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ABSTRACT

Forecasting the future observations of time-series data can
be performed by modeling the trend and fluctuations from
the observed data. Many classical time-series analysis model-
s like Autoregressive model (AR) and its variants have been
developed to achieve such forecasting ability. While they are
often based on the white noise assumption to model the da-
ta fluctuations, a more general Brownian motion has been
adopted that results in Ornstein-Uhlenbeck (OU) process.
The OU process has gained huge successes in predicting the
future observations over many genres of time series, howev-
er, it is still limited in modeling simple diffusion dynamics
driven by a single persistent factor that never evolves over
time. However, in many real problems, a mixture of hidden
factors are usually present, and when and how frequently
they appear or disappear are unknown ahead of time. This
imposes a challenge that inspires us to develop a Mixture
Factorized OU process (MFOUP) to model evolving factors.
The new model is able to capture the changing states of mul-
tiple mixed hidden factors, from which we can infer their
roles in driving the movements of time series. We conduct
experiments on three forecasting problems, covering sensor
and market data streams. The results show its competitive
performance on predicting future observations and captur-
ing evolution patterns of hidden factors as compared with
the other algorithms.
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1 INTRODUCTION

The ability of forecasting the future values of time series
[8, 10, 16] plays an important role in revealing the trend and
fluctuation of dynamic data for many applications ranging
from sensor networks [12], to financial and market analysis
[5, 13] and beyond. It is usually performed by establish-
ing a regression model that predict the future observations
of a target data from its past values [35]. When building
a forecasting model, our goal is not only to predict the fu-
ture values of a target tim series, but also to reveal the its
moving and fluctuation patterns. This can provide us deep
insight into the internal schemes and driving factors that
cause the dynamic change of time series data. For example,
in analyzing the financial data, we wish to reveal the market
volatility and predict stock prices from the past market da-
ta [20, 22, 32, 33]; for a sensor network system, we want to
predict the future readings of a sensor by capturing its past
trend and dynamic patterns of data fluctuations [7, 26, 34].
Among the time-series forecasting models [8], AutoRegres-
sion (AR) [15] is one of the most popular models in many
applications. It explores the stationarity of a time series, and
uses a linear model to forecast the future observations from
the past inputs. The stationary assumption makes it possible
to find time-invariant correlations between the observations
at different time points, which enables the optimal predic-
tions of future values. A non-stationary time series can be
its stationary counterpart by differencing the consecutive ob-
servations in an input data stream, a standard technique to
obtain a stationary time series [15]. There also exist variant
AR variants that directly capture non-stationary properties
by modeling time-varying prediction coefficients [14], evolv-
ing states [27] and switching autoregressive processes [21].
In spite of many applications, AR model is a discrete-time
forecasting model, which uses IID (independent identical-
ly distributed) Gaussian distributions to simulate the white
noises that drive the diffusion of target data [15]. In re-
al world, a better choice of modeling the data diffusion is to
use Brownian motion [17, 19] to characterize the uncertainty
underlying the dynamic data. Unfortunately, a real Browni-
an motion has to be defined and analyzed in continuous-time
domain rather than over a discrete set of time points. This
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leads to Ornstein-Uhlenbeck (OU) process [4, 24], which uses
Stochastic Differential Equations (SDE) [25] to characterize
the fluctuation of a time series. Formally, it uses the follow-
ing SDE to model a multivariate time series { X}

dXt E (Xt—u)dt+UdBt (1)
where {B;} is a Brownian motion process, o is its strength, ¥
is a transition matrix modeling how the time series drift, and
4 is its mean. The existence and uniqueness of the solution
to this SDE have been established in the framework of the
celebrated Ito calculus [19].

The conventional OU processes have been successfully ap-
plied to model many genres of time-series data, from stock
prices to sensor streams. They are restricted to the use of a
simple Brownian motion that is assumed to constantly drive
the movement of dynamic data [18]. However, in many re-
al scenarios, there often exist mixture of evolving factors
over time, and there is no single one that would persistently
drive the time series [1, 28, 31] through time. For example,
in a sensor network used to monitor a mechanical machine,
its readings might be affected by many unexpected factors
such as external inferences and the operational dysfunction.
These factors do not always persist through time. Instead,
they would appear or disappear occasionally to affect the
data movements and fluctuations. This inspires us to use a
group of mixture Brownian motions to reveal the presence
and the frequency of those hidden factors underlying time
series.

For this purpose, we will develop a Mixture Factorized OU
Process (MFOUP) in this paper. It can capture multiple un-
known factors jointly to reveal their mixture effects. The
evolution of these factors can be explicitly inferred to pro-
vide deep insight into how they affect the data fluctuations
in the observed time series. Moreover, we will show that the
MFOUP is able to capture the stationary time-series prop-
erty that do not change over time, enabling it to generalize
the time-invariant property as to predict future data values.

On the other hand, once we infer the hidden factors and fix
them, the time series modeled by the MEFOUP does not have
to be stationary anymore. This gives it sufficient flexibility
to handle the time-varying property driven by the evolving
factors. We will reveal these statistic properties of the M-
FOUP, and explore them to estimate the model parameters
from the observed series. Through the experiments on three
different time-series forecasting tasks, we will demonstrate
the competitive performance of the MFOUP on modeling
data fluctuations driven by evolving hidden factors.

The remainder of this paper is organized as follows. In
Section 2, we briefly review the relevant work on time-series
forecasting. We present the proposed Mixture Factorized
Ornstein-Uhlenbeck Processes (MFOUPs) in Section 3, fol-
lowed by an analysis of the property in Section 4. The com-
putational method to estimate the model parameters is p-
resented in Section 5. We report the experiment results on
three time-series data sets in Section 6. Finally, we conclude
the paper in Section 7.
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2 RELATED WORK

There exist many time-series forecasting models in literature.
As far as the time domain of the time series is concerned, a
model belongs to one of two categories — either a discrete or
continuous time-domain model.

The first category of models work on discrete-time do-
mains [8]. In this case, a time series becomes a sequence
sampled from a continuous-time data stream. For example,
Autoregressive (AR) model [15] predicts the future values
of a sequence by a linear regression of its past observations.
Meanwhile, a sequence of IID Gaussian random variables are
adopted in the AR model to simulate the fluctuations of the
data values. The AR model can be used to generate station-
ary sequences, whose statical property does not change over
time. It is the stationarity that guarantees the predicabil-
ity of the model by generalizing time-variant property into
the future values of a sequence. In addition, the Moving
Averaging (MA) and the extended Autoregressive Moving
Averaging (ARMA) models [9] can also generate stationary
sequences which have extended the AR model by creating
series of averages over a sliding time window.

Given a non-stationary sequence, a standard technique is
to take a difference between consecutive observations which
can convert it into a stationary counterpart [15]. Otherwise,
time-dependent forecasting models have been developed to
capture the non-stationary property. For example, nonsta-
tionary sequences can be modeled through a time-dependent
autoregressive model by the use of a limited series expansion
of the time-varying coefficients [14]; in the presence of regime
shift in time series data, a general switching vector autore-
gressive processes are proposed to predict multiple time se-
ries subject to Markovian shifts in the regime [21]; recently,
the State-Driven Dynamic Prediction (SDDP) model also
extends the ordinary autoregressive model which introduces
the prediction matrices as a function of evolving states over
time [27].

In parallel with the discrete-time forecasting models, continuous-

time models are often used to characterize time series on a
continuous time domain. Discrete-time models can be seen
as a special case of continuous-time counterparts by sam-
pling an input time series on an evenly or unevenly spaced
grid of time points. The continuous-time models are usually
built on the celebrated Ito calculus [19], which integrates the
movement of time series characterized by Brownian motion-
s. Among the most representative continuous-time models
are Ornstein-Uhlenbeck processes and its generalized forms
based on Levy process [4, 24, 30]. They usually assume that
the fluctuations of data values in a time series is driven by a
persistent driving process, such as Brownian and Levy mo-
tions, whose presence does not change as time goes by. This
is an unrealistic assumption since there often exist multiple
hidden factors whose appearances or disappearances would
occur through time, and their mixture effects dynamically
characterize the movements of time-series values.
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3 FORMULATION

In this paper, we wish to develop a novel paradigm of Ornstein-
Uhlenbeck (OU) process driven by multiple hidden factors
evolving over time. An ordinary OU process extends an
Auto-Regressive (AR) model into continuous-time domain.
The idea of OU model is to use Brownian motion to char-
acterize the uncertainty underlying a time series. It lead-
s to an Ito stochastic differential equation, whose solution
integrates both system-deterministic transitions as well as
stochastic fluctuations over time. It has gained huge suc-
cesses in modeling sensor and financial data streams, since
the Brownian motion provides a more precise description of
dynamic uncertainty.

However, the conventional OU model does not take into
consideration multiple mixed factors that jointly lead to the
dynamics and fluctuations underlying time-series data. For
example, for a sensor network, there are many unknown fac-
tors that would affect how a physical process evolves over
time, which can be the unknown interference sources and
unexpected system conditions. In a financial market, the
volatility of stock prices reflect many economic and political
factors which can occur simultaneously. What is more chal-
lenging is these hidden factors are not static; instead their ap-
pearance and disappearance are dynamically changing over
time. In this paper, we attempt to reveal these hidden fac-
tors and characterize their dynamic evolution over time. In
other words, we do not assume these factors are not always
present, and as time goes by, they can dynamically affect the
evolution of time series.

Formally, suppose we have a d-dimensional time series
X, € R? which is described as a stochastic process defined
over probability space. Then we use the following Ito sto-
chastic differential equation to describe the dynamics over
this stochastic process.

K
dXy = =W (X; —p)dt+ Yz o"dB; )

k=1

We call this stochastic differential equation the Mixture
Factorized OU Process (MFOUP). It models K sequences
of hidden factors that derive the fluctuations of a process.
Specifically, we use K Factor Indication Processes (FIP)
{zF|2F € {0,1}}, kK = 1,--- | K to model if each factor k
becomes active in driving the evolution of the time-series
data.

Below we will explain different components of this basic
equation in detail.

(1) Deterministic Evolution of Time-Series Data

First, ¥ € R¥? and € R? are two parameters char-
acterizing the deterministic component of this process. In
particular, the first term of the right hand side of the M-
FOUP equation models how the time series X, would evolve
around a mean vector p with dynamic transition modeled
by ¥ in the derivative form. Later on, we will show that ¥
drives the transition of X; from time to time.
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(2) Hidden Factors by Multiple Brownian Motions

We use K independent Brownian motions to model the
K different hidden factors that drive the evolution of the
observed process X, where o is the strength for k-th Brow-
nian motion.

In a sensor network, these factors represent multiple in-
terference sources or uncertain statuses occurring in the op-
eration of a system; in a financial market, they can corre-
spond to several evolving factors driving the market volatile
in asset prices. The Brownian motions are continuous over
time, but almost non-differentiable everywhere. The differ-
ential “d” in the equation is not taken in common calculus
sense. Instead, it represents continuous-time differential of
the Brownian processes in the Ito calculus framework. This
results in an ideal model to characterize a mixture of un-
known stochastic factors in many applications.

(3) Continuous-time Factor Indication Processes

Suppose that for each factor k, Z* = {zf} is a continuous-
time Markov process [3] defined on a binary set zf € {0,1}.
Its value represents whether the state of kth hidden factor
is active ( when zf = 1) or not ( when zf = 0) at time ¢.

Such a continuous-time Markov process is modeled by an
infinitesimal generator between tilese two states, which is de-
fined by the matrix QF = [ _ﬁi aﬁk
suring how frequently the two states transit between each
other in an infinitesimal time interval.

Specifically, we can obtain the transition matrix by solving
the following ordinary differential equation

dP*(r) _
dr
from which we can solve the transition matrix

PF(1) = exp (1Q)

} , each entry mea-

Q" P*(7), P*(0) = Inx»

gk ok k) ok ake—(aF+8%)r
_ | ak+pk + okt pF ok gk ok 1 gk
gk Bke—(a"‘w’wf ok 5ke—(a’“+5k)r ’
ak +pk ok +pk ok + pk ok 1 gk

each entry of which defines the transition probability PL-’} (1)
P(zF, . = jlzF =1),i,7 = 0,1 over a time interval T between
two states ¢ and j for factor k.

Let 7 — +o0, the transition probability will converge,
showing the existence of a stationary distribution for z;. We
will make use of this property to prove the existence of a
stationary solution to the stochastic equation.

4 PROPERTY OF MFOUP
In this section, we will prove the existence of a stationary
process defined by the MFOUP equation. This will shed
light on how MFOUP models the observations with multiple
factors.

To solve the MFOUP equation (2), we apply the Ito for-
mula to e”¢ (X; — p), which results in

d (em (X — u)) ="' (X, — p)dt + eV dX,
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Substituting Eq. (2) in the above equation, we have

K
u)) = Z FeVt " dBE
k=1

Then taking Ito integral of both sides over an interval [s, t],
we obtain

d (e\pt (X —

ot k Wu_k ;pk
e’ ( zye ‘o"dB,

—p) =e"* (X, +Z/

Equivalently,

Xp = e M- X, 4 (1 V) ok

—T(t— s) M-‘rZ/
(3)

From this result, we can get the following theorem which
establishes the existence of MFOUP solution as well as some

basic properties.

THEOREM 1 (EXISTENCE OF MFOUP SOLUTION). There
exists a covariance stationary solution X, to MFOUP equa-
tion (2) if and only if all the eigenvalues of ¥ only have
negative real parts, i.e., ReAs(¥) > 0 fori=1,---,d. Then
the MFOUP solution becomes

K t
Xt=u+z/ eV D gk
k=17~

which has the distribution of pu + Z f+°° ke VuohaBk.

(4)

PROOF. Let s — —oo in Equation (3). Then if all the
cigenvalues of ¥ only have strictly positive real parts, the
terms involving e ¥(“~*) will vanish for a fixed ¢. This
leads to the result (4) since the sum of the covariance ma-
trices of the terms on the right of Equation (3) is bound-
ed. Thuq X; given in Equation (4) has the distribution

of p + Z /0+°° zke Vg dBE  if we replace the variable u

in the 1ntegral with v + ¢, and consider the stationarity of
the continuous time Markov processes {z'} for all k’s and
increment stationarity of Brownian motions [17]. O

The stationary solution is able to capture the time-invariant
property that can be generalized as to predict the future val-
ues of a time series. In this sense, the existence of the station-
ary solution to the MFOUP justifies it as a valid model for
the time-series forecasting problem with a mixture of evolv-
ing factors. Without loss of generality, for a non-stationary
time series, we can adopt differencing of consecutive obser-
vations to get a stationary sequence [15].

It is also worth noting that the stationarity of the MFOUP
is proved jointly on the target time series {X;} and the as-
sociated FIPs {zf}. However, when {zf} are sampled or
fixed, the conditional process {X;} might not be stationary
anymore. In this sense, it also enables the MFOUP with a-
bility of modeling time-varying property determined by the
evolving factors. The basic lemma presented in the next
section will explore such property and show how the model
parameters can be estimated based on the lemma.
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5 MODEL ESTIMATION

In this section, we discuss how to estimate the model param-
eters © = {0, u, o, o, ¥} from the observations X;. Usu-
ally, the observations are made at integer time clicks, i.e., we
have observations { X, = Xs,|n = 1,--- N} on evenly spaced
sampling time points with an interval of . For example, in
the stock market, we have the daily opening/close prices; in
the sensor networks, the sensor readings are recorded when
the clock clicks. In the rest of the paper, we will use X,, and
zn, to denote X5, and zs, for brevity.

First, in the next subsection, we prove a lemma which
connects the observations with the model parameters. This
lemma plays a key role in estimating the model parameters.

Then, the model estimation proceeds in two alternating
steps in an Expectation-Maximization (EM) fashion. In
Maximization step Section 5.2, maximum likelihood estima-
tion will be derived based on the discretized samples of FIP
{zn}; with the fixed model parameters, the sampling of {z,}
is performed to estimate the time-evolving hidden factors.
Finally, we summarize the model estimation algorithm in
Section 5.4.

5.1 Basic Lemma

Based on Eq. (3), consider the observations X,, and Xp—1

at two successive time steps n and n — 1, we can obtain the

following model
Xn =

e_an_l + ([ — e_w) u+en (5)

where the last term,

K
k _U(u—nd k l k
u ¢ " )C Bu7

né
Q=Y [ e
k=1Y (n—1)¢

characterizes the stochastic evolution of X; driven by the K
hidden factors, in addition to the first two terms decided by
the deterministic component (U, u).

The property of ¢, is stated in the following lemma.

(6)

LEMMA 1. Conditioned on a sequence of Z2 = {z,’§|n
- N,k = 1,--- K}, {en} is an indepndent sequence
with zero mean and covariance matriz cov(eyp|Z)

Q2 2 cov(en|2)
K ok 2 —1 T
=2 o + Bk ("k> (7 + ") (I —entHHE )6)
k=1

K -
(1_zn 1) k_'BszL—l <0_k>2

+}€2::1 ak + gk

X (W4 0T — (ak 4 gh))=1 (em(THI0

_ e—(akwk‘)é[)

The proof of this lemma applies the increments of Brow-
nian motion and the Isometry property of the Ito integral.
We give its proof in Appendix A.

This lemma characterizes the statics of the remainder ter-
m &,, which will play an important role in the model param-
eter estimation of the following section.
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5.2 Maximum Likelihood Estimation with
Laplace Approximation

According to the basic lemma and Eq. (5), we can conclude
that given X, _1 and the sampled FIP Z, the conditional
mean M, of X, can be expressed as

My =E(Xn|Xn 1, 2) = e Y X1 + (1 — e‘W) "

and its covariance is exactly QF as stated in the basic lemma.

Unfortunately, in general, X,, does not follow a multi-
variate normal distribution, if we marginalize the FIP zF
over the interval [(n — 1), nd] in Eq. (6). However, we can
use a normal distribution with the same mean M,, and co-
variance QZ to approximate the true conditional distribution
of X,,—1. This is known as Laplace approximation in liter-
ature [6, 29], which uses the first two orders of moments to
approximate an intractable distribution.

Therefore, this Laplace approximate leads to the following
problem of log-likelihood maximization over a sequence of
observations

N N, K .
S log P(Xn|Xn-1,2) + > log P(zi|zh 1)
n=1 n,k=1

0) =
N N,K
z_:l log N (M, Q2) + 3 log P(2F|2k_))

n,k=1

L(

(7)
where P(z%|2E_,) is the transition probability for FIP. This
objective is differentiable w.r.t. model parameters. Any
standard optimization algorithm can be adopted to solve
these parameters. In this paper, we adopt the stochastic
gradient method, which updates the model parameters with
their gradients computed over each pair of observations and
sampled factors (Xn, zn) and (Xn—1,2n-1). The advantage
of stochastic gradient method is its update can be performed
efficiently in an online fashion by scanning through the ob-
servations and factors over the sequence. Even more, the
model parameters can be initialized with the result from the
last likelihood maximization step since they are gradually
updated with a new set of sampled IFP Z in each step.

Next, we present how to sample the FIP sequences Z in
the following section.

5.3 Sampling of Hidden Factors

As illustrated in Figure 3, the sampling of FIP Z can be
performed by embedding them into K chains of random pro-
cesses. For each chain, the transition matrix for a factor k is
given by the Continuous-Time Markov Process over an inter-
val of § as P (zk|zE_,) = exp (6Q"), and the corresponding
emission distribution is given by the conditional distribution
P (Xn|Xn-1,205,205) = N(M,,Q,) derived in the last
section.

Then Z is sampled over these K chains according to Gibbs
Sampling approach [11] from the following distribution

N—-1 K
[T |7 (XuriXa2™) [T P (zg+1|z§)]
n=0 k=1
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Figure 1: Dependency between the K FIP sequences
and the observed time series {X,}. The hidden fac-
tors are sampled by embedding FIP sequences into
K chains of random processes and the Gibbs sam-
pling approach is applied to sample them sequen-
tially. Note that as shown in the QZ of the basic
lemma, an observation X, depends on the previous
factors {zf_,|k = 1,---, K}, since we only access the
past knowledge of the hidden factors to infer X,, for
each step.

Algorithm 1 Estimating Model Parameter

input an input sequence {X,|n=1,2,--- , N}
Initialize the model parameter
// Tterate between M-Step, and E-Step.
E-Step Sample the sequence of the FIP Z according to
Eq. (8);
M-Step Update the current model parameters by solving
(7) with the sampled FIP Z.

Precisely, for each zF, we have

k —k _k ki _k
Zn ™~ P (Xn+1|Xn7 Zn 7zn) P (anzn—l) (8)
where 2% denotes 22 % excluding 2k P (Xn+1|Xn, 27k, z,’i)
is a normal distribution N'(M,+1,QZ,,) where the FIP sam-
ples at time n are set to Z, = z,;* U {zF}, and P (zmzﬁ_l)
is the transition probability for the FIP of factor k.

5.4 Summary

In summary, the model parameter estimation proceeds in t-
wo alternating steps as depicted in the last two subsections.
We summarize it in Algorithm 1. Given the sampled states
Z={zn=0,1,---,N,k = 1,--- , K}, we maximize the
likelihood objective (7) to update the current estimate of
model parameters. Given the current model parameters, we
sequentially sample Z according to Eq. (8). We iterate be-
tween these two subroutines of algorithms to find the optimal
model parameters.

6 EXPERIMENTS

In this section, we perform experiments to test the proposed
MFOUP model for three time-series prediction tasks. First,
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Figure 2: Examples of time series from the three data sets for the experiments.
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Figure 3: Comparison of different algorithms: the prediction errors (vertical axis) versus the number of

prediction steps (horizontal axis) into future.

we will use two sensor network data sets — an oil drilling
sensor network and a medical sensor network — to track and
predict future sensor readings. Then, we will test the model
on a stock market dataset to predict the trend of stock prices.
We will explain how they are collected and some statistics
about them.

6.1 Data Sets

We test the proposed time series forecasting approach on the
following three data sets. Figure 2 illustrates some examples
of these time series.

Qil drilling sensor network This sensor network is de-
ployed to monitor the status of the oil drilling system, diag-
nosing and predicting the potential risk of dysfunction. The
sensor network consists of sensors deployed at the surface, as
well as sensors along the drill string, that operate within the
wellbore in the subsurface of the earth. As the drill moves
for vertical and sometimes horizontal drilling, these sensors
encounter many time-varying factors, such as different geo-
logic formations and relative positions of these sensors to the
earth’s surface. They can affect the observed measurements
made by the sensors. We consider a set of 33 such surface
and wellbore sensors and demonstrate how our state based
sensor selection approach can enable significant reductions in
the number of sensors needed, while minimizing prediction
error.

ICU sensor network The second data set records the read-
ings of ICU (Intensive Care Unit) sensors. They are used to
monitor the health status of patients. It contains the read-
ings of seven types of ICU sensors, including heart rate, body
temperature, saturation of peripheral oxygen, diastolic blood
pressure, mean blood pressure and respiration, collected from

992

357 patients. Different patients have been accommodated in
the ICUs for varying lengths of periods. Some patients are
treated only for a few hours, while some others can be cared
in hospital for several months. The health conditions of these
patients keep changing over time, and we would like to study
how a model can be adapted to these changing conditions.

Stock Market Data Set We gather the history prices of
eight stocks selected from the technology sector exchanged
on US market, including Apple, Cisco, Facebook, Intel, IB-
M, MSFT, Oracle and Taiwan Semiconductor. Their daily
opening prices are sampled from 18 May 2012 to 18 Novem-
ber 2015. We select 18 May 2012 as the starting date as
it was the first day for Facebook being traded on the public
market. This results in a data set with 882 x 8 price points.
The market volatility is constantly affected by many politi-
cal, economic, social and technological factors, and we wish
to test the effect of these hidden factors on the trend of stock
prices.

6.2 Compared Algorithms

We compare with the following algorithms to evaluate the
proposed model.

e AR (AutoRegression): the baseline benchmark. This
model uses a conventional auto-regressive model [2,
23] to predict the future observations in a data stream,
and a multi-variate AR model is created to jointly
model multiple sequence.

e OU (Ornstein-Uhlenbeck process): this is the con-
ventional OU model [24] that continuously predicts
over a data stream. This is the baseline on which
the proposed MFOUP is built.
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Figure 4: Plots of prediction errors and the samples
of FIPs over time. We sample the FIP for each factor
multiple times so that we plot the beliefs over these
factors at each time step. This figure shows how
different factors reflect the evolution of time series
through different stages. For the illustration pur-
pose, the prediction errors are shifted so that their
time-average mean centers at zero.

e SDDP (State-driven dynamic prediction): this mod-
el enhances the conventional AR model with the
time-evolving states [27]. These dynamic states mod-

el the changing correlations between multiple sequences,

thus yielding more precise predictions on the future
values in sequential data streams. However, this
model is unable to reveal mixture factors that affect
the fluctuations underlying input dynamic data.

e MFOUP (Mixture Factorized Ornstein-Uhlenbeck Pro-

cess): this is the proposed model. As compared with
the other models, it explores mixture factors jointly
and reveals their effects on the observations of time-
series data. We will plot the sampled paths of these
mixture factors below in the experiment details.

In the experiments, we normalize each time series to have
zero mean and unit variance. All the data sets are split
into three partitions: a training set for estimating the model
parameters, a validation set for tuning hyper-parameters and
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a test set for evaluating the prediction errors. Specifically, for
the proposed MFOUP model, we need to decide the number
of hidden factors. This number is empirically chosen from 1
to 10 based on the performance on the validation set. Once
it is fixed, the root mean square deviation is reported as
prediction error on the independent test set for performance
comparison.

6.3 Results

Figure 3 compares the experiment results obtained by dif-
ferent algorithms on the three data sets. We vary the num-
ber of prediction steps into future observations from 1 to 5.
From the results, the proposed MFOUP model outperforms
the other compared algorithms on these data sets. As we
expected, the prediction errors increase as we attempt to
predict in a larger number of steps forward into the future.
The OU process performs slightly better than the AR model,
and the MFOUP outperforms the SDDP as it captures mul-
tiple mixture factors. This becomes more evident as shown
in Figure 4.

In Figure 4, we evaluate one-step prediction errors by the
MFOUP model and plot the hidden factors inferred over
time. The paths of FIPs are sampled twenty times and the
beliefs (i.e., the frequency of a factor being sampled) are plot-
ted together with the prediction errors. For the comparison,
we fix the number of hidden factors to three on all three data
sets. From the results, we can observe different patterns of
hidden factors captured from these data sets.

First, In Figure 4(a), we can find that on the oil drilling
data set there exhibit periodic patterns in its result, which
might be caused by the periodically repeated drilling oper-
ations. On the other hand, these periodic patterns are wit-
nessed by the cycles present in the paths of the inferred FIPs.

Second, I'igure 4(b) illustrates the result on the ICU data
set. At the beginning, the fluctuation in prediction error is
relatively small, and the FIP path corresponding to the fac-
tor 1 dominates which reflects this stable condition. After
that, the stable condition corresponding to the factor 1 disap-
pears, and the patient’s condition becomes unstable, being
witnessed by the two emerging factors 2 and 3 that switch
between each other. Eventually the factor 2 dominates over
the other factors, accounting for the fluctuation of sensor
readings starting from around the step 750. These dynam-
ic factors can be presented to the physicians to understand
their medical implications on the patient’s conditions.

Finally, Figure 4(c) plots result on stock market price da-
ta set. The result shows that, on one hand, Factor 3 is
the dominating factor that accounts for the most of market
volatility. On the other hand, the other two factors tend to
interleave with one another, which could model the periodic
factors that drive the short-term move in stock prices.

These sampled FIP paths show how they characterize
the dynamics underlying different genres of time-series data,
which partly explains the competitive performance achieved
by the MFOUP.



KDD 2017 Research Paper

0.235 0.198
0.196

0.194

2 3
(a) oil drilling

2 3
(b) ICU sensor

KDD’17, August 13-17, 2017, Halifax, NS, Canada

0.038
0.036
0.034

0.032

0.028

0.026
5 1 2 3 4 5
(c) stock market price

Figure 5: Prediction errors (vertical axis) versus varying numbers of hidden factors (horizontal axis) on the

three validation sets.

6.4 Effect of Hidden Factor Numbers

While the number of hidden factors are set based on an in-
dependent validation set, it is intriguing to see its effect on
the model performance. Figure 5 plots the prediction errors
versus varying numbers of hidden factors on the validation
set of three data sets. For different applications, the best
number of hidden factors varies. On the oil drilling sensor
data set, two hidden factors are chosen to generate the best
result on validation set, which turn out to be complemen-
tary in modeling the periodic drilling operations. However,
on both the ICU sensor and stock market price data sets,
the best number is chosen to be 3. As plot in Figure 4, one
factor on ICU sensor time series accounts for the stable state
with low prediction error, while the other two factors model
the unstable states. On the stock market price data set, one
factor captures the market volatility in stock prices in the
background, while the other two captures periodic volatility
in short terms.

7 CONCLUSION

This paper presents a novel paradigm of Ornstein-Uhlenbeck
(OU) process capable of modeling multiple mixture factors
evolving over time. Compared with the conventional time-
series forecasting methods, the proposed MFOUP (Mixture
Factorized OU Process) can model the evolutions of the
mixture factors, which appear and disappear through time.
Modeling the evolving mixture factors provides a more ac-
curate characterization of data dynamics, thus yielding a
better performance on the time-series forecasting problem.
‘We prove some useful statistics to characterize the property
of the process, which are later used to develop the algorithm
to estimate its parameters. The experimental results demon-
strate its competitive performance, along with the paths of
hidden factors underlying the patterns of data fluctuations
over time.
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A PROOF OF LEMMA 1

In this section, we prove the first conclusion in Lemma 1.

ProoF. The independence of {e,} can be seen by apply-
ing the independent increments of the Brownian motion to
the definition of this sequence. The zero mean of €, can be
obtained by the zero mean and the independent increments
of Brownian processes.

The covariance of €, can be proved by applying the fol-
lowing sequence of equalities:

z E(Ln 152

Qn 2 cov(en) = e¥(u—nd) kdBk)

v

where all the expectations [E are taken with the condition on
{zn}. The first equality applies the independence between
the Brownian processes of different factors, the second equal-
ity uses the Ito’s isometry property, and the third equality
applies the dominated convergence theorem to change the
order of the expectation and the integral.

By the transition matrix of continuous time Markov pro-
cess, we have the following conditional expectation of z, on
Zn, for on < u < d(n +1).

]E(Zzﬂzi—l) P(Zu = 1|Zn 1)
o —(1 =z 1)a" + pF2y o= (@F 8% (u—(n=1)5)
ak + Bk ak + ﬂk €

Substituting it in the last equation, we have the following
result
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where the forth equality applies the change of integral vari-
able.

The following result follows by applying the integral of
exponential function of matrices to the above equation.

i{:

k=

+ >
k=1

g )T (1)
1

K (1- zﬁ_l)ak — Rk, (Uk)z
ak + Bk

X( 40T — (aF 4 g7 (e (YT em (RN

This proves the lemma.
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