0.0004 | 0.0395+0.0006 | 0.0389+0.0003

Table 4: Classification on astro-ph: classification error comparison of algorithms for the same CPU time averaged over 10
replications. The boldfaced numbers denote the lowest classification error among all the algorithms for the same CPU time.

Method [ Time = 200s [ Time = 400s [ Time = 600s [ Time = 800s [ Time = 1000s
GraHTP 0.1207 0.1013 0.0899 0.0829 0.0793
SVRGHT 0.0822+0.0007 | 0.0742+0.0009 | 0.0698+0.0005 | 0.0675+0.0005 | 0.0660+0.0006
NTGP - - - - 0.0845
NewSamp | 0.0522+0.0043 | 0.0497 £0.0026 | 0.0488+0.0033 | 0.0487+ 0.0022 | 0.0484+0.0020
FNHTP 0.0505+0.0042 | 0.0476+0.0039 | 0.0468+0.0025 | 0.0467+0.0015 | 0.0466+0.0025

Table 5: Classification on 20 Newsgroups: classification error comparison of algorithms for the same CPU time averaged over
10 replications. The boldfaced numbers denote the lowest classification error among all the algorithms for the same CPU time.

Method | Time = 400s Time = 800s | Time =1200s | Time = 1600s | Time = 2000s
GraHTP 0.1291 0.1070 0.1003 0.0941 0.0887
SVRGHT | 0.1011£0.0006 | 0.0903+0.0007 | 0.0836+0.0004 | 0.0790+0.0006 | 0.0773+0.0008
NTGP - - - - 0.0831
NewSamp | 0.0848:0.0003 | 0.0768+0.0004 | 0.0732+0.0002 | 0.0708+ 0.0003 | 0.0681+0.0007
FNHTP | 0.0665+0.0005 | 0.0653+0.0007 | 0.0652:+0.0006 | 0.0650+0.0005 | 0.0650+0.0004

P72 for comparison in Figure 3. Similar to the sparse linear re-
gression case, our proposed algorithm outperforms the baseline
algorithms under the same CPU time and demonstrates a composite
rate of convergence, which is consistent with Corollary 6.5.

7.6.2  Real Data Experiments. For sparse linear regression prob-
lem, we evaluate the performance of all algorithms on E2006-TFIDF
dataset. Figure 4 (1) illustrates the logarithm of the objective func-
tion value gap for all the algorithms. We can see that our algorithm
converges faster than all the baselines in terms of CPU time. In
Table 2, we detailedly show the mean value as well as the standard
error of MSE for all the algorithms with respect to the total CPU
time. Since there is no randomness in GraHTP and NTGP, their
standard errors are zero. It can be seen that our algorithm out-
performs all the baseline algorithms in terms of the mean square
error under the same CPU time. And for the NewSamp method,
even though it achieves better performance than gradient based
algorithms and NTGP method, it still falls behind compared with
our proposed method. This again suggests that von Neumann series
based Hessian approximation used in our algorithm is better than
subsampling based approximation.

For sparse logistic regression problem, we test the performance
of all algorithms on three classification datasets. Tables 3, 4 and 5
demonstrate the classification results for all algorithms including
ours on RCV1, astro-ph and 20 newsgroups datasets respectively.
The blank in NTGP method means it did not generate any result
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up to that time. It is obvious that our proposed algorithm achieves
the lowest test error on all real datasets during all the time and
beats all the state-of-the-art baseline algorithms. Figure 4 (b) (c)
and (d) further illustrate the logarithm of the objective function
value gaps for both the baseline algorithms and ours. This clearly
demonstrates the superiority of our algorithm over the baseline
methods. Note that in Figure 4 (c) and (d) we choose not to report
the result of NTGP, since NTGP is not as scalable as other methods
and can not produce enough outputs in the given time.

8 CONCLUSIONS

We proposed a fast Newton hard thresholding pursuit algorithm for
sparsity constrained nonconvex optimization problems. We proved
that the algorithm enjoys a composite rate of convergence to the
unknown true parameter up to the optimal statistical error. Experi-
ments on both synthetic and real datasets verified the effectiveness
and efficiency of our algorithm. In our future work, we will extend
the proposed algorithm and theory to estimating other structured
model parameters under rank constraint [35].
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