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Fig. 1. Refining input parameterized charts to obtain packing efficiency that is greater than or equal to the given bounds. Compared to the inputs that have
low packing efficiency and are not bijective, our method significantly improves the packing efficiency and ensures the bijection. We set the packing efficiency
bounds as 80% for these two models. PE, BL, CN, Ed, and E2 represent the packing efficiency, the boundary length, the number of charts, the symmetric
Dirichlet distortion metric with respect to the input 3D surface, and the symmetric Dirichlet distortion metric with respect to the input atlas, respectively.

We present a novel algorithm to refine an input atlas with bounded packing
efficiency. Central to this method is the use of the axis-aligned structure
that converts the general polygon packing problem to a rectangle packing
problem, which is easier to achieve high packing efficiency. Given a param-
eterized mesh with no flipped triangles, we propose a new angle-driven
deformation strategy to transform it into a set of axis-aligned charts, which
can be decomposed into rectangles by the motorcycle graph algorithm. Since
motorcycle graphs are not unique, we select the one balancing the trade-off
between the packing efficiency and chart boundary length, while maintain-
ing bounded packing efficiency. The axis-aligned chart often contains greater
distortion than the input, so we try to reduce the distortion while bounding
the packing efficiency and retaining bijection. We demonstrate the efficacy
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of our method on a data set containing over five thousand complex models.
For all models, our method is able to produce packed atlases with bounded
packing efficiency; for example, when the packing efficiency bound is set
to 80%, we elongate the boundary length by an average of 78.7% and in-
crease the distortion by an average of 0.0533%. Compared to state-of-the-art
methods, our method is much faster and achieves greater packing efficiency.
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1 INTRODUCTION
In computer graphics, atlases are constructed by packing 2D param-
eterized charts into rectangular texture image domains. They are
commonly used to store surface signals, such as colors, normals, and
textures. Due to the regularity of texture image grids, they are bene-
ficial for some geometric processing tasks, such as signal smoothing
and sharpening, texture stitching, geodesic distance computation,
and line integral convolution [Prada et al. 2018].
A good atlas usually satisfies the following properties: (1) the

parameterization of each chart is bijective and contains as little as
possible isometric distortion; (2) the packed parameterized charts
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(a) [Julius et al. 2005]

PE = 66.0%
BL = 16.30
CN = 10
Ed = 1.010

(b) [Limper et al. 2018]

PE = 76.1%
BL = 19.75
CN = 25
Ed = 1.010
E2 = 1.000
992.6 seconds

(c) Ours

PE = 85.8%
BL = 21.24
CN = 26
Ed = 1.007
E2 = 1.013
52.99 seconds

Fig. 2. Refining an input atlas (a) to improve packing efficiency. (b)When the
boundary length is allowed to increase by 100%, the method of [Limper et al.
2018] improves packing efficiency by only 15%. (c) The packing efficiency
improvement of our method is 30%, and the resulting boundary length and
parameterization distortion are similar to [Limper et al. 2018].

have no global overlap; (3) the boundary length of all the charts is
as short as possible, otherwise the rendering performance may be
decreased [Hakura and Gupta 1997], and texturing artifacts may
arise [Poranne et al. 2017]; (4) the packing efficiency, which is de-
fined as the ratio between the areas of an atlas and its bounding
box, is as high as possible, otherwise it causes big waste of space.
It is non-trivial to generate atlases that adequately satisfy the

aforementioned four requirements. One common way to generate
atlases contains three steps [Julius et al. 2005; Lévy et al. 2002; Zhou
et al. 2004]: (i) compute seams that are as short as possible to segment
an input mesh into charts; (ii) parameterize the charts with as little
isometric distortion as possible; and (iii) pack the parameterized
charts into a rectangular domain. Some algorithms consider the first
and second steps using a whole optimization problem [Li et al. 2018;
Poranne et al. 2017]. These methods are able to compute atlases that
achieve trade-offs between the first three properties. However, their
output leaves room to improve the packing efficiency (Fig. 2 (a)).
To that end, given a previously generated atlas that may have

overlaps, Limper et al. [2018] propose an iterative cut-and-repack
process to achieve the desired trade-offs between packing efficiency
improvement and boundary elongation without changing distor-
tion. However, there are two main limitations. First, the practical
algorithm for improving packing efficiency may be trapped by the
local minimum, resulting in limited improvement (Fig. 2 (b)). Sec-
ond, although the packing method is optimized to achieve a balance
between packing efficiency and computation time, it is still costly to
use it many times throughout the whole atlas refinement process.
In this paper, we present a novel method to refine a given atlas

with a bounded packing efficiency. Our algorithm achieves a desired
trade-off between boundary elongation and improved packing effi-
ciency while guaranteeing global bijection and increasing as little
as possible distortion. Our key insight is that instead of handling
the packing problem of general polygons, we achieve high packing

(a) Axis-aligned chart (b) Decomposed rectangles (c) Packed rectangles

Fig. 3. An axis-aligned chart (a) can be decomposed into rectangles (b) that
can be packed highly efficiently (c). The packing efficiency in (c) is 87.6%.

efficiency by efficiently and effectively solving a rectangle packing
problem (Fig. 3). As we know, an axis-aligned 2D polygon, which
has a boundary that is axis-aligned, is easily broken down into a
set of rectangles. To this end, we propose a three-step procedure
(Fig. 4): (1) deform the input charts into axis-aligned charts; (2) de-
compose the axis-aligned charts into a set of rectangles that are
packed into a rectangular domain with high packing efficiency; (3)
reduce the parameterization distortion while maintaining bijections
and bounding the packing efficiency. For the first step, we design a
novel angle-driven strategy to robustly deform the input chart to
be axis-aligned with as little isometric distortion as possible and
without 2π ambiguity. Then, motorcycle graphs are used for decom-
posing the axis-aligned chart to achieve a desired trade-off between
packing efficiency and chart boundary length. Since the axis-aligned
chart construction process increases the isometric distortion of the
input atlas, we use a similar method to [Jiang et al. 2017] to de-
crease isometric distortion without violating bijection properties
and packing efficiency bounds.
Our method is able to efficiently produce atlases with bounded

packing efficiency for various input atlases. We demonstrate the
practical robustness and computational efficiency of our method
on a data set containing 5,588 models. Compared to state-of-the-art
methods, our method achieves higher efficiency and better quality.

2 RELATED WORK
Atlas generation consists of three main components: chart genera-
tion, chart parameterizations, and parameterized chart packing.

Chart generation. Generating charts also indicates cut detection.
Many methods first detect the distortion vertices that are most likely
to introduce high isometric distortion. Then, they connect them
with minimal spanning trees to compute the resulting cut paths.
To detect distortion vertices, the Gaussian Curvature [Sheffer 2002;
Sheffer and Hart 2002] and the distortion measurement [Chai et al.
2018; Gu et al. 2002] are used. In addition, conformal cone singu-
larities [Ben-Chen et al. 2008; Kharevych et al. 2006; Myles and
Zorin 2012; Soliman et al. 2018; Springborn et al. 2008] can also
be treated as distortion vertices. The above methods try to balance
parameterization distortion and chart boundary lengths. In [Li et al.
2018; Poranne et al. 2017; Sorkine et al. 2002], the parameterization
distortion and boundary lengths are simultaneously and directly
optimized. However, none of the above methods consider packing
efficiency optimization. Packing efficiency is hard to optimize, so the
compactness measurement (e.g., convexity or roundness) of charts
is used to implicitly improve packing efficiency and reduce the pos-
sibility of overlaps [Julius et al. 2005; Lévy et al. 2002; Sander et al.
2002, 2001; Zhou et al. 2004]. As observed by [Limper et al. 2018],
there is no clear, direct relationship between compactness measure-
ments and packing efficiency, and their results still leave room for
improving packing efficiency. Each chart consists of two to six trian-
gles [Carr and Hart 2002], or is a tiny quadrilateral patch [Carr et al.
2006; Purnomo et al. 2004], which can be packed highly efficiently;
however, the number of charts is too large and the boundary length
is too long. Similar to [Limper et al. 2018], the outputs of these
method can serve as the inputs of our method.
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(a) (b) (c) (d) (e)

BL = 5.00
Ed = 1.027

Input

PE = 81.4%
BL = 9.33
Ed = 1.025
E2 = 1.025

Result

Fig. 4. The pipeline of our method. Given a parameterized chart (a), our method first constructs an axis-aligned chart (b), then partitions the axis-aligned
chart into a set of rectangles (c) that are packed into a rectangular domain with high packing efficiency 87.1% (d), and finally it reduces distortion while
bounding packing efficiency and ensuring bijection (e). Furthermore, the charts are not allowed to be too close to each other in the distortion reduction step.

Foldover-free parameterizations. Given a disk topology chart, nu-
merous parameterization techniques have been proposed in the
past thirty years (cf. the surveys in [Floater and Hormann 2005;
Hormann et al. 2007; Sheffer et al. 2006]). Since the input param-
eterization of each chart should be foldover-free, we only review
prior works that guarantee no foldovers. Although Tutte’s embed-
ding method [Floater 2003; Tutte 1963] is theoretically guaranteed
to generate bijective parameterizations, high isometric distortion
often exists for complex inputs. Many methods first use Tutte’s
embedding method to compute foldover-free initializations, and
then try to reduce isometric distortion while ensuring no flipped
triangles [Claici et al. 2017; Fu et al. 2015; Golla et al. 2018; Hormann
and Greiner 2000; Kovalsky et al. 2016; Liu et al. 2018; Rabinovich
et al. 2017; Schüller et al. 2013; Shtengel et al. 2017; Zhu et al. 2018].
Furthermore, bijective parameterizations are guaranteed [Jiang et al.
2017; Smith and Schaefer 2015]. Our method uses the scaffold-based
method [Jiang et al. 2017; Zhang et al. 2005] to decrease isometric
distortion while ensuring bijection and bounding packing efficiency.

Chart packing. Given a set of 2D parameterized charts, maxi-
mizing the packing efficiency is an NP-hard problem [Garey and
Johnson 1979; Milenkovic 1999]. Heuristic strategies, which achieve
a trade-off between packing efficiency and computational cost by ro-
tating and translating charts, have been developed [Lévy et al. 2002;
Nöll and Strieker 2011; Sander et al. 2003]. In addition to rotations
and translations, Limper et al. [2018] add new cuts for obtaining the
desired trade-off between packing efficiency and boundary length.
In contrast, we convert the original problem to a rectangle packing
problem that makes it easier to achieve high packing efficiency. In
Section 4, we provide a detailed comparison to [Limper et al. 2018].

Axis-aligned chart. PolyCube and PolySquare are two commonly
used axis-aligned structures in computer graphics. PolyCube is
essential to many computer graphics applications, such as texture
mapping [Chang and Lin 2010; Tarini et al. 2004; Yao and Lee 2008],
all-hexahedral meshing [Fang et al. 2016; Fu et al. 2016; Gregson et al.
2011; Huang et al. 2014; Livesu et al. 2013; Yu et al. 2014] and GPU-
based subdivision [Xia et al. 2011]. PolySquare is also very useful,
such as quad mesh generation for 2D domains [Liu et al. 2017], and
isogeometric analysis parameterizations [Xiao et al. 2018]. Since
axis-aligned charts are composed of rectangles, which can be rapidly
packed into a rectangular domain with high packing efficiency,
we deform the input parameterized charts to axis-aligned charts
for initial high packing efficiency. Different from PolyCubes and

PolySquares, the corners of our axis-aligned charts are not required
to locate at integers. Similar to the former methods [Liu et al. 2017;
Xiao et al. 2018], our axis-aligned chart construction method is
inspired by [Fu et al. 2016]. However, they use a direction vector to
represent the orientations of boundary edges in the construction
process, and this representation may result in a failure to generate
foldover-free maps from input charts to axis-aligned charts. To this
end, we propose a novel angle-driven deformation approach.

3 METHOD
We first introduce our novel angle-driven axis-aligned chart con-
struction method in Section 3.1, then present techniques for de-
composing an axis-aligned chart and packing rectangles in 3.2, and
finally reduce distortion while keeping bijection and bounding pack-
ing efficiency in 3.3. Fig. 4 shows the workflow of our method.

Inputs. We receive as input a 3D triangular meshM containing
Nf triangles F = {fi }

Nf
i=1 and Nc parameterized charts C = {ci }Nc

i=1
that are disk topologies. The initial parameterized charts do not
contain flipped triangles and may contain global overlaps. And if
the normal of a chart is in the negative z-direction, we flip it at
first. Each triangle fi has a corresponding parameterized triangle
in C, which is denoted as fci . The mapping from fi to fci is an affine
transformation whose Jacobian matrix is denoted as Ji .

3.1 Angle-driven axis-aligned chart construction
Since the axis-aligned chart construction of each chart is indepen-
dent, we only discuss one chart c in this Section for concision. We
map c into an axis-aligned chart while ensuring no flipped triangles.

Chart c. The chart c contains Nb boundary edges, denoted as
B = {bi }

Nb
i=1. The indices of bi are defined in counterclockwise order,

and expanded periodically. That is to say, we have bi+kNb = bi for
i = 1, . . . ,Nb and k ∈ Z. We denote the boundary vertex between
bi and bi+1 as vbi , and also expand the indices of vbi periodically.
The interior angle of vbi is denoted as αi .

Orientation representation. Our goal is to deform c into an axis-
aligned chart that requires the orientation of each bi to be axis-
aligned. To represent the orientation of bi , there are two commonly
used candidates: (1) the direction vector [Liu et al. 2017; Xiao et al.
2018] and (2) the polar angle. The former representation is easy to
compute, but if we rotate bi by 2π , the direction vector is exactly
the same as the one before rotation, which may lead to ambiguities
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(a) (b) (c)
Fig. 5. The pipeline of axis-aligned chart construction. The input atlas is
the same as the left example of Fig. 1. (a) After applying global rotation. (b)
The computed target polar angles π

2 Θi . We colorize the edge according to
its Θi . (c) The resulting axis-aligned chart.

(see Fig. 6). Thus, we choose the polar angle, which is denoted as
θi for bi . Since the interior angles are always single-valued, we
compute the polar angles in a recurrence relation to deal with the
multivalued problem:

θi+1 = θi + π − αi , i = s, s + 1, ..., s + Nb − 2, (1)

The starting term θs is evaluated in (−π ,π ]. How to choose the
starting edge bs is discussed in Section 3.1.1.

Axis-aligned chart. An axis-aligned chart is a 2D shape with
boundary edges that are parallel to the axes. If a chart c is already
axis-aligned, all αi are integer multiples of π/2, and so are all θi .
Thus, we define integer-valued Ki and Θi as Ki = 2 − αi/(π/2),
Θi = θi/(π/2). If Ki , 0, we call vbi a corner of an axis-aligned
chart. From (1), we have a recurrence relation for Θi :

Θi+1 = Θi + Ki , i = s, s + 1, ..., s + Nb − 2. (2)

Construction overview. There are two steps in our construction.
(1) Angle computation: For each bi , we compute its target polar

angle π
2 Θi (Section 3.1.1).

(2) Deformation: We drive θi to π
2 Θi via a mesh deformation

while retaining foldover-free properties (Section 3.1.2).
Fig. 5 shows an example. In the step of determining the target polar
angles, we first compute the target interior angles. According to
the Gauss-Bonnet formula, it requires

∑Nb
i=1(π − αi ) = 2π ; thus, any

modification of αi should also follow this equation. In addition, it
requires

∑Nb
i=1 Ki = 4.

3.1.1 Computing target polar angles.

Boundary Smoothing. The number of rectangles, which are decom-
posed from an axis-aligned chart with a lot of corners, is also large,
thereby causing long boundary lengths. To obtain an axis-aligned
chart with a small number of corners, we smooth the boundary
edges to compute the new interior angles α̂i .

(1) Set the iteration number k = 1. Set s1i to the unit direction
vector of bi , and α̂1i = αi .

(2) For each bi , we apply the following Gaussian smoothing:

Gσ (ski ) =
∑
bj

lj exp
(
−
dist(bi , bj )2

2σ 2

)
skj

ŝki = Gσ (ski )/∥Gσ (ski )∥,

(3)

where lj is the length of bj , dist(bi , bj )measures the geodesic
distance between the centers of bi and bj along the boundary,

and the parameter σ controls the strength of smoothing. In
our experiments, we set σ = 0.004lb, where lb =

∑Nb
j=1 lj .

(3) We update α̂i as follows:

α̂k+1i = α̂ki + ∠(s
k
i , s

k+1
i ) − ∠(ski+1, s

k+1
i+1 ). (4)

To determine the value of sk+1i , the angle between ski and sk+1i
should not be too large so as to avoid a multivalued problem
with the angle. Thus, we accept ŝki as sk+1i if ŝki · s

k
i ≥ 0;

otherwise, we select ski as sk+1i . It is easy to prove that this
modification ensures

∑Nb
i=1(π − α̂

k+1
i ) = 2π .

(4) k := k + 1. If the maximum change of the interior angles is
less than 10−4 or the maximum iteration number kmax = 5 is
reached, we stop the smoothing. Otherwise, we go to Step 2.

After smoothing, the smoothed direction of bi is denoted as si , and
the updated interior angle at vbi is denoted as α̂i .

Global rotation. As we know, an axis-aligned chart is related to
global rotations. Since the function Φ(x ,y) = x2y2 is equal to zero
when the vector (x ,y) is axis-aligned [Fu et al. 2016], we compute a
2D rotation matrix R, which makes cmore similar to be axis-aligned
by solving the following problem using the L-BFGS method:

min
R

Erotation(R) =
Nb∑
i=1

liΦ(Rsi ). (5)

After solving (5), the obtained rotation is applied to si and the chart
c. Without a loss of generality, we still denote the rotated chart as c,
and the rotated smoothed direction of bi as si .

Target polar angles. In order to compute Θi based on (2), we first
compute the target interior angles to determine Ki , and then find
the starting edge bs .
We project si to its closest axis direction Γ(si ), and update α̂i as

follows:
α̂i ← α̂i + ∠(si , Γ(si )) − ∠(si+1, Γ(si+1)). (6)

Since ∠(si , Γ(si )) ∈ [−π/4,π/4],
∑Nb
i=1(π − α̂i ) is still equal to 2π .

Therefore, the updated α̂i (i.e., the target interior angle) is already
an integer multiple of π/2. Then, we computeKi = 2−α̂i/(π/2). We
select a boundary edge bi as the starting edge bs if the angle between
Γ(si ) and the direction of bi , i.e. s1i , is the minimum among all of
the boundary edges. Then, θs is evaluated in (−π ,π ] to represent
the direction of bs . As we know, π2 Θi should represent the same
orientation as Γ(si ). Thus Θi = 4ki + Λ(Γ(si )),ki ∈ Z , where the
one-to-one mapping Λ is defined as follows:

Λ((1, 0)T ) = 0, Λ((0, 1)T ) = 1, Λ((−1, 0)T ) = 2, Λ((0,−1)T ) = 3.
(7)

To compute Θs = 4ks + Λ(Γ(ss )), we should compute ks , which is
determined by minimizing |θs − π

2 Θs |. After Θs is computed, we
update Θi based on (2).

Foldover-free requirements. The foldover-free constraints imply
α̂i > 0, i.e., Ki ≤ 1 for all vbi . According to

∑Nb
i=1 Ki = 4, we change

Ki locally while maintaining this equation to ensure Ki ≤ 1. For a
corner vbi with Ki > 1, we introduce a splitting operation to change
Ki . This operation first selects Ki − 1 non-corner boundary vertices
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ALGORITHM 1: Axis-aligned chart deformation
Input :3D triangular mesh M and a chart c
Output :A axis-aligned chart of c
n ← 1 ;
λ ← Ed(c)

Ealign(c)
;

while (maxi |θi − π
2 Θi | ≥ ϵa ) and (n < nmax) do

c← DeformChart via solving (10) by L-BFGS method;
n ← n + 1 ;
//β is greater than 1;
λ ← βλ ;

end
c← FlattenChart;

adjacent to vbi , then modifies the values of their K to 1, and finally
sets Ki = 1. After modifying Ki , we then update Θi according to (2).

We further reduce the number of corners or make the axis-aligned
shape more similar to the input chart by changing the values of Ki .
The details are provided in the supplementary material.

3.1.2 Deformation. Our deformation is driven by two energy terms:
(i) boundary alignment energy and (ii) isometric distortion energy.

Boundary alignment energy. This is defined as follows.

Eedge(bi ) =
1
2 (1 − γ )(θi −

π

2 Θi )
2 +

1
2γ (

li

l0i
− 1)2,

Ealign(c) =
Nb∑
i=1

l0i
l0
Eedge(bi ),

(8)

where l0i is the length of bi from the input chart, and l0 =
∑Nb
i=1 l

0
i .

Eedge(bi ) measures the difference between the polar angle and the
target angle of bi , and it requires the edge length li to remain close
to the input l0i . The weight γ balances the angle term and the length
term, and we set γ = 0.3 in our experiments.

Isometric distortion energy. Isometric distortion energy measures
the quality of the parameterizations, and we use the symmetric
Dirichlet energy [Smith and Schaefer 2015]:

Ed(c) =
1
4

∑
fi ∈Fc

Area(fi )
Area(Mc)

(∥ Ji ∥
2
F +



J−1i 

2
F ), (9)

where Fc is the set of corresponding faces for c onM, Area(Mc) is
the total area of these faces, and ∥ · ∥F indicates the Frobenius norm.

Deformation. The deformation is solved as a nonlinear constrained
optimization problem:

min
c

Ed(c) + λEalign(c)

s.t. det Ji > 0,∀i, (10)

where λ is the weight that increases during the iteration to make θi
approach π

2 Θi . The optimization process is shown in Alg. 1. After
the optimization in the While loop, the boundary is almost axis-
aligned, and we perform a flattening process [Fu et al. 2016] to
ensure an exactly axis-aligned output. In our experiments, we set
ϵa = 0.1, nmax = 10, and β = 6.

Input Direction Vector Polar Angle
Fig. 6. Polar angle vs. direction vector. The deformation using the direction
vector representation is trapped, so it fails to generate a valid axis-aligned
chart. But, the polar angle representation succeeds.

Polar angle vs. direction vector. The direction vector representa-
tion may create ambiguity. During the deformation process, the
boundary edge rotates clockwise or counterclockwise to its target
direction vector. In fact, rotating in one of these two directions
cannot reach the target direction vector under the foldover-free con-
straint. The deformation prefers shorter rotations, which may cause
the boundary edges to fail to reach their targets, thereby failing to
generate a valid axis-aligned chart. On the contrary, if the polar
angle representation is used, the boundary edge rotates in only one
direction, so there is no ambiguity. Fig. 6 presents a comparison.

3.2 Rectangle decomposition and packing
Naive decomposition. It is obvious that an axis-aligned shape is

easily partitioned into several rectangles. From each corner, we trace
the axis directions inside the axis-aligned chart until it arrives at
the boundary. There are 1 − Ki axis directions that can be traced
from a corner vbi . These trails and the axis-aligned chart boundary
form a 2D quadrilateral mesh, denoted as Q. Each quadrilateral face
of Q is actually a rectangle (Fig. (7) (a)). However, when rectangles
are produced in this way, there are usually too many generated.

Motorcycle graph. In order to obtain a coarser partition, we use
the motorcycle graph algorithm [Eppstein et al. 2008] to partition
the 2D quad mesh Q. The goal of this algorithm is to trace some
motorcycles starting from the corners and continuing straight along
the interior edges until arriving at the boundary or the trail of the
othermotorcycles in the quadmesh. After all of themotorcycles stop,
their trails partition Q into several rectangular charts (Fig. (7) (b)).

It is not necessary to assign a motorcycle for each of the interior
edges of a corner, as long as for each two consecutive interior edges
of a corner at least one edge is assigned [Eppstein et al. 2008]. In this
way, fewer rectangles are generated while we can still guarantee

(a) Quad Mesh (b) Decomposition (c) Packing
Fig. 7. The pipeline of rectangle decomposition and packing. The input
axis-aligned shape is from Fig. 5. (a) Naive decomposition, where the red
lines form the quad mesh Q. (b) Decomposed rectangles with boundaries
colored in black. (c) Packed rectangles with high packing efficiency, 87.0%,
and a high evaluation score, 0.688.
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Fig. 8. The input axis-aligned shape is also from Fig. 5. Its rectangle de-
composition is not unique. Here, we show four other cases not including
the one from Fig. 7. From left to right: PE = 83.6%, 84.4%, 83.9%, 87.7%,
Emotor = 0.659, 0.658, 0.637, 0.696. Note that we do not select the right
two results since they have thin rectangles (shown in red boxes).

that all of the charts are rectangles. Therefore, for a corner with n
interior edges in Q, we need at least ⌊n/2⌋ motorcycles, and at most
n motorcycles. So, we can generate various motorcycle graphs for
Q (Fig. (8)).

Rectangle packing. After decomposing all of the axis-aligned
shapes, we first collect all the rectangles and then quickly and ro-
bustly pack them with high efficiency using an existing rectangle
packing algorithm [TeamHypersomnia 2018]. All of the rectangles
are slightly padded to leave space for further distortion reduction.

Since themotorcycle graph is not unique, and both themotorcycle
graph algorithm and the rectangle packing algorithm are very fast,
we generate Nmotor random decomposition candidates and select
one based on the following evaluation score, while guaranteeing
that the packing efficiency is greater than PEbound:

Emotor = PE − ω BL1
BL0
. (11)

For one candidate, PE, BL0, and BL1 denote the packing efficiency
and the boundary length before and after decomposition, respec-
tively. Since the long and narrow rectangles are likely to lead to
poor results, we discard the decomposition candidates containing
any rectangle with an aspect ratio larger than 20 (the right two in
Fig. (8)). Then, we choose the candidate with the highest score. We
set ω = 0.1 and Nmotor = 500 in our experiments. Some of the de-
composition candidates may be duplicates. The initial width of the
padding space is set as 0.25% of the diagonal length of the bounding
box of the input atlas.

If the packing efficiencies of all candidates are lower than PEbound,
we reduce the padding space when packing rectangles, or sample
some non-corner vertices and regard them as corners for gener-
ating Q and motorcycle graphs to get decompositions with more
rectangles. Since the packing efficiency can be very close to 100%
in an extreme case where Q is decomposed to very tiny rectangles
and the padding space is very small, the packing efficiency bound is
guaranteed to be achieved.

Cutting. According to the selected decomposition candidate, we
cut each triangular axis-aligned chart along the trails of its corre-
sponding motorcycle into a set of parameterized rectangle charts.
At the same time, M is also cut to correspond to the parameterized
charts. Then, we put together the parameterized charts based on the
packed rectangles to generate an atlas, denoted as Ĉ (Fig. (7) (c)).

3.3 Distortion reduction
Goal and formulation. Since the parameterization distortion in-

creases in the axis-aligned chart construction process, it should
be optimized while maintaining bijection and bounding packing
efficiency. This task can be formulated as a nonlinear constrained
optimization problem:

min
C

Ed(C),

s.t. Φ is bijective,
PE(C) ≥ PEbound.

(12)

where C indicates the parameterized charts and Φ denotes the pa-
rameterization.

Reformulation. The parameterized charts after the rectangle pack-
ing step satisfy the constraints of (12). Thus, we start from this stage
and ensure that C remains in the feasible solution space. A barrier
term is used to ensure that PE(C) is always greater than PEbound:

EPE(C) =

max

{
0, ϵPE

PE(C) − PEbound
− 1

}
, if PE(C) > PEbound,

+∞, otherwise.
(13)

When PE(C) ≥ PEbound+ϵPE, EPE(C) = 0. Then, we solve following
problem to achieve our goal:

min
C

Ereduction = Ed(C) + EPE(C),

s.t. Φ is bijective,
(14)

Tomaintain the bijective property and reduce Ed, we use the scaffold-
based method [Jiang et al. 2017]. The initializations of (14) include
a scaffold bounding box that is required by [Jiang et al. 2017] and
an initial atlas.

Scaffold bounding box. The scaffold bounding box is computed by
conducting uniform scaling three times for the bounding box of the
image from the current parameterization in [Jiang et al. 2017]. In
our problem, this treatment is unsuitable and may cause the packing
efficiency to quickly fall below the bound (see Fig. 9). Thus, we fix a
scaffold bounding box that is slightly bigger than the bounding box
of C during the optimization of (14).

(a) Input (b) [Jiang et al. 2017] (c) Ours

BL = 14.85
CN = 14

PE = 55.5%
Ed = 1.039
E2 = 1.040

PE = 85.1%
Ed = 1.042
E2 = 1.053

Fig. 9. Comparison to [Jiang et al. 2017]. From a common input (a), [Jiang
et al. 2017] uses a large initial bounding box, and their result has low packing
efficiency (b). Our method uses incremental bounding boxes, and produces
high packing efficiency (c). Bothmethods stop when the symmetric Dirichlet
distortion is less than the input distortion.
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ALGORITHM 2: Distortion reduction
Input :3D triangular mesh M and a chart Ĉ
Output :A bijective C with bounded packing efficiency

si ← min{ Area(c
M
i )

Area(ci ) , i = 1, . . . , Nc } ;
C← ScaleAtlas(Ĉ, si );
(w, h) ← GetBoundingBoxSize(C);
(w, h) ← (δw, δh); // δ is slightly greater than 1;
SetScaffoldBoundingBoxSize(w, h);
k ← 1;
repeat

C← DistortionReductionWithFixedScaffold;
(w, h) ← (w, h) + (∆δw, ∆δh); // ∆δ is slightly greater than 0;
SetScaffoldBoundingBoxSize(w, h);
k ← k + 1;

until

���Ekreduction−Ek−1reduction

���
Ek−1reduction

< 10−4 or Ed ≤ E input
d ;

(a) (b) (c) (d)
Fig. 10. Progressive distortion reduction results on the Aramdilo model
(Fig. 1 - left) whose initial atlas is shown in Fig. 7 (c). (a) Initial atlas (PE =
85.0%, Ed = 1.139). (b) After the first iteration (PE = 87.4%, Ed = 1.058).
(c) After the seventh iteration (PE = 86.0%, Ed = 1.044). (d) Final result
(PE = 84.0%, Ed = 1.036) after 14 iterations.

Initial atlas. A straightforward approach is to use Ĉ as the initial
atlas. However, most parameterized charts may shrink to reduce
isometric distortion, thereby lowering the packing efficiency. Since
the packing efficiency is scale-independent, one possible solution is
to zoom out Ĉ so that most charts are likely to expand to increase
the packing efficiency while optimizing an isometric energy.

Practical solutions. Based on the above two considerations, we
propose a practical solution for solving (14), whose pseudocode is
shown in Alg. 2. Fig. 10 shows the progressive atlas results. The
initial scale si ensures that most charts contain a smaller area than
the source area. Therefore, they may expand during the distortion
optimization in order to have the potential to increase the packing
efficiency. Similarly, as the size of the scaffold bounding box slowly
increases, the charts compress each other, which is likely to improve
packing efficiency. Here we provide another termination condition:
when Ed(C) ≤ E

input
d , where E

input
d is the distortion of the input

charts, we also stop the algorithm. When PE(C) ≥ PEbound + ϵPE,
EPE(C) = 0, and we solve (14) by [Liu et al. 2018] with explicit
checks in combination with line searches for bounding packing
efficiency; otherwise, the L-BFGS solver is used. In our experiments,
we set δ = 1.005, ∆δ = 0.005, and ϵPE = 0.0001. In practice, these
empirical techniques work well.

Gaps between charts. Alg. 2 often produces atlases, where some
charts are too close. When charts lack adequate space, they may
not be acceptable for subsequent applications. To that end, we add

(a) Initial (b)Without Gaps (c)With Gaps

PE = 83.7%
BL = 18.81
CN = 26
Ed = 1.027
E2 = 1.039

PE = 80.1%
BL = 18.81
CN = 26
Ed = 1.026
E2 = 1.036

Fig. 11. Gaps between charts. The resulting atlas without gaps between
charts usually produces higher packing efficiency. However, charts that are
too close to each othermay have a significant negative impact on subsequent
applications.

a thin scaffold triangle layer with a fixed width to the outside of
each chart to form a new chart before running Alg. 2 (Fig. 11).
During the optimization, the new charts are used for Alg. 2, and the
added layers prevent the charts from coming too close. Note that the
reserved space in the rectangle packing should include the newly
added layers. Although this treatment may decrease the packing
efficiency, we still include it in our algorithm by default. Fig. 11
shows a comparison between the optimizations with and without
this treatment.

3.4 Discussions
Padding space. In the rectangle packing phase, we set the padding

space to be a fixed value. However, it is possible to specify a chart-
dependent padding space, e.g., the regions with higher distortion
get more padding space. Since the distortion reduction makes the
charts compress each other, the chart-dependent and fixed padding
spaces may only have slight difference on the final results.

Packing algorithm. The packing algorithm we choose is very fast
and the result is already good enough, so we can run it for 500
candidates and choose the one with highest score. If other rectangle
packing algorithm could provide a better tradeoff than the currently
used one, we can use it here.

Distortion type in distortion reduction. In practice, users may want
to minimize the distortion between the input and the resulting
atlases, our reduction step can be easily modified to optimize this
energy instead of the distortion with respect to the input 3D surface.
In fact, the energy used in our reduction step can be customized
by users (see Fig. 18). If the specified energy cannot prevent the
foldovers, an extra barrier term should be added to ensure bijection.

4 EXPERIMENTS
Our method generates bounded packing efficiency for atlases with
strong practical robustness, and we apply it to various atlases. We
select the Box Cutter [Limper et al. 2018] as the competitor. We
report the timings and the atlas quality statistics, which are defined
below. Our experiments were performed on a desktop PC with a
4.0 GHz Intel Core i7-4790K and 16 GB of RAM. We use the Intel®
Math Kernel Library for the linear solve in our method.

Quality metrics. The commonly used metrics, including the pack-
ing efficiency, the boundary length, the number of charts (denoted
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as CN), and the distortion metric, are used to measure the quality
of an atlas. For the packing efficiency (denoted as PE), we measure
the ratio between the areas of the atlas and its bounding box. For
the boundary length (denoted as BL), we measure the ratio between
the length of the cut on M and the diagonal length of the bounding
box ofM. And we use the symmetric Dirichlet energy Ed with re-
spect to the input surface as a distortion metric. As we modify the
parameterized atlas, the symmetric Dirichlet energy (denoted as E2)
from the input atlas to the resulting atlas is also reported.
The charts with very small areas may increase the difficulty of

texture editing. Thus, we also include two metrics regarding areas:
(i) the smallest area (denoted as SA), which is the ratio between the
areas of the smallest chart andM, and (ii) the number of charts with
an area less than 3% the area ofM, denoted as N≤3%.

In the signal storage context, the signal on surface is reconstructed
from a texture using the parameterized atlas. Therefore, the error
between this reconstructed signal and the ground truth signal, which
is directly defined on the surface, should be as small as possible.
To measure this error, we compute the signal approximation error
(denoted as SAE) as [Sander et al. 2002] on a 4096 × 4096 texture.
For general cases, we define a high-frequency signal on the surface
ofM using a 3D procedural checkerboard pattern: the bounding box
ofM is uniformly divided into a 100 × 100 × 100 3D black and write
checkerboard, and the color signal of each point on the surface of
M is defined as the color of the checkerboard at this point.

4.1 Evaluations and comparisons
Different σ s in Eq. (3). The σ in Eq. (3) controls the balance be-

tween the number of corners in an axis-aligned chart and the param-
eterization distortion. A larger σ usually results in fewer corners,
fewer rectangles, and shorter boundary lengths. At the same time,
a larger σ causes higher distortion and lower packing efficiency.
As shown in Fig 12, three different σs are used for a Camel model.
To achieve a resulting atlas with balanced quality metrics, we set
σ = 0.004lb by default. From all of the testing examples, it is appar-
ent that the selected σ works well.

Packing efficiency bounds. An example with various packing ef-
ficiency bounds is shown in Fig. 13. The packed rectangles have
a packing efficiency of 90.7%. Then, for each bound, we run our
final distortion reduction until the packing efficiency reaches the

Input

BL = 7.69
Ed = 1.027

σ = 0.001lb
PE = 91.1%
BL = 16.26
CN = 29
Ed = 1.017
E2 = 1.022

σ = 0.004lb
PE = 88.7%
BL = 13.61
CN = 16
Ed = 1.021
E2 = 1.025

σ = 0.006lb
PE = 85.3%
BL = 12.89
CN = 14
Ed = 1.023
E2 = 1.026

Fig. 12. Different σ s. Three values of σ are tested on a Camel model.

Initial

BL = 5.58
Ed = 1.039

PE = 80.0%

BL = 9.68
CN = 14
Ed = 1.037
E2 = 1.015

PE = 85.0%

BL = 9.68
CN = 14
Ed = 1.041
E2 = 1.017

PE = 90.0%

BL = 9.68
CN = 14
Ed = 1.049
E2 = 1.024

Fig. 13. Various bounds for the packing efficiency. We tested three bounds,
i.e., 80%, 85%, and 90%.

PE = 69.9% PE = 80.0%
SA = 0.0002% SA = 0.15%
N<3% = 52 N<3% = 57

BL = 14.42 BL = 19.79 BL = 22.79
Ed = 1.022 Ed = 1.022 Ed = 1.026

E2 = 1.000 E2 = 1.019

Input Box Cutter Ours
Fig. 14. A collection of models. The Box Cutter results were generated by
an executable file that was provided by the authors.

set bound. That is to say, the distortion termination condition is
disabled in this example. The higher the packing efficiency bound
is set, the greater the distortion in the resulting atlas is. However
in this example, the slight distortion differences cause almost no
visible textural changes.

If users set a very large packing efficiency bound (e.g., 95%), we
should divide the rectangles into smaller and smaller ones to satisfy
it; however, this causes a very long cut and a lot of small charts.
Thus, to achieve a trade-off between the boundary length and the
packing efficiency, we set PEbound = 80% by default.

A collection of models. We generate one atlas for a set of models.
In fact, these models are considered as one model with separate pa-
rameterized charts. Thus, our method first deforms all input charts
to axis-aligned shapes, then decomposes each axis-aligned shape
into rectangles, and finally collects all rectangles for packing and
distortion optimization. In Fig 14, ten models are considered, and a
comparison to Box Cutter is also performed. Our resulting atlas con-
tains bounded packing efficiency. The resulting packing efficiency
of Box Cutter is 69.9%, which is much smaller than ours.

Comparison to Box Cutter [Limper et al. 2018]. Here, we use the
models provided by Box Cutter for comparison. Since gaps are not
addressed in these models, we also do not include gaps between
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Aircraft

BL = 7.58
Ed = 1.149

Box Cutter

PE = 81.1% Ed = 1.149
BL = 11.19 E2 = 1.000
N<3% = 12 SAE = 0.0034
SA = 0.006% 179.8 seconds

Ours

PE = 88.9% Ed = 1.087
BL = 10.70 E2 = 1.135
N<3% = 1 SAE = 0.0032
SA = 1.41% 1.69 seconds

Gargoyle

BL = 14.12
Ed = 1.034

Box Cutter

PE = 77.4%
BL = 18.91
N<3% = 14
SA = 0.51%
Ed = 1.034
E2 = 1.000
SAE = 0.0599
511.3 seconds

Ours

PE = 84.7%
BL = 14.95
N<3% = 0
SA = 3.23%
Ed = 1.026
E2 = 1.032
SAE = 0.0064
12.64 seconds

Dinosaur

BL = 9.16
Ed = 1.184

Box Cutter

PE = 76.6% Ed = 1.184
BL = 14.91 E2 = 1.000
N<3% = 25 SAE = 0.0146
SA = 0.0004% 466.3 seconds

Ours

PE = 88.6% Ed = 1.121
BL = 13.79 E2 = 1.162
N<3% = 6 SAE = 0.0073
SA = 0.34% 14.01 seconds

Ramses

BL = 7.36
Ed = 1.114

Box Cutter

PE = 75.8%
BL = 12.24
N<3% = 3
SA = 0.005%
Ed = 1.114
E2 = 1.000
SAE = 0.0466
247.8 seconds

Ours

PE = 91.3%
BL = 12.22
N<3% = 3
SA = 1.61%
Ed = 1.066
E2 = 1.104
SAE = 0.0170
43.84 seconds

Head

BL = 8.59
Ed = 1.077

Box Cutter

PE = 78.5%
BL = 14.99
N<3% = 22
SA = 0.001%
Ed = 1.077
E2 = 1.000
SAE = 0.0184
221.1 seconds

Ours

PE = 89.6%
BL = 14.40
N<3% = 2
SA = 0.97%
Ed = 1.041
E2 = 1.076
SAE = 0.0032
2.19 seconds

Elk

BL = 11.09
Ed = 1.067

Box Cutter

PE = 78.6%
BL = 17.49
N<3% = 12
SA = 0.002%
Ed = 1.067
E2 = 1.000
SAE = 0.0085
221.4 seconds

Ours

PE = 84.8%
BL = 15.50
N<3% = 5
SA = 0.34%
Ed = 1.062
E2 = 1.031
SAE = 0.0045
6.78 seconds

Fig. 15. Comparison to [Limper et al. 2018]. Six examples are used for comparisons. The results of Box Cutter are provided by the authors. Judging from the
reported times, our method is much faster than Box Cutter.

charts for fair comparisons. In Fig. 15, six examples are used for
comparison and the comparisons on 55 models are included in
the supplementary material. Compared to Box Cutter, our method
achieves higher packing efficiency with similar boundary length
elongation. In practice, Box Cutter may be trapped by a local mini-
mum while improving the packing efficiency; so, the same packing
efficiency may be obtained for different boundary elongation con-
straints (Fig. 2 and Fig. 14). However, our method ensures that the
packing efficiency is bounded. Due to the high packing efficiency,
both methods produce small signal approximation errors.
To improve the packing efficiency with boundary length elon-

gation constraints, Box Cutter tends to generate short cuts on the
input charts. Although the boundary length is constrained, it usu-
ally results in a lot of small charts, as indicated by the metrics SA
and N≤3%. Box Cutter can prevent small charts in the cut-and-pack
step, but there is no such prevention in the overlap removal step.
Since the overlap removal process aims to find an overlap-free result
while minimizing the cut length, it may produce very small charts
(see the right column in Fig. 16 of [Limper et al. 2018]). But, the
charts generated by our method are of a much more uniform size.

Cut Along Edges

2D axis-aligned shape

3D Mesh

Split Triangles

2D axis-aligned shape

3D Mesh

PE = 80.1% BL = 11.60
Ed = 1.009 E2 = 1.006

PE = 80.4% BL = 11.17
Ed = 1.009 E2 = 1.006

Fig. 16. Cutting along the existing edges. The cuts across the triangles result
is slightly better atlases than the cuts along the edges.

Cutting along the existing edges. By default, we cut the parame-
terized and input meshes by subdividing triangles traversed by the
trails of the selected motorcycle (Fig. 16-right). However, one may
want to keep the connectivity of the input mesh. Then, we need to
cut the mesh along the edges (Fig. 16-left). To that end, we use the
shortest edge paths to replace the straight lines. After these shortest
edge paths are detected, we use Tutte’s embedding method to map
each chart to its corresponding rectangle. Then, we can still use
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(a) Input (b) Result

PE = 80.4%
Ed = 1.119 E2 = 1.000
SAEt = 9.15 × 10−5

PE = 92.6%
Ed = 1.018 E2 = 1.106
SAEt = 7.61 × 10−5

Fig. 17. Signal approximation error. (a) Input textured Penguin model. (b)
Our result. The size of the input texture is 4096 × 4096.

the rectangle packing algorithm to generate high initial packing
efficiency and our distortion reduction technique for further opti-
mization. In Fig. 16, we show a comparison in which the resulting
atlases are similar.

Signal approximation error. Our optimization of the geometric
distortion between the atlas and the input surface in the distortion
reduction step will also change the signal approximation error. In
Fig. 17, given a texturedmodel, we refine its atlas to improve packing
efficiency and measure the signal approximation error. The signal
approximation error of the color signal (denoted as SAEt ) on our
refined atlas is small. In practice, the low symmetric Dirichlet energy
between the resulting atlas and the input surface indicates that the
atlas reserves isometry to its original shape as much as possible.
Besides, the higher the packing efficiency is, the more pixels are
used to reconstruct the signal. Therefore, we conjecture that low
symmetric Dirichlet energy and high packing efficiency may imply
small signal approximation error.

(a) Input (b) No local control (c)With local control

Ed = 1.018

PE = 80.0%
Ed = 1.019
E2 = 1.012
SAEt =
2.36 × 10−5

PE = 80.0%
Ed = 1.027
E2 = 1.019
SAEt =
2.21 × 10−5

Fig. 18. Local control. (a) Given an input textured Giraffe model (left), we
compute the importance map (right), which is encoded by color with deep
blue being the most important. (b) Without local control. (c) With local
control. The size of the input texture is 4096 × 4096.

Local control. In practice, not all charts are equally important.
Thus, sometimes the distortion reduction step should provide local
control of the charts. Here, we first define importance levels on the
input charts according to the input texture and then add importance
weights to the triangles when reducing the distortion. The more
important, the larger the weight. Fig. 18 shows an example. The
symmetric Dirichlet energy with local control is slightly higher
than the resulting energy without local control, and the signal ap-
proximation error of this specific texture SAEt with local control

Table 1. Statistics and timings for atlas refinement. The timings for the
axis-aligned chart construction, the axis-aligned chart decomposition and
rectangle packing, and the distortion reduction are denoted as t1, t2, and
t3, respectively.

Model Input Quality metrics Timings (s)
Name Nf BL Ed SAE PE BL/CN/SA/N≤3% Ed/E2 SAE t1/t2/t3/ttotal

Fig. 1 Armadillo 18,894 6.34 1.040 0.0100 85.0% 11.45/13/0.90%/3 1.030/1.031 0.0052 2.59/0.16/2.70/5.45
Fig. 1 Blade 58,546 9.95 1.038 0.0417 87.2% 14.24/11/2.39%/3 1.022/1.050 0.0115 15.99/0.13/14.01/30.13
Fig. 2 Bunny 69,451 16.30 1.010 0.0321 85.8% 21.24/26/0.19%/12 1.007/1.013 0.0118 12.32/0.25/40.42/52.99
Fig. 4 Plane 15,298 5.00 1.027 0.0070 81.4% 9.33/10/1.87%/1 1.025/1.025 0.0046 2.14/0.14/3.04/5.32
Fig. 9 Cheetah 17,598 8.29 1.061 0.0141 85.1% 14.85/14/0.79%/5 1.042/1.053 0.0071 2.67/0.15/4.38/7.20
Fig. 11 Centaur-nogap 18,868 10.45 1.037 0.0135 83.7% 18.81/26/0.25%/11 1.027/1.039 0.0055 3.37/0.22/5.83/9.42
Fig. 11 Centaur-gap 18,868 10.45 1.037 0.0135 80.1% 18.81/26/0.25%/11 1.026/1.036 0.0057 3.37/0.22/8.72/12.31
Fig. 12 Camel1-0.001 18,816 7.69 1.027 0.0131 91.1% 16.26/29/0.07%/19 1.017/1.022 0.0047 3.82/0.20/8.58/12.60
Fig. 12 Camel1-0.004 18,816 7.69 1.027 0.0131 88.7% 13.61/16/0.81%/5 1.021/1.025 0.0049 6.26/0.14/14.32/20.72
Fig. 12 Camel1-0.006 18,816 7.69 1.027 0.0131 85.3% 12.89/14/0.72%/4 1.023/1.026 0.0051 3.98/0.12/11.60/15.70
Fig. 13 Boy-80 34,036 5.58 1.039 0.0177 80.0% 9.68/14/0.26%/5 1.037/1.015 0.0099 6.56/0.13/30.67/37.36
Fig. 13 Boy-85 34,036 5.58 1.039 0.0177 85.0% 9.68/14/0.26%/5 1.041/1.017 0.0094 6.56/0.13/22.02/28.71
Fig. 13 Boy-90 34,036 5.58 1.039 0.0177 90.0% 9.68/14/0.26%/5 1.049/1.024 0.0090 6.56/0.13/7.45/14.14
Fig. 14 Collection 106,058 14.42 1.022 0.0238 80.0% 22.79/64/0.15%/57 1.026/1.019 0.0119 19.80/0.60/73.11/93.51
Fig. 15 Aircraft 4,656 7.58 1.149 0.0050 88.9% 10.70/8/1.41%/1 1.050/1.135 0.0032 0.81/0.06/0.82/1.69
Fig. 15 Gargoyle 20,000 14.12 1.034 0.0573 84.7% 14.95/13/3.23%/0 1.025/1.032 0.0064 2.88/0.10/9.66/12.64
Fig. 15 Dinosaur 28,136 9.16 1.184 0.0257 88.6% 13.79/16/0.34%/6 1.049/1.162 0.0073 7.91/0.14/5.96/14.01
Fig. 15 Ramses 100,000 7.36 1.114 0.0369 91.3% 12.22/11/1.61%/3 1.036/1.104 0.0170 31.49/0.19/12.16/43.84
Fig. 15 Head 7,232 8.59 1.077 0.0056 89.6% 14.40/12/0.97%/2 1.032/1.076 0.0032 0.99/0.08/1.12/2.19
Fig. 15 Elk 10,387 11.09 1.067 0.0120 84.8% 15.50/15/0.34%/5 1.062/1.031 0.0045 1.90/0.10/4.78/6.78
Fig. 16 Desk-edges 37,394 6.65 1.010 0.0232 80.1% 11.60/8/1.76%/3 1.009/1.006 0.0118 6.22/0.09/28.37/34.68
Fig. 16 Desk-splitting 37,394 6.65 1.010 0.0232 80.4% 11.17/8/1.76%/3 1.009/1.006 0.0120 6.22/0.10/29.53/35.85
Fig. 17 Penguin 14,976 7.53 1.119 0.0067 92.6% 12.84/25/0.21%/22 1.018/1.106 0.0050 2.48/0.16/9.13/11.77
Fig. 18 Giraffe-noLC 19,994 8.01 1.018 0.0266 80.0% 12.54/17/0.63%/7 1.019/1.012 0.0088 2.84/0.16/9.38/12.38
Fig. 18 Giraffe-LC 19,994 8.01 1.018 0.0266 80.0% 12.54/17/0.63%/7 1.027/1.019 0.0089 2.84/0.16/9.21/12.21
Fig. 19 Orangutan 18,560 7.14 1.034 0.0106 86.7% 12.10/10/2.97%/1 1.024/1.024 0.0068 2.78/0.10/4.91/7.79
Fig. 19 Frogbuddha 27,236 5.92 1.021 0.0099 83.6% 12.37/12/0.56%/6 1.019/1.013 0.0072 4.16/0.11/15.53/19.80
Fig. 19 Lamp 28,174 6.10 1.026 0.0219 86.2% 9.82/8/4.37%/0 1.020/1.016 0.0091 3.82/0.10/5.82/9.74
Fig. 19 Turboslot 22,520 15.15 1.013 0.0235 91.2% 27.59/16/0.32%/6 1.008/1.011 0.0122 2.82/0.13/4.53/7.48
Fig. 19 Dog 18,230 7.22 1.044 0.0089 87.1% 12.88/19/0.41%/8 1.027/1.036 0.0048 2.59/0.15/4.31/7.05
Fig. 19 Octopus 87,992 12.60 1.023 0.0297 85.9% 18.51/25/0.04%/15 1.019/1.018 0.0140 28.73/0.27/31.32/60.32
Fig. 19 Mermaid 25,994 6.46 1.028 0.0200 85.4% 10.67/12/1.55%/3 1.021/1.019 0.0076 3.76/0.11/7.50/11.37
Fig. 19 Mechapart 2,998 8.53 1.014 0.0027 90.5% 17.87/10/1.46%/2 1.011/1.009 0.0021 0.38/0.08/1.01/1.47
Fig. 22 Ramses 100,000 7.36 1.114 0.0369 89.1% 12.22/11/1.61%/3 1.041/1.105 0.0175 31.49/0.19/10.22/41.90
Fig. 23 Fender 122,510 5.75 1.001 0.0277 80.0% 10.14/19/0.31%/11 1.003/1.004 0.0115 152.31/0.27/145.58/298.16

is smaller. Although the two resulting signal approximation errors
are different, both of them are very small, indicating that there is
almost no visual difference between the textured models.

4.2 Practical robustness
Data set. To verify the practical robustness of our method, we run

our algorithm on a data set containing 5,588 models. This data set is
provided by [Liu et al. 2018], and the input parameterizations have
low isometric distortions, i.e., Ed < 1.100 for any model (Fig. 20 (a)).
For all models, we set σ = 0.004lb and the packing efficiency bound
as 80%. The gaps between charts are enabled by default.

Results. Our method succeeds in generating bounded packing
efficiency atlases for all models. The maximum, average, and stan-
dard deviation of the packing efficiency for all the meshes are 97.3%,
82.3% and 0.0295, respectively. These results indicate the practical
robustness of our method. We show eight models in Fig. 19. Table 1
summarizes the results.

Distortion statistics of results. Our method may increase distor-
tion in some examples. We measure the distortion increase as ∆E =
(Eresultd − E

input
d )/E

input
d , where E

input
d is the symmetric Dirichlet

energy of the input parameterization, and Eresultd indicates the sym-
metric Dirichlet energy of the resulting atlas. The histograms in
Fig. 20 show the distributions of the isometric distortion. The av-
erage increase is only 0.0533%, indicating that the resulting atlases
and input parameterizations have similar isometric distortions. In
addition, the left two histograms in Fig. 20 also demonstrate the
high similarity between Eresultd and Einputd . Moreover, the rightmost
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Orangutan BL = 7.14
PE = 86.7% BL = 12.10
Ed = 1.024 E2 = 1.024 Frogbuddha BL = 5.92

PE = 83.6% BL = 12.37
Ed = 1.019 E2 = 1.013

Lamp BL = 6.10
PE = 86.2% BL = 9.82
Ed = 1.020 E2 = 1.016 Turboslot BL = 15.15

PE = 91.2% BL = 27.59
Ed = 1.008 E2 = 1.011

Dog BL = 7.22
PE = 87.1% BL = 12.88
Ed = 1.027 E2 = 1.036

Octopus BL = 12.60 PE = 85.9% BL = 18.51
Ed = 1.019 E2 = 1.018

Mermaid BL = 6.46
PE = 85.4% BL = 10.67
Ed = 1.021 E2 = 1.019 Mechapart BL = 8.53 PE = 90.5% BL = 17.87

Ed = 1.011 E2 = 1.009
Fig. 19. Gallery. Our method succeeds in generating atlases with bounded packing efficiency.
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Fig. 20. Distributions of isometric distortion. ∆Emax, ∆Eavg, and ∆Estd are
the maximum, average, and standard deviation of ∆E for all the meshes,
respectively.

histogram in Fig. 20 shows the distributions of E2, and the maxi-
mum, average, and standard deviation of E2 are 1.106, 1.021, 0.012.
It indicates that the deformation of the input atlas is slight.

Statistics data. We measure the boundary length elongation as
∆BL = (BLresult − BLinput)/BLinput. Since each input model in the
data set only has one chart, we record the resulting chart number.
Furthermore, we also measure N≤3%, SA and SAE for each mesh. We
report the above quality metrics, including the worse case, average,
and standard deviation for all meshes. This is denoted as ∆BLmax,
∆BLavg, ∆BLstd, CNmax, CNavg, CNstd, N3max, N3avg, N3std, SAmax,
SAavg, SAstd, and SAEmax, SAEavg, SAEstd. The histograms of these
metrics are shown in Fig. 21. In our data set, there are 207 examples

with SA greater than 10%. And we believe there is no small chart
in these result atlases. Thus, we omit them to create the histogram
in which SA is in Fig. 21. Although we modify the input atlas, the
signal approximation error is still very small.

Timings. For the Armadillo model in Fig. 1 with 9,904 vertices,
it took 2.59 seconds, 0.16 seconds, and 2.70 seconds to construct
the axis-aligned chart, decompose and pack rectangles, and reduce
distortion, respectively. The axis-aligned shape construction, axis-
aligned shape decomposition and rectangle packing, and distortion
reduction took 28.73 seconds, 0.27 seconds, and 31.32 seconds re-
spectively for the Octopus model with 45,579 vertices (Fig. 19). Since
the running time t is mainly affected by the size of the mesh, it is
weighted with the inverse of vertex number, which is denoted as
t̂ := t/N . The histograms of t̂ are shown in Fig. 21 (e).

5 CONCLUSION
Our method provides a novel technique to refine previously gener-
ated atlases with bounded packing efficiency. Due to the conversion
from a polygon packing problem to a rectangle packing problem,
our method achieves high packing efficiency. It performs well, and
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Fig. 21. Distributions of boundary length elongation, chart number, N<3%, smallest area, timings, and signal approximation error.

Ramses

PE = 89.1%
BL = 12.22
Ed = 1.041
E2 = 1.105

Fig. 22. Single-source geodesics calculation using the method from [Prada
et al. 2018] and an atlas generated by our method. The geodesics distance
from the nose is continuous across all charts. The input model is the same as
the Ramses model in Fig. 15, but the atlas is refined with gaps in distortion
reduction.

the overall atlas quality is far superior to previous methods. We have
demonstrated the practical robustness of our method on a large data
set containing 5,588 models.

Mapping continuity. The resulting atlas of our method does not
maintain the mapping continuity at the newly generated cut paths.
We argue that this is acceptable based on the following two reasons.
First, the existing method [Prada et al. 2018] for processing geomet-
ric signals on atlases can handle the discontinuity (Fig. 22). Second,
the mapping continuity is usually not satisfied at the boundaries of
the input charts. In addition, we also provide atlases with mapping
continuity at cut paths, i.e., the one after rectangle packing and
before distortion reduction. In the future, an interesting topic for
research would be to develop a method that can bound packing
efficiency without changing mapping distortion and maintaining
mapping continuity at newly introduced cuts.

Modification of the input charts. Our introduced modification of
the input atlas changes the signal that has been defined on the input
atlas. It may not meet the original intention of the creator of the
original signal. Although our method can minimize the distortion
between the input and output atlases in the distortion reduction step
for reducing this modification, it is still a limitation of our method.

Boundary length elongation. Although our method considers the
boundary length elongation in the axis-aligned chart construction
and decomposition, we cannot explicitly bound it. For example, the
maximum boundary length elongation in our data set is 168%. Thus,
simultaneously bounding the packing efficiency and the bound-
ary length elongation would be an intriguing direction for future
research.

(a) (b) (c) (d) (e)
Fig. 23. A failure case. (a) The input mesh. (b) Some edges of the parame-
terized chart are very different in length (arrows in the red box) cause the
axis-aligned chart construction to fail. (c) If the mesh is subdivided, the edge
lengths are more similar. (d) Then, it is turned into an axis-aligned chart
successfully. (e) The original chart is mapped to the axis-aligned shape.

Theoretical guarantee. Although we could achieve high quality
refined atlases on more than five thousand models, there is no
theoretical guarantee of success for any model, especially for the
axis-aligned chart construction process. Our method may fail in
the axis-aligned chart construction step because of extremely poor
triangulation of the input (e.g., a model with extremely varying
edge lengths), as shown in Fig. 23. One possible method to resolve
this issue is as follows: (1) split the long edges until all edges are
shorter than a specified small length; (2) deform the new atlas to be
axis-aligned; (3) map the original atlas to the axis-aligned shape by
the SA method [Fu and Liu 2016].

Quad layout. Our axis-aligned chart based decomposition method
generates a non-conforming quad layout of the input 2D param-
eterized chart. In principle, other automatic quad layout genera-
tion methods, which are robust, high-quality, and suitable for var-
ious complex 2D domains, can be used. However, as pointed out
by [Campen 2017], all proposed automatic methods are rarely able
to provide strict assurance of the quality and suitability of the re-
sults for any particular application scenario with hard requirements.
Therefore, an interesting future work is to investigate methods that
enable the creation of quad layouts particularly suited for the PE
improvement.
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