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(a) A parrot standing on a branch (b) Lizard (c) Fern
Fig. 1. Peeling artworks generated by our design system. Crafting along the drawn curves on the citruses (top left), the citruses are unfolded into a parrot
standing on a branch (a), a lizard (b), or a fern (c).

Some artists peel citrus fruits into a variety of elegant 2D shapes, depicting
animals, plants, and cartoons. It is a creative art form, called Citrus Peeling
Art. This art form follows the conservation principle, i.e., each shape must be
created using one entire peel. Central to this art is finding optimal cut lines so
that the citruses can be cut and unfolded into the desired shapes. However, it
is extremely difficult for users to imagine and generate cuts for their desired
shapes. To this end, we present a computational method for citrus peeling art
designs. Our key insight is that instead of solving the difficult cut generation
problem, we map a designed input shape onto a citrus in an attempt to
cover the entire citrus and use the mapped boundary to generate the cut
paths. Sometimes, a mapped shape is unable to completely cover a citrus.
Consequently, we have developed five customized ways of interaction that
are used to rectify the input shape so that it is suitable for citrus peeling
art. The mapping process and user interactions are iteratively conducted to
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satisfy a user’s design intentions. A large number of experiments, including
a formative user study, demonstrate the capability and practicability of our
method for peeling art design and construction.
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parameterizations, mapping
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1 INTRODUCTION
Computational art assists users to easily visualize, design, and create
generative art in algorithmic and programmatic ways [Bickel et al.
2018; Wood et al. 2016]. Citrus Peeling Art, created by Yoshihiro
Okada [Okada 2010], allows users to peel a citrus fruit along guid-
ance lines and unfold the whole citrus into desired 2D shapes, as
shown in Fig. 2. 1 This fascinating art form offers an opportunity
for enjoyment and creativity and has been widely used in children’s
education.
However, only a limited number of pieces have been created so

far [Okada 2010]. To create new samples of this art form, a designer
needs a fertile imagination and a large number of trial-and-error ex-
periments, which is non-trivial and time consuming. Therefore, it is
highly challenging for general users to peel citruses into customized
shapes.
1More examples can be found at https://youtube.com/user/yosigirito/videos.
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Crafting Mantis Horse Frog
Fig. 2. Some real examples of citrus peeling art designed by Yoshihiro
Okada [Okada 2010].

(a) Citrus (b) 2D shape

Cut Generation

Mapping Computation

Fig. 3. The mapping computation and the cut generation are two reciprocal
processes. It is very difficult to construct cut paths so that the unfolded
shape of the cut citrus is similar to the input. But, it is easier to map the
input 2D shape onto the citrus to try to completely cover it.

Our goal is to develop an algorithmic approach to assist home
users to create cut paths and peeling works for their desired input
shapes. From the point of view of geometry processing, this problem
seeks to find a way to generate cut paths on a citrus fruit in order
to unfold it into a 2D shape that is close to a user-designed input.
Existing research on computing cut paths on surfaces aims to

minimize cut length and unfolded shape distortion [Li et al. 2018;
Poranne et al. 2017; Sharp and Crane 2018]; however, our proposed
problem is much more difficult. The reasons are twofold. First, it is
difficult to obtain a computable metric that can be efficiently used
in the optimization to measure the closeness or similarity between
the unfolded shape and the desired shape. Second, there may be no
possible cut paths to make the unfolded shape adequately match the
given input shape. Users should be able to modify an input shape
to find a suitable solution. Nevertheless, it is non-trivial to create
an easy-to-use design system to freely allow users to modify input
shapes and generate desired results.
In this paper, we present a novel method for citrus peeling art

design. Instead of directly computing the cut paths to satisfy the
shape similarity requirements, we study the problem from a different
perspective (Fig. 3). In fact, if we map an unfolded shape back onto
a citrus, the citrus can be entirely covered and the boundary of the
mapped shape represents the cut paths. Thus, we map the input
shape onto the citrus and try to completely cover it. Then, the cuts
are determined based on the boundary of the mapped input shape.
The key insight of our method is to convert the cut generation
problem to a mapping problem that is easier to solve. Therefore, we
propose a novel method to map an input shape onto a citrus with
low isometric distortion, which ensures high similarity between the
unfolded shape and the input shape.

However, only using this low isometric distortion mapping is not
always successful for every input shape. To modify the input shapes
suitable for citrus peeling art, we integrate users into the design
process. Based on an analysis of the principles of citrus peeling art,
five customized interaction methods are provided, including shape
augmentation, angle augmentation, part deletion, curvature reduction,
and pre-processing. Then, the mapping process and interactions are

alternatively performed to meet a user’s design intentions. Fig. 4
shows an example.
To the best of our knowledge, our method is the first to study

the cut generation problem, wherein the unfolding contains low
isometric distortion and the unfolded shape is similar to the desired
input shape. The provided computational tool for citrus peeling art
design and construction is able to create elegant shapes. We demon-
strate the feasibility and practicability of our technique through a
number of experiments (60 examples) and a formative user study
(10 participants).

2 RELATED WORK
Mesh cutting. Previous mesh cuttingmethods usually focus on the

low distortion requirement and the short cut path requirement. Some
methods first detect vertices that may introduce high distortion and
then connect the detected vertices using a minimum spanning tree
to determine the cut [Chai et al. 2018; Sheffer 2002; Sheffer and
Hart 2002]. An iterative algorithm is developed, which alternately
unfolds the mesh and finds the shortest path from the vertex with
maximum distortion to the existing boundary [Gu et al. 2002]. Mesh
segmentation approaches [Julius et al. 2005; Lévy et al. 2002; Sander
et al. 2002, 2003; Zhang et al. 2005; Zhou et al. 2004] divide an
input mesh into multiple patches, and each patch can be unfolded
with very low distortion. Cut length and unfolded distortion are
simultaneously and jointly optimized [Li et al. 2018; Poranne et al.
2017]. A global variational approach is presented to generate the
cut [Sharp and Crane 2018]. These methods cannot generate an
unfolded shape that is similar to an input shape.

Low distortion mappings. A lot of methods for low distortion map-
pings have been proposed (cf. the surveys in [Botsch and Sorkine
2008; Floater and Hormann 2005; Li and Iyengar 2015; Sheffer et al.
2006]). Usually, the task of computing low distortion mappings is for-
mulated as an optimization problem that tries to minimize distortion
energy functions with some specified constraints. To preserve the
isometry of a mapping, the isometric distortion energy is selected for
optimization. There are many isometric distortion metrics, such as
the ARAP energy [Liu et al. 2008], the isometric AMIPS energy [Fu
et al. 2015], and the symmetric Dirichlet energy [Smith and Schaefer
2015]. To optimize these energies, many geometric optimization al-
gorithms have been proposed, such as local/global methods [Liu et al.
2008; Sorkine and Alexa 2007], bounded distortion methods [Koval-
sky et al. 2015; Lipman 2012], representation-based methods [Fu and
Liu 2016; Sheffer and de Sturler 2001], coarse-to-fine methods [Hu
et al. 2018; Praun and Hoppe 2003], and maintenance-based meth-
ods [Liu et al. 2018; Rabinovich et al. 2017]. The BFF method [Sawh-
ney and Crane 2017] provides direct control over boundary length or
angle of the unfolded shape, but it does not study the cut generation
problem. In our mapping process, we combine the ARAP energy
with a novel metric to slightly modify input shapes and effectively
shrink the part of a citrus that is excluded from the mapped region.

Foldable art design. Various computational systems have been pro-
posed recently for art design (cf. the surveys in [Bickel et al. 2018]).
Here, we only review prior works about foldable art design and
fabrication. Papercraft design consists of cutting, bending, folding,
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(a) (b) (c) (d) (e) (f) (g)
Fig. 4. Workflow of our method. (a) An input 2D shape S. (b) Mapping the input shape S onto the citrus M (the whole sphere-like shape). Since the input
shape is not suitable for peeling art, the mapped shape Sm (green parts) cannot completely cover the citrus M. (c) Unfolding the mapped shape Sm and the
uncovered regions (orange parts in (b)) of a citrus onto a plane for interactions. The purple, red, and cyan regions are for interactions. (d) After interactions, a
new 2D shape is generated. The mapping process and interactions are iteratively conducted until the area of the uncovered regions is almost zero or the user
does not want to interact anymore. (e) The mapped shape completely covers the citrus. (f) Using the boundary of the mapped shape to generate the resulting
cut C. (g) Cutting the citrus to a disk topology mesh that is unfolded onto the plane.

and gluing surface patches [Kilian et al. 2008, 2017; Massarwi et al.
2007; Mitani and Suzuki 2004b; Shatz et al. 2006; Skouras et al. 2014;
Takezawa et al. 2016]. These methods unfold an input 3D mesh into
a planar domain via introducing cuts; however, the folded shape
is not constrained so it dose not match the user’s desired shape.
Some automatic tools have been developed for origami, which is a
traditional papercrafting art [Tachi 2009, 2010]. Tools for designing
paper pop-up illustrations and wire meshes are also presented [Garg
et al. 2014; Jr. et al. 2014; Le et al. 2014; Li et al. 2011, 2010; Mitani
and Suzuki 2004a]. In this paper, we compute cut paths on a citrus
so that it can be unfolded into a user’s expected shape.

3 MAPPING TO SURFACE
Input. We denote the input 2D simply-connected shape as S and

the citrus shape as a genus-zero surface M. S is represented as a
planar triangular mesh that consists of a set of verticesV = {vi }
and triangles F = {fi }.

3.1 Problem and challenge
Problem and formulation. Our goal is to compute a cut path C on

M and cut M to a disk topology mesh Mc so that the unfolded
shape Sc of Mc looks similar to S. The process is formulated as
follows:

min
C

Esim(S,S
c ) = Esim

(
S,Ψ(Mc )

)
, (1)

where Esim indicates a similarity error between two 2D shapes, and
Ψ is the unfolding operation. Since we are unfolding citruses, Ψ can
be treated as a determined parameterization, e.g., [Liu et al. 2008].

Challenges. Solving (1) is very challenging. It is non-trivial to
choose a Esim that is easy to optimize. The definitions of Esim can be
classified into two categories according to whether the correspon-
dence between S and Sc is achieved. If the correspondence is given,
the distortion of the correspondence or the summation of squares
for the Euclidean distance between corresponding vertices can be
used to define Esim; however, computing the correspondence is dif-
ficult and costly. If the correspondence is not built, we can define
Esim as the Hausdorff distance or the difference between descriptors
of the two shapes, but it is hard to optimize Esim with respect to C.

3.2 Our method
Key idea. In fact, if we map Sc back onto M with low isometric

distortion, M can be completely covered. Then, the boundary of
the mapped Sc is similar to the cut C. According to this fact, we
can map S ontoM and try to completely coverM. IfM is entirely
covered, the boundary of the mapped S approximates the desired
cut C. This is our key idea: converting the cut generation problem
to a mapping problem that is easier to solve.

Goals and formulation. We denote the mapping from S to its
mapped shape Sm onM as Φ, i.e., Sm = Φ(S). The set of vertices
and triangles of Sm are denoted as Vm = {vmi } and Fm = {fmi },
respectively. If S is suitable for generating citrus peeling art, the
final unfolded shape can be approximated as (Ψ ◦Φ)(S). We use the
isometric distortion of the mapping (Ψ ◦ Φ) as the similarity metric.
Since Ψ is determined, we only use the isometric distortion of Φ as
the similarity metric. Thus, our goal is to compute Sm so that it
contains low isometric distortion from S and completely covers M
with no overlaps. The procedure is formulated as follows:

min
Sm

Eiso(S
m ,S) + ωEshr(R), (2)

where Eiso(Sm ,S) indicates the isometric distortion from S to Sm .
R (see the orange region in Fig. 4 (b)) denotes a region that shares
the same boundary with Sm and includes M \ Sm . Eshr(R) is an
energy that is used to shrink R and resolve the overlaps of Sm , that
is, to try to make Sm completely coversM. ω is a positive weight
balancing the two terms.

Isometric distortion energy. We use the ARAP distortion met-
ric [Liu et al. 2008] to measure Eiso(Sm ,S). By introducing a local
coordinate system Fmi on fmi , the mapping from fi to fmi is an affine
transformation with a Jacobian matrix of 2 × 2, denoted as Ji .

Eiso(S
m ,S) =

∑
fi ∈F

Area(fi )∥ Ji − Ri ∥
2
F , (3)

where ∥ · ∥2
F is the Frobenius norm, and Ri is an auxiliary variable

representing the closest projection of Ji onto the 2D rotation group.

Shrink energy. We triangulate R to obtain a triangular mesh that
has a set of vertices Vr = {vri } and triangles F r = {fri }. Each
fri is equipped with a local coordinate system Fri . Our goal is to
degenerate each fri . One naive choice is to use the area of fri as an
additional energy term for optimizing the mapping. However, it
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works badly (see the comparison in Fig. 10). Assuming that there is
a 2D regular triangle t with an edge length of 1, the mapping from t
to fri (in Fri ) is an affine transformation with a 2× 2 Jacobian matrix,
denoted as Ai . Then, the zero area requirement of fri is transformed
to require the rank ofAi to be one. Based on this concept, we propose
a novel rank-one energy:

Eshr(R) =
∑

fri ∈F
r

Area(t)∥Ai − Bi ∥
2
F , (4)

where Bi represents an auxiliary variable for the closest projection
of Ai onto a rank-one 2 × 2 matrix space.

Reformulation. We denote the boundary of R as ∂R and the
boundary of Sm as ∂Sm . ∂R and ∂Sm are always the same. The
mapping problem can be reformulated as the following problem:

min
Sm,R

Eiso(S
m ,S) + ωEshr(R)

s.t. vmi ∈ M, ∀vmi ∈ Vm ,

vrj ∈ M, ∀vrj ∈ Vr ,

∂R = ∂Sm .

(5)

Solver. We collectVm andVr into one set, which is denotd as
V̂ = {v̂i }. Similarly, F̂ := {̂fi }. The local coordinate system for f̂i
is denoted as Fi . Since the form of Eshr(R) is similar to Eiso(Sm ,S),
we adopt the local-global solver [Liu et al. 2008] to solve (5).

• Local step. Assuming v̂k are fixed, local coordinate systems,
Fi and Ri (or Bi ) are computed per triangle. The computation
method of Ri is the same as [Liu et al. 2008]. We denote
Ai = UiSiV

T
i as the singular value decomposition of Ai , in

which Si = diag(σi ,τi ) is a diagonal matrix with singular
values on the diagonal. Then, when Ai is given, we compute
Bi = Uidiag(σi , 0)VT

i . By choosing this type of Bi , we are
actually minimizing τ 2

i .
• Global step. Assuming Ri , Bi , Fi are fixed, we first update v̂k
and then project them ontoM.

Different from [Liu et al. 2008], our variables are 3D vertices v̂k . So,
Fi also changes in the global step. It is difficult to solve the global
step, so we design an approximation method.
First, Fi is assumed to be fixed in the global step. Second, the

movement of v̂k is locally approximated as a 2D vector. We denote
the local frame at v̂k as Fvk and set the third axis of Fvk as the normal
at v̂k . Then, the movement δ v̂k of v̂k is a 3D vector in Fvk . We
restrict δ v̂k in the tangent plane of v̂k , indicating that its third
component is 0. For one triangle f̂ ik within the one-ring neighbors
of v̂k , its local frame is denoted as Fik , and the movement of v̂k in Fik
is δ v̂ik = (Fik )

T Fvk δ v̂k . We only consider the first two components
of δ v̂ik for approximating the 2 × 2 matrices Ji and Ai . Then, the
problem is still with a quadratic objective function and some linear
equality constraints (i.e., ∂R = ∂Sm ), so we solve its linear KKT
system to obtain the movements δ v̂k . Since the movements δ v̂k are
usually small, this approximation works well in practice. In order
to introduce as small distortion as possible, we set ω = 0.001. Fig. 5
shows an example.

(a) (b) (c) (d)
Fig. 5. Progressive results of our optimization on the Frog shape (Fig. 6 (a)).
(a) Initialization. (b) After the 10th iteration. (c) After the 75th iteration. (d)
Final result after 255 iterations. We show the front and back views of the
citrus in the first and second rows, respectively.

(a) (b) (c)
Fig. 6. Initialization process. We first put the input shape into a square (a).
Then, we map the square onto a regular octahedron (b). Finally, we map the
octahedron onto M to initialize the mapped shape (c). In (c), the green and
orange parts indicate the initial Sm and R, respectively. Here, we scale M

2.5 times for visualization in (c).

Initialization. To initialize Sm , one direct solution is to use stere-
ographic projection; however, this usually produces large distortion,
thereby requiring more iterations to solve (5). We use a regular
octahedron (denoted as O) as an intermediate domain (Fig. 6 (b)).
We first map S onto O to produce S̃, and then map S̃ onto M to
generate the initial Sm based on the one-to-one correspondence
between O and M. As we know, O can be unfolded into a square
with small distortion (see Fig. 6 of [Praun and Hoppe 2003]). Thus,
we put S in a square and center it, and then S̃ can be easily com-
puted (Fig. 6). Since the initial Sm has no overlaps, the initial R is
justM\Sm . In our experiments, the side length of the square is set
as max{αwS ,αhS}, whereinwS and hS are the width and height
of the bounding box of S. To produce free spaces to update Sm , we
set α = 1.05 in our experiments. If S can be mapped to completely
cover M, then their areas are equal. Based on this consideration,
we initialize the scale of M.

Termination. Our algorithm terminates when the relative error
of the objective function value is less than 10−4 or Area(R) < ϵa . In
our experiments, we set ϵa = 10−2Area(M), and we do not observe
any non-convergent examples.

Dynamic remeshing. During the optimization process, the mesh
quality of R often worsens, which affects the convergence ratio. In-
spired by [Jiang et al. 2017], we dynamically remeshR using [Botsch
and Kobbelt 2004]. After performing three global steps, we conduct
a remeshing step. This remeshing is necessary, as shown in Fig. 7.
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(a1)

(a2) (b)Without remeshing (c) With remeshing
Fig. 7. Dynamic remeshing. A 2D input shape (a1) is initially mapped onto
a citrus (a2). In the last two columns, the second row shows the resulting
Sm , and the unfolded shapes are in the first row.

3.3 Cut generation
If the input shape S is suitable for citrus peeling art, the area of R
is very small after solving (5). We use ∂R to compute the cut C.

Collapse. Our construction of C is based on an operation called
collapse (see right inset). The collapse operation is defined on a cycle

qj
qj+1

qj−1

qj qj+1

qj−1

L

Lnew

L that contains m > 3 vertices
{q1, . . . , qm }. The subscripts of the
vertices are defined in counterclock-
wise order, and they are expanded
periodically. That is to say, qj =
qj+km ,∀k ∈ Z . The collapse opera-
tion is defined at a vertex qj , and we
select one edge qjqi (e.g., i = j + 1
in the right inset) adjacent to qj for
the operation. After performing a col-
lapse operation on L at vertex qj along the edge qjqi , we get a new
cycle Lnew and the edge qjqi is added into the cut. We recursively
apply the collapse operation on the cycle until the new cycle con-
tains three vertices. For these three vertices that represent a triangle,
we select two shorter edges that are added into the cut.

Given a cycle L, one must find the vertex that is applied to the
collapse operation. In fact, if the interior angle at qj is equal to zero,
this indicates that the shorter one of its adjacent edges belongs to C.
So each time we select the vertex with the smallest interior angle to
perform a collapse operation along its shorter adjacent edge.

Details. In our experiments, the initial cycle is ∂R. The interior
angle may be negative due to overlaps, so we use the absolute value
of the interior angle as the criterion. Since C consists of the partial
boundary edges of ∂R, it may not be smooth. In our experiments,
we apply five iterations of Laplacian smoothing to the vertices of
C while fixing the vertices, whose valences do not equal to 2. We
show an example in Fig. 4 (f).

3.4 Implementation details and discussions
Representations ofM. M looks like an oblate sphere, so we ap-

proximate it as a surface of revolution with center at the origin by
default. One of its points (x ,y, z) can be represented as follows:

x = r (ϕ) cos(θ ) cos(ϕ), y = r (ϕ) sin(θ ) cos(ϕ), z = r (ϕ) sin(ϕ), (6)

(a) (b) (c)
Fig. 8. Given an input shape (a), we compute the resulting 2D unfolded
shapes with different stalk locations (see the black dots in (b) and (c)).

(a) Triangular Mesh (b) Surface of Revolution
Fig. 9. Representations of M. The input 2D shape is shown in Fig. 3 (b). For
each row, the left image indicates M and the right image is the resulting 2D
shape. Similar results are obtained for the two representations. The mapping
process takes 30 minutes for (a) and 6 minutes for (b).

whereθ ∈ (0, 2π ],ϕ ∈ [−π/2,π/2], and r (ϕ) =
(
(1 − ρ) cos2(ϕ) + ρ

)
r0.

Here, r0 is the radius of the equator, and ρ indicates the oblateness
(0.8 in our experiments). The point (0, 0, ρr0) is the position of the
stalk of the citrus. Before running our algorithm, users select a point
on S that will be mapped to the stalk location. During the mapping
process, the updated vertices of Sm are projected back onto M us-
ing radial projection. In Fig. 8, two different points on S are selected
as stalk positions, and the resulting 2D shapes are almost same.
However, if one wants to accurately represent M, a real citrus

ready for peeling can be scanned by a high precision scanner and
reconstructed as a triangular mesh. In our mapping process, we
revise the initial scale ofM so that the scaledM contains the same
area as S. For the updated vertices, we use closest point projection
to project them onto M. Fig. 9 shows a comparison between two
different representations. The final results are similar. Although
our default representation, i.e., a surface of revolution, has some
approximation errors, the elasticity of citrus peel can compensate
for these errors. In addition, scanning and reconstructing each real
citrus is expensive and not practical for general users. During the
mapping computation process, closest point projection is more ex-
pensive than radial projection (see the time comparison in Fig. 9).
Thus, representation as a surface of revolution makes sense.

Area shrink energies. There are some other energies that can
be used to shrink R, e.g., the determinant detAi or the squared
Frobenius norm ∥Ai ∥

2
F . Note that detAi also represents the ratios

between the areas of fri and t. In Fig. 10, we show a comparison. Our
rank-one energy works better than others, because it produces a
smaller distortionmapping. The detAi energy reaches the minimum
when one of the two singular values of Ai is zero; thus, the solver
often oscillates back and forth near the two minimum points. It
does not converge in the example shown in Fig. 10 (c), which causes
serrated boundary. The ∥Ai ∥2

F energy requires the three edges for
fri to be zero, so ∂R also tries to shrink. Since ∂R and ∂Sm are
always the same, the shrunk ∂R leads to a severely distorted result
(Fig. 10 (b)).

Median axis of R. During the cut generation process, we can also
use the median axis of R as the final cut. Robustly computing a
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(a) Input (b) ∥Ai ∥2
F (c) detAi (d) Rank-one

Fig. 10. Different energies for shrinking R. Aside from the input column,
we show the resulting 2D unfolded shapes and the mapping results Sm in
the first and second rows, respectively.

median axis curve on S may be costly. Since R has almost zero
area, our generated cut adequately approximates the median axis.
Furthermore, it is very fast and robust, and it works well in practice.

4 INTERACTIONS
Iterative design process. If an input shape is suitable for peeling

art, the mapping process can make Area(R) < ϵa . In order to handle
unsuitable input shapes, we integrate users into our computational
pipeline. Then, the design process is iterative as follows:

(1) We solve (5) to generate Sm and R. If Area(R) < ϵa , we
terminate the algorithm. Otherwise, go to Step (2).

(2) If users want to modify S, interactions are performed to gen-
erate a new S, and go to Step (1) after interacting. Otherwise,
go to Step (3).

(3) The requirement Area(R) < ϵa is gradually satisfied by in-
creasing the weight ω.

4.1 Interaction places
It is unintuitive and hard to interact onM; however, the 2D plane
is a good choice for interactions. Thus, we unfold Sm and R onto
the plane for interactions after solving (5).
We unfold Sm using [Liu et al. 2008] to generate a 2D shape,

which is denoted as Ŝ (see the green shape in Fig. 4 (c) or Fig. 11 (a)).
Since our goal is to shrink R to zero area, large subregions of R
provide useful hints for interactions. Thus, we discard the triangle of
R if it contains two vertices that satisfy the following two conditions:
(i) the two vertices are in ∂R, and (ii) the geodesic distance between
the two vertices along ∂R exceeds a threshold ϵd . Then, the left
region of R is decomposed into Nr ≥ 1 disk topology patches,
denoted as {Ri , i = 1, . . . ,Nr }. We compute the unfolded shapes of
Ri as follows:

(1) We generate several segments as connected components of
the intersections between the boundary of Ri and ∂Sm .

(2) For each segment, we fix its unfolded position to the corre-
sponding position in Ŝ, and then unfold Ri using [Liu et al.
2008] while treating these fixed positions as hard constraints.

(3) After Step (2), Ri has several unfolded shapes. If Ri does not
overlap withSm , we discard the unfolded shapes that overlap
with Ŝ. Otherwise, we reserve all unfolded shapes. If all of

the unfolded shapes from Ri are discarded, we retain the
unfolded shape with the least overlap area for interaction.

The regions with the same color, except the green one in Fig. 4 (c)
or Fig. 11 (a), denote the unfolded shapes of one Ri . Based on these
unfolded shapes, we propose five interaction modes as follows. Note
that among all of the unfolded shapes from Ri , only one can be
operated. We set ϵd = 3l̄b , wherein l̄b is the average of boundary
edge length of S.

4.2 Interaction modes

(a) (b) (c)
Fig. 11. Shape augmentation. The green part denotes Ŝ, and the other color
regions are the interaction places. (a) The shape before interactions. (b) Users
select the cyan part for augmentation and draw some red curves to design
the desired shapes. (c) The shape after performing a shape augmentation.

Mode 1: shape augmentation. The user-designed shape S may be
supplemented in order to be suitable for peeling art. Users specify
the missing parts according to the computed unfolded shapes. As
shown in Fig. 11 (a), the green region denotes Ŝ, and the other
regions indicate the unfolded shapes of all Ri . During an interaction,
users select an unfolded shape to augment S. Furthermore, we
allow users to draw curves that are represented as B-Splines on the
selected unfolded regions in order to define their desired shapes
(see the head region in Fig. 11 (b)).

(a) (b) (c)
Fig. 12. Part deletion. (a) The shape before interactions. (b) Users select
the blue part for deletion and draw some red curves to design their target
boundary. (c) The shape after performing a part deletion.

Mode 2: part deletion. Some parts of the input shape S may be
redundant in citrus peeling art. We first identify the overlapping
regions in Sm and then color them blue (Fig. 12 (a)). Users select
which one to delete during the interaction and design their expected
boundary curves (see the red curves in Fig. 12 (a)).

Mode 3: angle augmentation. The cut C is a tree. The interior
angle at one boundary vertex of Mc , which corresponds to the
leaf node n in C, is approximately equal to 2π − κ(n), where κ(n)
indicates the angle defect of n on M. Therefore, our interaction
should follow this constraint.

During the interaction, users first select one unfolded shape, then
pick a vertex on the junction line L between the selected unfolded
shape and Ŝ, Finally, they draw a curve across the selected un-
folded shape starting from the chosen vertex (see the red curve
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(a) (b) (c)
Fig. 13. Angle augmentation. (a) The shape before interactions. (b) Users
select the orange part and draw the red curve. Our method automatically
generates the dotted green curves. (c) The shape after performing augmen-
tation on one angle.

in Fig. 13 (b)). After drawing the curve, our method automatically
generates two new curves (see the dotted green curves in Fig. 13 (b))
that satisfy the following constraints: (1) the two curves start from
the user-selected vertex and end at the ending vertices of L; (2) the
angle between the tangents of the two curves at the user-selected
vertex is equal to 2π − κ(v), where v is the vertex on M that cor-
responds to the user-selected vertex. These curves are represented
as B-Splines,and the two requirements are formulated as linear
constraints. We solve each new curve by optimizing an objective
function, which measures the squares of the gradient difference
between the user-drawn curve and the new curve, under the two
linear constraints.

(a1) (a2) (a3) (a4)

(b1) (b2) (b3) (b4)
Fig. 14. Curvature reduction. (a1) Ŝ. (a2) The computed S̃. (a3) The real
peeled shape. (a4) Users draw black curves to design their desired cuts. The
color encodes the z-value of S̃, with white being zero. With the introduced
cuts, the new Ŝ, S̃, the peeled shape, and the encoded z-value are shown
in the second row. The curvature from (a2) to (b2) is significantly reduced.

Mode 4: curvature reduction. Usually, the distortion between Ŝ

and Sm is not exactly zero. Although the elasticity of a citrus peel
can compensate for a slight distortion, a large distortion may cause
the real peeled shape to be curved, which may violate the user’s
design intention. Thus, we solve the following problem to recover a
curved surface (denoted as S̃) from Ŝ for interaction:

min
S̃

E1(S̃,S
m ) + βE2(S̃), (7)

where we use the ARAP distortion of [Sorkine and Alexa 2007] to
define E1(S̃,Sm ), and E2(S̃) indicates the summation of squares
of the z-value for each vertex of S̃. During the optimization, the
z-value of the turning vertices, where the boundary doubles back
on themselves, are fixed to zero. The local-global solver of [Sorkine
and Alexa 2007] is used to solve (7) and S̃ is initialized as Ŝ. We set
β = 0.001. Fig. 14 shows an example. Since the Gaussian curvature
of each vertex of Sm is positive, and our E1 tries to maintain local

(a)

(b)

(c1)

(c2)

(d1)

(d2)
Fig. 15. Pre-alignment. Users want the horse’s legs to be aligned. (a) The
input shape. (b) The pre-aligned shape. In the last two columns, we show
the unfolded shapes and the mapping results Sm in the first and second
rows, respectively. (c1&c2) Using (a) to initialize Sm . (d1&d2) Using (b) for
initialization. Without pre-alignment, our mapping process automatically
folds the legs. The pre-alignment process prevents the legs from folding
during the mapping process.

rigidity, the Gaussian curvature of each vertex of S̃ tends to be
positive. Besides, as some z-values are fixed to zero, the z-values of
all vertices are usually greater than or equal to zero. As shown in
Fig. 14, the real peeled shape is slightly different from S̃. Performing
physical simulation can reduce this difference, but it is very difficult.
Thus, we use E2 to make a rough approximation to simulate the
effects of gravity.

We provide an interaction mode, where some cuts are introduced
to help flatten the curved surface S̃. For ease of operation, the
interactions are still performed on the plane. So we show the z-
value of S̃ using a color map (Fig. 14 (a4)), with white being zero.
During the interaction, users draw curves from the outside to the
inside of S̃ to define the introduced cuts (see the black curves in
Fig. 14 (a4)).

Mode 5: Pre-processing. The pre-processing process consists of
two components: pre-alignment and user-specified weights.
Since our mapping problem is non-linear and non-convex, the

solver may be trapped by a local minimum, thereby causing mis-
aligned results. We propose a tool for pre-aligning two parts of the
boundary of S (Fig. 15). It is an ARAP handle-based deformation.
Users can deform S to make pairs of two parts close to each other.
Then, we use the deformed shape to initialize Sm . During the opti-
mization of (5), the rank-one energy shrinks R, so these pre-aligned
pairs get together. We show a comparison in Fig. 15. Note that the
shape after the pre-alignment process is only used to initialize Sm

but not treated as a new S.
Some regions of S may be more important than other regions,

so we allow users to specify importance weights on S. The regions
with greater weights exhibit less distortion. A comparison is shown
in Fig. 16.

Adaptive scaling. Given a citrus M with fixed size, a small S
may lead to no overlaps. Conversely, large overlaps may occur with
a very large S. Thus, we compute an appropriate scale for S to
mitigate overlaps. Users input an acceptable threshold (denoted
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(a) Input (b)Without weights (c) With weights
Fig. 16. User-specified weights. Users try to preserve the shape of the head.
Users specify the regions with highly important weights (in purple) in the
input shape. With weights, our algorithm preserves the beak and cockscomb
well.

(a) (b) (c) (d)

Cut along longitudes and expand Exponential maps from two poles
Fig. 17. Real peeling process. (a) Graticules (red curves) and cuts (black
curves) on a virtual citrus. (b) Graticules (red curves) on a real citrus. (c)
Drawn cuts (black curves) on a real citrus. (d) Final real peeling shape. The
second row shows the printed guidance for drawing cuts on a real citrus.

as ϵo ) as an overlap ratio (denoted as ρo ), i.e., the ratio between
the area of the overlaps and S. We propose a practical solution to
adjust the scale of S in the mapping process. The mapping process
alternatively solves (5) and scales S until ρo ≤ ϵo . After solving (5),
if ρo > ϵo , S is scaled by 0.9 times, then we go back to solve (5).
Zooming out S increases the distortion between Sm and S. Then,
the next optimization of (5) reduces the distortion, thereby making
Sm smaller. Since M is fixed during the scaling, the smaller Sm

may reduce overlaps. Note that due to overlaps, R is not exactly
M \ Sm during the mapping process.

5 REAL PEELING PROCESS
To peel a real citrus, we first draw the generated cuts on it, and
then craft along the drawn curves with a knife. We use graticules
as guidance (Fig. 17). Our painting process contains three steps:

(1) We generate a graticule on a digital citrus (Fig. 17 (a)). Then,
the digital citrus is cut along equally spaced longitudes to
produce eight pointed ellipses that are printed onto papers as
guidance (Fig. 17 - bottom left). In addition, the exponential
maps from the north and south poles are also printed to serve
as auxiliaries (Fig. 17 - bottom right). During the process, the
computed cut paths (red curves in Fig. 17 - bottom) are also
printed.

(2) We draw graticules on a real citrus (Fig. 17 (b)).
(3) According to the correspondence between the drawn gratic-

ules and the graticules on the printed papers, and the relative

Top

Bottom

Left

Right

Front

Back
Fig. 18. Using the six primary views as real peeling guidance. Here ,we show
the six primary views of the cuts for the Rabbit shape in Fig. 17.

Dove Eagle Shrimp
Fig. 19. Comparison to Yoshihiro Okada. The first row shows the results of
Yoshihiro Okada, and ours are in the second row.

relation between the cuts and the graticules on the printed
papers, we draw the cuts on the real citrus (Fig. 17 (c)).

6 EVALUATIONS
Our method provides a computational tool for peeling art design
and construction. We begin by evaluating the real peeling guidance,
continue with a variety of elegant designs generated by authors and
a formative user study to demonstrate the capability of our method,
and end with a discussion of computational timings.

Performance. To analyze our design process quantitatively, we
record four timings during the design process, including the cut
generation time (tcut), the graticule drawing time (tgra), the cut path
drawing time (tpath), and the crafting time (tcraft). In addition, the
number of iterations in the design process and the interaction times
for each interaction mode are recorded. Table 1 summarizes the
statistics and timings.

6.1 Peeling guidance
To draw the generated cuts on a real citrus, other guidance can also
be used. Here, we select six primary views, which are used in the
book [Okada 2010], for comparison. Fig. 18 shows the six primary
views of the computed cuts for the Rabbit shape in Fig. 17.We invited
two users to peel this example using two types of guidance. One user
was skilled and had peeled more than 20 shapes, while another was
a novice. The skilled user finished the peeling, but produced a result
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Fig. 20. Ten shapes designed by the Yoshihiro Okada. For each shape, we show the resulting 2D unfolded shape and the real peeling result cut by ourselves.

Fig. 21. Ten shapes designed by us. For each shape, we show the reference image (left), the resulting unfolded shape (middle), and the peeling result (right).
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Fig. 22. Four example models designed and cut by the participants in the user study.

that differed greatly from the designed shape. By using six primary
views for guidance, the novice failed. However, he took 31 minutes
to succeed in peeling the Rabbit shape by using our graticule-based
guidance. The novice told us that based on six primary views he
could not imagine how to draw the cuts on the citrus. Our graticule-
based guidance is much better, and we provide guidance for all
shapes in the supplementary material. In our experiments, users
usually take about 40 minutes to peel a citrus, including graticule
drawing, cut drawing, and crafting.

6.2 Designs by authors
Shapes from Yoshihiro Okada. In total, we implement 25 shapes

from [Okada 2010] or the Youtube webpage of Yoshihiro Okada. In
Fig. 20, we show 10 examples, and all results are provided in the
supplementary materials. Since these 2D shapes have been success-
fully completed by Yoshihiro Okada, this indicates that they are
suitable for the citrus peeling art. Thus, we do not modify the input
shapes and only use pre-alignments to avoid a local minimum when
solving (5). Fig. 19 shows a comparison to Yoshihiro Okada. The
peeling results are similar and comparable.

Shapes designed by ourselves. We collect 25 shapes from classical
cartoon images and silhouette pictures. We show three examples
in Fig. 1,and ten shapes in Fig. 21. All of the results are provided
in the supplementary materials. Since these shapes have not been
generated before, most of them are not suitable for the citrus peeling
art. We use our system to design and construct them. The details of
the resulting shapes may be quite different from the input shapes.

6.3 User study
We conducted a formative user study to evaluate our design system.

Participants. For the user study, we enrolled ten participants be-
tween the ages of 20 and 30. Their average age is 24 and the standard
deviation of their ages is 1.79. The number of males and females are

6 and 4, respectively. No participant had used our design system
and peeled a citrus into an elegant 2D shape before.

Task. The task for each participant is to first design a 2D shape,
then generate cuts using our system, and finally peel a real citrus.
Most participants had no experience or ability to paint their desired
shapes. Thus, we asked them to search for images on the Internet
and trace the boundary of the content to define the input 2D shape.
Before using our design system, we first taught them how to use
our software, and then they used a provided example to familiarize
themselves with the software. After generating the cuts, we told
them how to draw the cuts.

Subjective metrics. To test our design system, we recorded some
subjective and objective metrics for each participant. The subjective
metrics are evaluated by the post-interview-based method. After
finishing the task, we asked them to measure their level of satis-
faction with the peeled results, which are denoted as δ sat (out of
100). For the design system, they were asked if it is easy to learn
and operate. This score is denoted as δ sys (out of 100). Finally, some
comments were recorded to make note of their thoughts and opin-
ions. Beyond the previously mentioned objective metrics, we also
consider whether the user has successfully generated the desired
shape.

Results. All participants succeeded in producing the designed
shapes. Fig. 22 shows four examples and others are provided in the
supplementary materials. Table 1 shows the objective metrics, and
Table 2 presents the subjective metrics. The average and standard
deviation of δ sat over all participants are 86.4 and 6.65, respectively.
This indicates that our system helps the participants successfully
design their desired shapes. For δ sys, the average and standard devi-
ation over all participants are 85.5 and 6.93, respectively. According
to these statistics, our system is learnable and easy to operate for
novices. Most comments from the participants were positive (see
the rightmost column in Table 2). The participants took about 14
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Table 1. Objective metrics. N reports the iteration number of our iterative
design process. N1, N2, and N3 are the total number of interactions for
the shape augmentation, the part deletion, and the angle augmentation,
respectively. The last two columns indicate whether curvature reduction
and pre-processing were done. The timings are reported in minutes.

Shape tcut tgra tpath tcraft N N1/N2/N3 Cur Pre

Fig. 1 - Parrot 17 19 18 19 8 14/7/6 Yes Yes
Fig. 1 - Lizard 14 19 16 15 6 16/5/4 Yes Yes
Fig. 1 - Fern 12 20 40 35 4 10/8/8 Yes Yes

Fig. 17 - Rabbit 5 9 10 7 0 0/0/0 No No

Fig. 19 - Dove 6 14 10 11 0 0/0/0 No No
Fig. 19 - Eagle 6 18 17 16 1 0/0/0 No Yes
Fig. 19 - Shrimp 7 20 20 20 1 0/0/0 No Yes

Fig. 20 - Stegosaurus 5 14 13 17 0 0/0/0 No No
Fig. 20 - Squirrel 4 10 11 10 0 0/0/0 No No
Fig. 20 - Crab 7 16 18 18 1 0/0/0 No Yes
Fig. 20 - Crane 5 18 21 14 0 0/0/0 No No
Fig. 20 - Pelican 6 18 20 14 0 0/0/0 No No
Fig. 20 - Kangaroo 5 16 15 10 1 0/0/0 No Yes
Fig. 20 - Squid 6 12 15 16 1 0/0/0 No Yes
Fig. 20 - Chicken 6 11 12 15 1 0/0/0 No Yes
Fig. 20 - Tanystropheus 6 15 11 11 1 0/0/0 No Yes
Fig. 20 - Egret 5 18 17 14 0 0/0/0 No No

Fig. 21 - SIG 15 22 21 17 7 15/6/3 Yes Yes
Fig. 21 - Bee 16 19 16 21 7 21/9/0 No Yes
Fig. 21 - Lobster 12 20 18 24 4 11/5/2 No Yes
Fig. 21 - Fish 7 8 6 12 2 4/1/3 No No
Fig. 21 - Coconut tree 6 16 11 14 2 0/2/1 No Yes
Fig. 21 - Wolf 14 16 14 17 8 19/8/6 Yes Yes
Fig. 21 - Octopus 7 13 10 12 3 7/4/0 No Yes
Fig. 21 - Witch 18 20 20 22 11 22/12/6 Yes Yes
Fig. 21 - Butterfly 8 13 14 15 2 6/2/2 Yes Yes
Fig. 21 - Unicorn 10 16 15 11 4 8/3/1 No Yes

Fig. 22 - Mermaid 8 14 7 8 2 4/0/2 No Yes
Fig. 22 - Flower 10 13 14 13 3 9/2/2 Yes Yes
Fig. 22 - Fairy 11 18 12 16 4 7/3/0 No Yes
Fig. 22 - Rabbit 6 11 6 10 1 0/0/0 No Yes

minutes, 8 minutes, and 10 minutes to draw a graticule, to draw a
completed cut, and to craft a citrus, respectively. The participants
performed three iterations in the design process on average.

6.4 Timings
The algorithm was implemented in C++ using the Intelr Math
Kernel Library for the linear solve. The design experiments were
performed on a desktop PC with an Intel Core i7-4790K processor
and 8GB memory. Typically, each local-global iteration takes about
0.80 seconds for Sm with 2000 vertices and R with 1500 vertices,
while solving the global step (about 0.60 seconds) takes most of time.
Then, the mapping process may take about one minute to solve (5).
Since we perform remeshing during the optimization process, the
size of the linear system in the global step changes, making the
pre-factorization impossible. Thus, it is difficult to accelerate the
solver. However, we note that our code is not optimized and we
believe some speedups are possible. We will release our source code
of the current implementation.

7 CONCLUSION
Ourmethod provides a computational tool for peeling art design and
construction. To solve the non-trivial cut generation problem, we
novelly formulate it as a mapping problem that is simpler to solve.

Table 2. Subjective metrics for the user study.

Shape Age/Gender δ sat/δ sys Comment

Fig. 22 - Mermaid 24/Female 90/92 It is easy to generate cut paths through some
simple operations of the software, and the
final result looks very similar to the input. I
think this process is very interesting.

Fig. 22 - Flower 28/Male 92/80 The shape generated by the software is be-
yond my expectations and the final result is
very satisfactory. The software interface is
simple but not beautiful enough.

Fig. 22 - Fairy 20/Female 90/88 Even if the input shape is complex, the re-
sult is still impressive, and the main features
are maintained. The peeling process is intu-
itive and effective.

Fig. 22 - Rabbit 26/Male 85/84 The software is easy to operate, and it is
easy to peel a real citrus according to the
graticule. However it takes a long time be-
tween two interactions.

(a) Input (b) (c) (c)
Fig. 23. User’s design intention. A user wants to design a slender person (a),
but due to the conservation rule, the resulting unfolded shapes (b,c,d) depict
a larger person, which does not stay true to the user’s design intention.

Unsuitable input 2D shapes are rectified by an iterative process that
alternates in each iteration a pass to map S ontoM and a pass to
perform interactions for designing a new S. We have demonstrated
the capability of our method on 60 shapes.

Conservation principle. Given an input shape, our method can
always generate an unfolded shape. However, due to the conser-
vation principle, the unfolded shape may not meet a user’s design
intention (Fig. 23). If the conservation rule is not considered, we
can easily construct the designed shape, but it would waste a lot
of peels. Therefore, wasting as few peels as possible to meet user
design needs would be an intriguing direction for future research.

Convergence analysis. Although our method for solving (5) con-
verges for all testing examples in practice, there is no theoretical
guarantee of convergence for any shape. However, if there are ideal
assumptions (e.g., remeshing stops after certain steps, M is C∞),
we can prove the convergence (see the supplementary material).

Computational cost. Our current implementation cannot provide
interactive feedback during user interactions, thus users may be
frustrated between two interactions. Therefore, it would be inter-
esting to make our implementation more efficient or to present a
faster mapping method.

Potential applications. Although the proposedmethod is dedicated
to peeling art design, the presented methodology has the following
potential applications: (1) the mapping method can be used to map
a pre-designed texture onto a 3D shape with constraints; (2) the
interactive design system can be used to generate wrapping covers
for 3D objects with near-developable surfaces; (3) and the proposed
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rank-one energy may be useful for improving packing efficiency in
atlas refinement [Limper et al. 2018; Liu et al. 2019] or removing
sheets/chords in the structure optimization of all-hex meshes [Gao
et al. 2017]. It is worthwhile to study these practical applications in
the future.
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