Beyond Trilinear Interpolation: Higher Quality for Free

BALAZS CSEBFALVI, Budapest University of Technology and Economics, Hungary

In volume-rendering applications, it is a de facto standard to reconstruct
the underlying continuous function by using trilinear interpolation, and
to estimate the gradients for the shading computations by calculating cen-
tral differences on the fly. In a GPU implementation, this requires seven
trilinear texture samples: one for the function reconstruction, and six for
the gradient estimation. In this paper, for the first time, we show that the
six additional samples can be used not just for gradient estimation, but for
significantly improving the quality of the function reconstruction as well.
As the additional arithmetic operations can be performed in the shadow
of the texture fetches, we can achieve this quality improvement for free
without reducing the rendering performance at all. Therefore, our method
can completely replace the standard trilinear interpolation in the practice of
GPU-accelerated volume rendering.
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1 INTRODUCTION

Volumetric data sets are usually obtained by sampling a trivariate
function that represents a continuous 3D phenomenon. In order
to visualize the original continuous phenomenon, the underlying
function needs to be reconstructed between the sample positions.
This requires a convolution of the discrete samples by an interpo-
lation filter if the sample positions are assumed to be defined by
the grid points of a regular sampling grid. In the practice of vol-
ume rendering, trilinear interpolation is one of the most popular
resampling techniques, as it represents a widely accepted trade-off
between image quality and rendering speed. This is especially true
for GPU-accelerated volume rendering [Cabral et al. 1994; Engel
et al. 2006; Kriiger and Westermann 2003; Westermann and Ertl
1998], where a hardwired implementation of trilinear texture fetch-
ing is available. Although higher-order filters, such as the tricubic
B-spline [Marschner and Lobb 1994; Mitchell and Netravali 1988]
or the tricubic Catmull-Rom spline [Catmull and Rom 1974; Keys
1981], guarantee higher image quality [Marschner and Lobb 1994],
they are significantly slower to evaluate even if their state-of-the-art
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Fig. 1. Semitransparent rendering of implicit surfaces using trilinear inter-
polation (red) and our method (green) for reconstructing the underlying
trivariate function from its discrete sampled representation. Our method
significantly reduces the artifacts introduced by the trilinear interpolation
but still guarantees the same rendering efficiency. The gradients are esti-
mated from six trilinear samples in both cases, but our method reuses these
samples for improving the quality of the function reconstruction.

GPU implementations [Csébfalvi 2018; Ruijters et al. 2008; Sigg and
Hadwiger 2005] are used. In this paper, we propose a resampling
technique that is as efficient as a trilinear interpolation combined
with on-the-fly central differencing, but still provides much higher
reconstruction quality (see Figure 1). Therefore, it can potentially
become a new standard tool for volume resampling.

2 RELATED WORK

Theoretically, higher-order reconstruction filtering has been thor-
oughly studied in the literature taking both sampling-theoretical
[Li et al. 2004; Marschner and Lobb 1994; Mitchell and Netravali
1988; Theufll et al. 2000] and approximation-theoretical aspects [Blu
et al. 1999; Blu and Unser 1999a,b; Condat et al. 2005; Csébfalvi 2008;
Moller et al. 1997, 1998] into account. However, only few papers
propose fast GPU implementations for higher-order filters. In 2005,
Sigg and Hadwiger published a pioneering work [Sigg and Hadwiger
2005] on an efficient evaluation of tricubic B-spline filtering on the
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GPU. Their method exploits that, in modern GPUs, the cost of a tri-
linear texture fetch is nearly the same as that of a nearest-neighbor
texture fetch. Instead of a brute-force implementation, which would
take 64 nearest-neighbor texture samples, tricubic B-spline filtering
was proposed to be evaluated as a linear combination of only eight
trilinear samples. As this approach drastically reduces the number
of texture fetches, which is the bottleneck in GPU implementations
in general, a significant speed-up can be achieved. Ruijters et al.
[Ruijters et al. 2008] improved this method by evaluating the sample
positions for the eight trilinear samples on the fly rather than pre-
calculating them in a lookup table. Recently, Csébfalvi recognized
that it is not trivial to adapt the method by Sigg and Hadwiger [Sigg
and Hadwiger 2005] to filter kernels that take also negative values,
and redesigned the original algorithm for an efficient Catmull-Rom
spline interpolation [Csébfalvi 2018]. In spite of all these optimiza-
tions, GPU-accelerated higher-order filtering is mainly used for
rendering isosurfaces by ray casting [Csébfalvi 2018; Hadwiger et al.
2009, 2005; Sigg and Hadwiger 2005], where gradients are necessary
to evaluate only for the first-hit surface points. To use these tech-
niques also for semitransparent volume rendering, gradients need
to be evaluated for each sample position along the viewing rays.
However, an on-the-fly central differencing or the calculation of
the analytic derivatives would require 48 and 24 additional texture
fetches, respectively [Hadwiger et al. 2005]. This is a significant
extra cost, which dramatically reduces the rendering performance.
Alternatively, the derivatives can also be precalculated and stored
for each voxel [Westermann and Ertl 1998]. In this case, the GPU
can simultaneously interpolate between the function values and
the derivatives, but this approach increases the memory require-
ments by a factor of four. Overall, all previous GPU-accelerated
higher-order filtering techniques [Csébfalvi 2018; Hadwiger et al.
2005; Ruijters et al. 2008; Sigg and Hadwiger 2005] achieve higher
quality either at the cost of higher storage requirements or at the
cost of lower rendering performance. In contrast, it is important
to emphasize that using our method is not a trade-off, as it is the
first third-order filtering technique that does not require an extra
storage cost and still guarantees the same rendering efficiency as
a lower-quality trilinear filtering combined with on-the-fly central
differencing.

3 OURMETHOD IN 1D

For the sake of clarity, we explain our method in 1D first, and then
we discuss its 3D extension in Section 4. Without a loss of generality,
assume that the samples of a continuous function f(x) are known at
integer positions and f(x) needs to be approximately reconstructed
from these discrete samples. A piecewise linear reconstruction at
position x is defined as follows:

f) = fin(x) = fllx]]- (1 =) + fllx] +1] - w, 1

where u = x—|x]. The first-order derivative of f(x) can be estimated
by calculating central differences on fj,(x) [Pratt 2001]:

f/(x) ~ d(x) = [fin(x + 1) = fin(x = D]/2. )

The key idea of our method is to reuse the linear samples fii,(x — 1),
fiin(x), and fiin(x + 1) to improve the reconstruction of f(x) in terms
of approximation order. To do so, first, we estimate the second-order
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Fig. 2. lllustration of our method in 1D. The three linear samples fji,(x — 1),
fiin(x), and fiin(x + 1) are used for derivative estimation and for improving
the quality of the function reconstruction as well.

derivative of f(x) by using a discrete Laplacian operator [Pratt
2001]:

f7(0) % 5(x) = fiin(x = 1) = 2fiin(x) + filx + 1). ®)
Based on the estimated second-order derivative, we modify the result
of the linear interpolation fi;,(x) between the discrete samples by
adding a correction term in order to compensate the error of the
piecewise linear approximation (see Figure 2). This correction term
is positive if the second derivative is negative and, vice versa, it
is negative if the second derivative is positive. More precisely, we
propose the following reconstruction scheme:

f) = f(x) = fin(x) + s(x) - %(062 - a), 4
N
correction term
where x = i + a fori € Z and a € [0, 1) being the integer and
fractional parts of x, respectively. Note that, in 1D, our method
formulated by Equation 4 leads to the same result as a Catmull-Rom
spline interpolation:

fin(x) +s(x) - 3(a* —a) =
Sin(x) + [fiin(x = 1) = 2fiin(x) + fin(x + 1)] - %(052 —a)=

flil-A-a)+ fli+ 1] a+
[fli-1]-(1 —a) + fli] - a] - 3(a* — a)—

[fli]-(1=a) + fli+1] - a] - (&* = a)+ (5)
[fli+1]-Q-a)+ fli+2]-a]- 3(a? —a) =

fli—-1]- —%a3+0{2—%a)+f[i]~ %a3—%a2+1)+
f[i+l]-(—%a3+2a2+%a)+f[i+2] (%oﬁ—%az):

2 oo fII - per(x = 1),
where ¢cg is the well-known Catmull-Rom spline kernel [Catmull
and Rom 1974; Keys 1981]:
BeP - 31 +1if |t <1
ocr(t) = 4 =2t + 3|t|2 —4ft| +2if 1 < |t] < 2 (6)

0 otherwise.



Thus, according to our evaluation scheme, a 1D Catmull-Rom spline
interpolation can be equivalently evaluated from three samples
linearly interpolated at positions x — 1, x, and x + 1.

4 3D EXTENSION

In 3D, the samples of a trivariate function f(x,y, z) are assumed
to be known for integer coordinates and f(x, y, z) needs to be ap-
proximately reconstructed from these discrete samples. In volume-
rendering applications, it is a de facto standard to use trilinear in-
terpolation between the discrete samples and to estimate gradients
by calculating central differences on the trilinearly reconstructed
underlying function. A trilinear reconstruction is defined as follows:

f(x’ Y, Z) ~ ﬁrilin(xv Y, Z) =
fllx), Lyl lz]]- A —w) - (1-0) - (1 - w)+
fllxl+ 1 [yl lz]] - u- (1 -0) - (1 - w)+
fllxl Lyl + 1L z]]- (A —w) -0 (1 - w)+
fllx] + Lyl + L [z]]-u-v- (1 -w)+ 7)
fllxl Lyl Lzl +1]- (1 —w) - (1 —v) - w+
fllxl+ 1, 1yl [zl +1]-u-(1—20) - w+
fllxl, lyl + L, lz]+1]- Q1 —-u)-v-w+
fllxl+ 1Lyl + 1,1zl +1]-u-v-w,
where u = x — |x], v = y — |y], and w = z — | z]. Using central
differences [Pratt 2001], the gradient of f(x, y, z) can be estimated
as

6if(x’ Y Z) dx (x7 Y, Z)
Vf(x, Y, Z) = a_f(x, Yy, z) ~ dy(x, v, Z)
2 f(xyz)| ldz(x4.2)

8)
[faitin(x + 1,4, 2) = firiin(x — 1, y,2)]/2
[ﬁrilin(x$ y + 1, Z) - ﬁrilin(x’ y-—- 1’ Z)]/2 .
[ﬁrilin(x’ Y,z + 1) - ﬁrilin(x’ Y,z — 1)]/2

In order to extend our reconstruction scheme described by Equa-
tion 4 to 3D, we propose the following nonseparable extension:

fy2) ~ f,4,2) = fuin(x, 4, 2) + s5x(x,4,2) - (@ - @)/2
+sy(x, 4, 2) - (B2 = B)/2

+5206,4,2) - (Y = y)/2

correction terms
©)
where x = i+a,y = j+ f,andz = k + y for i,j,k € Z and
a, B,y € [0, 1) being the integer and fractional parts of x, y, and z,
respectively, while the second-order partial derivatives are estimated
by using the discrete Laplacian operator along the three major axes
separately:

r 2

6xz f(x,y,2) sx(x,y,2)

ayz floy,2)| = |sy(x,y,2)| =

2 flxyz)| =82

(10)

[ Frritin(x = 1,9, 2) = 2 frnitin (%, Y5 2) + frritin(x + 1,4, 2)

Sreitin(6, Y = 1,2) = 2 furitin (%, Y, 2) + friin (6, y + 1, 2) |
| frritin (% Y> 2 = 1) = 2 firitin (3, Y, 2) + fritin (3, Y, 2 + 1)
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Note that we use exactly the same six additional trilinear samples for
evaluating the three correction terms in Equation 9 that are used for
gradient estimation in Equation 8. It is easy to see that our method
formulated by Equation 9 is interpolating as the correction terms
are equal to zero at the grid points, while the remaining trilinear
interpolation exactly reproduces the original discrete samples.

==Trilinear interpolation «=Our method e=Catmull-Rom spline interpolation
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Fig. 3. RMS error of the reconstructed ML signal depending on the sampling
resolution, which is set to be the same along the three major axes. The error
curve of our method is practically the same as that of the Catmull-Rom
spline interpolation, which is significantly below the error curve belonging
to trilinear interpolation.

5 POLYNOMIAL RECONSTRUCTION AND
APPROXIMATION ORDER

In this section, we show that our method is equivalent to Catmull-
Rom spline interpolation in a sense that it is also able to exactly
reproduce quadratic polynomials. Such a quadratic polynomial is

defined as
f(x,y,2) = Ax®+By? +Cz% + Dyz+Exz+Fxy+Gx+Hy+Iz+]. (11)

Let us first express the result of the trilinear interpolation by substi-
tuting Equation 11 into Equation 7:

ﬁrilin(X, Y, Z) = ﬁrilin(i + avj + ﬂa k+ Y) =

flijkl-1-a)-1-p)-(1-y)+
fli+Ljkl-a-(1=)-(1-y)+
flij+Lk]-(A—a)-B-(1-y)+
fli+Lj+Lkl-a-p-(1-y)+

fliik+1]-(1-a)- (A=) -y+ (12)
fli+Ljk+1]-a-(1-p) v+
fli,j+Lk+1]-(1—a)-f-y+
fli+Lj+1L,k+1]-a-f-y=

Ai% + A2ia + Aa + Bj? + B2jf + Bf + Ck? + C2ky + Cy+
Dyz+ Exz+ Fxy+Gx+Hy + 1z + J.
Note that sy, sy, and s, defined by Equation 10 exactly reproduce the
second-order homogeneous partial derivatives of f(x, y, z), since
substituting Equation 12 into Equation 10, we obtain:

az
sx(x,y,2) 2A Wf(xs Y, z)
sy(x,y,2)| = |2B| = aa—yzf(x, y,2)| . (13)
2
sz(x, v, 2) 2C %f(x, )
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(a) Trilinear filter.

(b) Our tricubic filter.

(c) Catmull-Rom spline filter.

Fig. 4. 2D cross sections (x € [-2,2], y € [-2, 2], z = 0) of impulse responses corresponding to trilinear interpolation (a), our method (b), and tricubic
Catmull-Rom spline interpolation (c). Note that the difference between the impulse response of our method and that of the Catmull-Rom spline interpolation

is hardly recognizable.

(a) Trilinear filter.
Postaliasing: 0.042498
Oversmoothing: 0.746361

(b) Our tricubic filter.
Postaliasing: 0.069355
Oversmoothing: 0.558539

(c) Catmull-Rom spline filter.
Postaliasing: 0.073159
Oversmoothing: 0.533303

Fig. 5. 2D cross sections (vx € [-2,2], vy € [-2, 2], vz = 0) of frequency responses corresponding to trilinear interpolation (a), our method (b), and tricubic
Catmull-Rom spline interpolation (c). Frequency coefficients corresponding to the passband and the stopband are depicted in green and red, respectively. The
postaliasing and oversmoothing effects were measured as proposed by Marschner and Lobb [Marschner and Lobb 1994]. According to these measures, our
method shows practically the same frequency-domain behavior as the Catmull-Rom spline interpolation.

Therefore, we can evaluate Equation 9 as follows:

ﬁrilin(x’y’z)"'A'(az_a)+B’(ﬂz_ﬂ)+C'(y2_y)=

Ai® + A2ia + Aa + Bj? + B2jp + Bf + Ck? + C2ky + Cy+
Dyz + Exz + Fxy + Gx+ Hy + Iz + J+
A(@®-a)+B-(fP=p)+C-(y*-y) =

A(i + a)® + B(G + )2 + Clk + y)*+
Dyz + Exz+ Fxy+Gx+Hy+1z+ ] =

Ax? +By? + Cz% + Dyz + Exz + Fxy + Gx + Hy + Iz + ] =
flxy.2).
(14)
Thus, our method described by Equation 9 can indeed exactly re-
produce quadratic polynomials. As a consequence, according to the
Strang-Fix conditions [Strang and Fix 1971], it guarantees a third-
order approximation just as the standard tensor-product extension
of the Catmull-Rom spline interpolation. The approximation order
determines how fast the error of the approximation converges to
zero if the sampling frequency is increased [Blu and Unser 1999b]. In
Figure 3, the asymptotic error behavior of our method is compared
to that of the trilinear and Catmull-Rom spline interpolations. Note
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that our method results in practically the same error curve as the
Catmull-Rom spline interpolation. The error curves were gener-
ated by measuring the RMS error between the analytically defined
Marschner-Lobb (ML) test signal [Marschner and Lobb 1994] and
its reconstructions corresponding to different sampling resolutions.

6 IMPULSE RESPONSE

Equation 5 implies that the correction term in Equation 4 can be
expressed by the following convolution:

1, ., N

s(x) - 5 (a® —a) = ,_wa[l]  Puon(x = 1) (15)
where the corresponding filter is @eor(t) = @cr(f) — @un(t) for
@in(t) = max(0,1 — [t|) being the tent filter belonging to linear
interpolation. Note that, in 3D (see Equation 9), each correction
term can be expressed by separate convolutions along the three
major axes, where the correction kernel o (t) is used along one
axis and the linear kernel ¢yi,(#) is used along the other two axes.
Thus, the 3D impulse response of our method defined by Equation 9
can be expressed as

(P(x’ Y, Z) = ¢lin(x)(plin(y)¢lin(z) + gocorr(x)(plin(y)(Plin(z)"' (16)
Glin(X)Peorr (Y)P1in (2) + Plin () P1in(Y)Peorr(2)-



It is interesting to mention that ¢(x, y, z) is equal to the Catmull-
Rom spline along the major axes. For example, for y,z = 0, we
obtain ¢(x,y,z) = ¢(x,0,0) = @in(x) + Qeorr(x) = @cr(x), since
qolin(y) = (Plin(z) = (Plin(o) = 1land (pcorr(y) = @corr(z) = qocorr(o) =0
in Equation 16. Furthermore, along a grid line, only those discrete
samples have a contribution to the reconstructed function that are
intersected by the given grid line. As a consequence, our method is
equivalent to a Catmull-Rom spline interpolation along the edges
of the cubic cells, and fits a tricubic polynomial onto the edge pro-
files in between. Figure 4 shows the impulse response ¢(x,y, z)
of our method compared to that of the trilinear interpolation and
the Catmull-Rom spline interpolation. In fact, ¢(x, y, z) represents
a very good approximation of the 3D separable extension of the
Catmull-Rom spline. Between these kernels we measured an RMS
error of 0.0036, while between the trilinear kernel and the tricubic
Catmull-Rom spline we measured an order of magnitude higher
RMS error of 0.0269.

7 FREQUENCY RESPONSE

Itis easy to derive the frequency response ¢(vy, vy, vz) of our method
by simply taking the Fourier transform of Equation 16:

P, vy, vz) = Piin(Vie ) Prin(Vy ) Prin (V) + Peorr (Vi) Prin (vy ) Prin (v2)+
qalin(vx)(ﬁcorr(vy )(ﬁlin(Vz) + (ﬁlin(vx)(ﬁlin(vy)(ﬁcorr(vz)’
(17)
where the frequency response of the linear tent filter is @y, (v) =

502
%, while the frequency response of the correction kernel is

Peorr(V) = @cr(V) — @rin(v). Thus, the well-known Fourier transform
of the Catmull-Rom spline [Mitchell and Netravali 1988] completes
the definition of ¢(vx, vy, vz):

Pcr(v) = (niv)z[sincz(v) — sinc(2v)]+
[-3sinc?(2v) + 2sinc(2v) + sinc(4v)].

1 (18)
(mv)?

Figure 5 shows the frequency response ¢(vx, vy, vz) of our method
compared to that of the trilinear interpolation and the Catmull-
Rom spline interpolation. Note that our method shows practically
the same frequency-domain behavior as the Catmull-Rom spline
interpolation. Furthermore, just as the frequency response of the
tricubic Catmull-Rom spline, ¢(vx, vy, ;) guarantees at least third-
order zero-crossings at integer coordinates except the origin. Let
us first consider the case when vy, vy, v, € Z and at least two
coordinates are not equal to zero. In Equation 17, each of the four
terms ensures at least fourth-order zero-crossings as, for non-zero
integer positions, @y, and ¢cr are well-known to result in zero-
crossings of order two and three, respectively. In other cases, when
at least two coordinates are equal to zero, ¢(vx, vy, Vz) takes the
same values as a tensor-product extension of ¢cg. For example, if
vy, vz = 0 then ¢(vy, vy, vz) = @(vx,0,0) = Pin(Vx) + Peorr(Vx) =
Pcr(vx), since Pin(vy) = Pun(vz) = Gun(0) = 1 and Peore(vy) =
@eorr(Vz) = @eorr(0) = 0 in Equation 17. Therefore, ¢(vy, 0, 0) is equal
to the frequency response of the Catmull-Rom spline at vy, and as
such results in the same third-order zero-crossings for vy € Z and
vx # 0. Thus, for arbitrary integer coordinates except the origin,
@(vx, vy, vz) guarantees at least third-order zero-crossings, which
is the frequency-domain formulation of the well-known Strang-Fix
condition [Strang and Fix 1971] for a third-order approximation.
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This is equivalent to the spatial-domain formulation that requires
an exact reconstruction of quadratic polynomials as described in
Section 5.

8 GPU IMPLEMENTATION

Equation 9 is straightforward to evaluate on the GPU using the
following GLSL code:

vec4 resampleGradientAndDensity(vec3 position)

{

float sample = texture(samplerUnit, position).r;

vec3 step = 1.0 / size;
vec3 sample@, samplel;

sample@.x = texture(samplerUnit,

vec3(position.x - step.x, position.y, position.z)).r;
samplel.x = texture(samplerUnit,

vec3(position.x + step.x, position.y, position.z)).r;
sample@d.y = texture(samplerUnit,

vec3(position.x, position.y - step.y, position.z)).r;
samplel.y = texture(samplerUnit,

vec3(position.x, position.y + step.y, position.z)).r;
sample@.z = texture(samplerUnit,

vec3(position.x, position.y, position.z - step.z)).r;
samplel.z = texture(samplerUnit,

vec3(position.x, position.y, position.z + step.z)).r;

vec3 scaledPosition = position * size - 0.5;

vec3 fraction = scaledPosition - floor(scaledPosition);

vec3 correctionPolynomial = (fraction * (fraction - 1.0)) / 2.0;

sample += dot((sample@ - sample * 2.0 + samplel),
correctionPolynomial);

return vec4(normalize(samplel - sample@), sample);

3

Variable size is a uniform vec3 parameter of the fragment shader
that represents the resolution of the input volume data along the
three major axes. Note that, without the lines edited in blue, func-
tion resampleGradientAndDensity implements the standard re-
sampling scheme, where the underlying function is reconstructed by
using a trilinear texture sampling, while the gradients are estimated
by calculating central differences between trilinear samples. We
propose to add the blue lines to the GLSL code in order to improve
the quality of the function reconstruction according to Equation 9.
This modification does not require new texture samples, so the
number of necessary texture fetches still remains seven. Moreover,
the additional arithmetic operations are performed in the shadow
of the seven trilinear texture fetches. Therefore, our method does
not reduce the rendering performance at all, but still improves the
numerical accuracy by increasing the approximation order from two
to three. Thus, there is no reason left to still use traditional trilinear
interpolation combined with on-the-fly central differencing, since
using the proposed modification a quality improvement is provided
for free.

Figure 6 shows a semitransparent volume rendering of the ML
signal using trilinear interpolation and our method. The test signal
is represented by 100 discrete samples. While there is no difference
in terms of rendering efficiency, our method already reconstructs
the signal almost perfectly at the given sampling frequency, but the
trilinear interpolation still introduces artifacts. The corresponding
error images in Figure 7 show a significant improvement in nu-
merical accuracy as well. Figure 8 shows a semitransparent volume
rendering of a Christmas tree CT scan using trilinear interpolation
and our method. Trilinear interpolation introduces severe staircase
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Volume Rendering using On-the-fly Gradient Estimation

e e !

,.‘44;‘\‘»\.4

N
\\ 3 “A“

Our method.
Rendering speed: 11 fps.

Trilinear interpolation.
Rendering speed: 11 fps.

Fig. 6. Semitransparent volume rendering of the ML signal using on-the-
fly gradient estimation. The frame rates were measured on an nVidia
GeForce GT 720M graphics card.

Trilinear interpolation. Our method.

Fig. 7. Over-emphasized error images corresponding to semitransparent
volume rendering using on-the-fly gradient estimation. The ground truth
is the volume rendering of the analytical test signal using the same transfer
function and the same sampling rate along the viewing rays. Error of zero
is mapped to white, while darker pixels correspond to larger error.

Our method. Rendering speed: 7 fps.

Fig. 8. Semitransparent volume rendering of a Christmas tree CT scan
(512 % 499 x 512 voxels) using on-the-fly gradient estimation.

artifacts, which can be significantly reduced by using our method.
This is especially apparent at the contours of the objects.

ACM Trans. Graph., Vol. 38, No. 4, Article 56. Publication date: July 2019.

Isosurface Rendering using Precalculated Derivatives

e
Trilinear interpolation. Rendering speed: 92 fps.

Optimized Catmull-Rom spline interpolation [Csébfalvi 2018].
Rendering speed: 28 fps.

Fig. 9. Left-hand side: Isosurface rendering of the ML signal using precal-
culated derivatives. Right-hand side: The corresponding over-emphasized
error images. In each pixel, we measured the error as the distance between
the ray/surface intersection points belonging to the approximate isosurface
and the analytically defined isosurface. Error of zero is mapped to white,
while darker pixels correspond to larger error.

It is important to emphasize that, without using precalculated
gradients, an optimized Catmull-Rom spline interpolation [Csébfalvi
2018] cannot be competitive to our method as an on-the-fly central
differencing would require 48 additional trilinear texture fetches. An
analytic derivative calculation [Sigg and Hadwiger 2005] combined
with an arbitrary tricubic filter cannot be competitive either, since
it would require 24 additional trilinear texture fetches.

9 ISOSURFACE RENDERING

For isosurface rendering, gradients do not need to be evaluated
for each sample position, but only for the first intersection points.
Therefore, the bottleneck is the function reconstruction rather than
the gradient reconstruction. If there is sufficient texture memory
available for storing a four times larger volume representation, our
method can be very efficiently adapted to isosurface rendering. We
propose to precalculate the three second-order homogeneous partial
derivatives rather than the three first-order derivatives. In this case,
Equation 9 can be evaluated by taking a single four-component
trilinear texture sample, simultaneously interpolating between the
function and second-order derivative samples. This can be easily
implemented by using the following GLSL code, which assumes that
the estimated second-order derivatives are divided by two (to avoid
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Trilinear interpolation. Rendering speed: 10 fps.

Our method. Rendering speed: 7.5 fps.

Optimized Catmull-Rom spline interpolation
[Csébfalvi 2018]. Rendering speed: 1.5 fps.

Fig. 10. Isosurface rendering of a Christmas tree CT scan (512 X 499 X 512 voxels) using precalculated derivatives.

a division in the shader program) and stored in red, green, and blue
channels, while the function values are stored in the alpha channel:

float resampleDensity(vec3 position)
¢ vec4 sample = texture(samplerUnit, position);

vec3 scaledPosition = position * size - 0.5;

vec3 fraction = scaledPosition - floor(scaledPosition);

vec4 correctionPolynomial =

vec4(fraction * (fraction - 1.0), 1.0);

return dot(sample, correctionPolynomial);
3
Here we exploit that sy, sy, and s, in Equation 10 are defined, in
fact, by two consecutive convolutions corresponding to the trilin-
ear interpolation, and the discrete Laplacian operator. Due to the
commutative property of the convolution, the order of these two
convolutions can be reversed. Therefore, first, the second-order
derivatives are precalculated at the grid points by using the discrete
Laplacian operator, and afterwards sy, sy, and s, are evaluated by
separate trilinear interpolations in between. Together with the tri-
linear interpolation of the function values, this requires a single
four-component trilinear texture fetch.

Figure 9 shows an isosurface of the ML signal rendered by tri-
linear interpolation, our method, and the separable Catmull-Rom
spline interpolation. Note that our method is competitive to trilinear
interpolation in terms of rendering efficiency, but results in much
higher image quality, while compared to the optimized Catmull-
Rom spline interpolation, it is 2.5 times faster providing practically
the same image quality. Figure 9 shows the corresponding error
images.

If isosurfaces contained in higher-resolution real-world data need
to be rendered, trilinear texture fetching becomes more expensive
as the caching efficiency is lower for larger data sets in general.
Therefore, increasing the data resolution, our method becomes more
and more efficient than a Catmull-Rom spline interpolation as it
requires only one trilinear texture fetch rather than eight trilinear
texture fetches. Figure 10 and Figure 11 show isosurfaces of real-
world volume data sets that can be rendered already five times faster
by using our method rather than an optimized Catmull-Rom spline
interpolation.

10 CONCLUSION

We have introduced a novel GPU-based volume-resampling tech-
nique that guarantees the same rendering efficiency as trilinear
interpolation combined with on-the-fly central differencing, but
improves image quality by increasing the approximation order from

two to three. Our technique is able to exactly reproduce quadratic
polynomials and their derivatives, while the standard trilinear in-
terpolation can exactly reproduce only linear polynomials. As our
method provides quality improvement for free, it is recommended to
be integrated into every application that used trilinear interpolation
combined with on-the-fly central differencing so far. Considering
the fact that trilinear interpolation is currently widely used in var-
ious visualization and 3D modeling applications, our results can
potentially make a significant practical impact.

When our method is used for isosurface rendering, where gradi-
ents are necessary to evaluate only for the first-hit surface points, it
is slightly slower than a trilinear interpolation if the second-order
derivatives are assumed to be precalculated. However, rendering iso-
surfaces in real-world CT data, our method was measured to be five
times faster than the state-of-the-art GPU optimization [Csébfalvi
2018] of the Catmull-Rom spline interpolation.

Theoretically, the interpolation technique proposed in this paper
can also be interpreted as a nonseparable extension of the well-
known Catmull-Rom spline, which is equivalent to the separable
extension in terms of approximation order and frequency-domain
behavior. However, our nonseparable extension scheme is more effi-
cient to implement, as it yields a much more compact reconstruction
kernel that covers only 32 discrete samples rather than 64 discrete
samples.
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