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ABSTRACT

In this paper, we study an online Flexible Job Scheduling (FJS)
problem. The input of the problem is a set of jobs, each having an
arrival time, a starting deadline and a processing length. Each job
has to be started by the scheduler between its arrival and its starting
deadline. Once started, the job runs for a period of the processing
length without interruption. The target is to minimize the span of
all the jobs — the time duration in which at least one job is running.
We study online FJS under both the non-clairvoyant and clairvoyant
settings. In the non-clairvoyant setting, the processing length of
each job is not known for scheduling purposes. We first establish
a lower bound of y on the competitive ratio of any deterministic
online scheduler, where y is the max/min job processing length ratio.
Then, we propose two O(y)-competitive schedulers: Batch and
Batch+. The Batch+ scheduler is proved to have a tight competitive
ratio of (¢ + 1). In the clairvoyant setting, the processing length
of each job is known at its arrival and can be used for scheduling

V5+1

purposes. We establish a lower bound of ~5— on the competitive
ratio of any deterministic online scheduler, and propose two O(1)-
competitive schedulers: Classify-by-Duration Batch+ and Profit. The

Profit scheduler can achieve a competitive ratio of 4+2+/2. Our work
lays the foundation for extending several online job scheduling
problems in cloud and energy-efficient computing to jobs that have
laxity in starting.
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1 INTRODUCTION

We study the following scheduling problem: the input is a set of jobs,
each having an arrival time, a starting deadline and a processing
length. Each job has to be started by the scheduler (algorithm)
between its arrival and its starting deadline. Once started, the job
runs for a period of the processing length without interruption. The
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target is to minimize the span of all the jobs, where the span is the
time duration in which at least one job is running. We refer to this
problem as the Flexible Job Scheduling (FJS) problem. In this paper,
we consider the online version of FJS, where the scheduler does not
have any knowledge of future job arrivals.

In a sense, the objective of FJS is to maximize the parallelism of
job execution — a recent trend arising from the prevalence of cloud
computing and energy-efficient computing. If the execution of jobs
can always be hosted by one server with a sufficient capacity, mini-
mizing the span directly minimizes the running hours of the server.
Under the pay-as-you-go billing model of clouds, this minimizes the
monetary expense [1]. In energy-efficient computing, this indicates
reducing the energy consumption of the server as the power usage
of a server normally consists of a component proportional to the
time duration when the server is “on” (which represents the power
consumed by an idle server) and a component proportional to the
total amount of work done (which is fixed for processing a given
set of jobs) [4]. If job execution needs to be distributed to multiple
servers each with a limited capacity, minimizing the total running
hours of the servers can be modeled as the MinUsageTime Dynamic
Bin Packing problem [15, 16, 19], for which the competitiveness of
scheduling often depends on the span and the time-accumulated
resource demand of all the jobs. Thus, minimizing the span also
helps enhance the competitiveness of scheduling.

FJS can be seen as a variant of the interval scheduling problem
[13, 14]. In interval scheduling, a set of jobs are to be scheduled
on machines. After a job arrives, it needs to run for its processing
length on a machine non-preemptively and be completed before a
deadline. In many cases, each machine can run only one job at a
time. A common target of interval scheduling is to schedule a subset
of jobs on a given number of machines such that the total weight
of the scheduled jobs is maximized [2, 3, 5, 8, 9, 17, 21, 24]. This
objective is substantially different from ours in that it attempts to
control the parallelism of job execution. Recently, another version
of interval scheduling closer to our problem is receiving increasing
attention [7, 10, 11, 18, 22]. In this version, each machine can run a
fixed number of jobs concurrently. The target is to minimize the
total busy time of all the machines used for scheduling all the jobs.
Most work along this direction has focused on scheduling jobs in
an offline manner, where all the inputs are given in advance. There
was only one study on online scheduling for optimizing the busy
time [22]. However, it assumed “rigid” jobs that must be started
immediately at their arrivals (i.e., each job’s deadline is exactly its
arrival time plus its processing length). Different from [22], we
consider flexible jobs that have laxity in starting. A recent work
showed that the offline version of FJS can be solved by dynamic
programming [11], but no online scheduler was investigated. Our
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work focuses on the online version of FJS and lays the foundation
for extending online busy time optimization to flexible jobs.
Contributions of this paper. We study online FJS under both
the non-clairvoyant and clairvoyant settings. In the non-clairvoyant
setting, the processing length of each job is not known until it
completes execution. Thus, the knowledge of processing length
cannot be used for scheduling purposes. We establish a lower
bound of i on the competitive ratio of any deterministic online
scheduler, where y is the max/min job processing length ratio. Then,
we propose two O(u)-competitive schedulers: Batch and Batch+.
The Batch scheduler achieves a competitive ratio between 2u and
(21 + 1), and the Batch+ scheduler achieves a tight competitive
ratio of (1 + 1). In the clairvoyant setting, the processing length of
each job is known at the time of its arrival and this information can

be used by the scheduler. We establish a lower bound of @ on
the competitive ratio of any deterministic online scheduler. Then,
we propose two O(1)-competitive schedulers: Classify-by-Duration
Batch+ and Profit. We show that these two schedulers can achieve
competitive ratios of 7 + 2v6 and 4 + 2V2 respectively.

2 PRELIMINARIES

We first define some key notations for this paper. For any time
interval I, we use I~ and I" to denote the left and right endpoints
of I respectively. For technical reasons, we shall view intervals as
half-open, i.e., I = [I",I"). Let len(I) = I* — I denote the length
of interval I.

For any job J, let a(J), d(J) and p(J) denote J’s arrival time,
starting deadline (latest possible starting time)' and processing
length respectively. When a job J arrives at time a(J), its starting
deadline d(J) is known and the job can be started at any time
between a(J) and d(J). The difference d(J) — a(J) is known as the
laxity of job J. Once the job is started, it has to run for a processing
length p(J) without interruption. A scheduler decides the starting
times of jobs. If a scheduler A starts a job J at time ¢, we refer to
the time interval [t,t +p(J )) in which J is running as the active
interval of job J and denote it by I5(J). Let J denote the set of
jobs to schedule. The time duration in which at least one job in J
is running is known as the span of J. We denote the span of J
induced by a scheduler A as span, (J) = len ( Ujes IA(])).

Our goal of job scheduling is to minimize the span. We denote
the minimum possible span induced by an optimal scheduler as
span,,,;,(J). The performance of an online algorithm is often char-
acterized by its competitive ratio, i.e., the worst-case ratio between
the objective function values of an online solution and an optimal
solution [6]. We propose several online schedulers and analyze
their competitiveness.

3 NON-CLAIRVOYANT SETTING

We start by considering the non-clairvoyant setting first. In Section
3.1, we show that any deterministic online scheduler has a com-

maxjeg p(J) . .
winey pU) is the ratio of the

maximum job processing length to the minimum job processing

petitive ratio at least y, where p =

1We assume a starting deadline for each job rather then a completion deadline as one
of the settings we study is non-clairvoyant where the processing length of each job is
not known.
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length among all the jobs to schedule. In Section 3.2, we introduce
a (2p + 1)-competitive Batch scheduler and a (p + 1)-competitive
Batch+ scheduler.

3.1 Lower Bound on Competitiveness of Online
Schedulers

We construct an instance to establish the lower bound y on the
competitive ratio of any deterministic online scheduler. In our
instance, each job has one of two processing lengths: 1 or y, where
g > 1 can be revealed to the scheduler in advance. In the non-
clairvoyant setting, an adversary has the freedom of assigning a
processing length to a job after it is started. In our instance, each job
is assigned the processing length 1 time unit after it is started since
the processing lengths of all jobs are at least 1. If a job ] is assigned
a processing length of 1, it completes execution immediately. If
the job is assigned a processing length of p, it continues to run
for another (1 — 1) time units before completing execution. Let
k > 1 be an integer. We release jobs in up to (k + 1) iterations. For
each iteration i, let T; denote the time to release all the jobs of this
iteration. Among all the jobs released in iteration i, the number of
concurrently running jobs induced by an online scheduler shall be
referred to as the concurrency of iteration i. Note that each iteration
has its own concurrency and the concurrency normally changes
over time. )

In the first iteration, we start by releasing 22 jobs at time T1 = 0.
Let the j-thjob (1 < j < 222k) have a laxity of o/, where a > p + 1
is a constant. As long as the concurrency of the first iteration does
not exceed \/227 =22 by applying the online scheduler, all the
jobs are assigned a processing length of 1 when they are due for the
length assignment. If the concurrency never exceeds 22" until
all the jobs complete execution, we stop releasing jobs and do not
proceed with any further iteration. Otherwise, consider the time #;
when the concurrency first exceeds 2271 Suppose there are my
(mp > 2221{71 + 1) jobs running at time 1. Let Ji, Ja, . .., Jm, be all
these jobs sorted in an increasing order of their laxities. Note that
none of these jobs has been assigned the processing length, since
all the jobs assigned the processing length so far were assigned
a length of 1 and have completed execution. We shall assign a
processing length of y to job Ji,, and refer to it as the earmarked
Jjob of the first iteration. All the other jobs Ji, J2, . .., Jm,~1 will be
assigned the same processing length of 1. Apart from this, all the
jobs started after time ¢; will also be assigned a processing length
of 1. Then, we set Ty, the job release time of the second iteration, to
the completion time of the earmarked job Jp,, of the first iteration.

The above process is repeated iteratively with decreasing number
of jobs released in each iteration. In each iteration i (2 < i < k), we
release 22" jobs at time Tj. Let the j-th job (1 < j < 222k7m)
have a laxity of /. As long as the concurrency of iteration i does
not exceed V222< 1t = 22! by applying the online scheduler, we
assign a processing length of 1 to all the jobs. If the concurrency
never exceeds 22 until all the jobs released in iteration i complete
execution, we do not proceed with any further iteration of job
release. Otherwise, let ¢; denote the time when the concurrency of
iteration i first exceeds 22° . Suppose there are m; (m; > 22! +1)
jobs running at time ¢;, and let Ji, J2, . . ., Jm, be all these jobs sorted
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Figure 1: Jobs released in iterations i and (i + 1)

in an increasing order of their laxities. We shall assign a processing
length of 1 to job [, and refer to it as the earmarked job of iteration
i. All the other jobs Ji, J2, ..., Jm;—1 Will be assigned the same
processing length of 1. In addition, we shall assign a processing
length of 1 to all the jobs started after time ¢;. Then, we set Tj41,
the job release time of iteration (i + 1), to the completion time of
the earmarked job Jy,, of iteration i. Figure 1 illustrates the above
process. In the final iteration (k + 1) (if needed), we release 22" jobs
at time Ty, 1 and directly assign the same processing length of 1 to
all these jobs.

We introduce two lemmas for analyzing the online scheduler
and the optimal scheduler of the above instance.

LEMMA 3.1. For each iteration i (1 < i < k), if there is no ear-
marked job, the span induced by the online scheduler for all the jobs

2k—i
released in this iteration must be at least 2% .

Proof: An iteration i does not have an earmarked job only
if its concurrency never exceeds 22" In this case, all the jobs
released in iteration i have the same processing length of 1, so
their total length is 227 Thus, the span of these jobs is at least
222k*i+1 /Zzzk*i — 222k*i. o

LEMMA 3.2. For each iterationi (2 < i < k+1), all the earmarked
Jjobs of the first (i — 1) iterations can be started at the job release time
T; of iteration i.

Proof: For each iteration j (1 < j < i), let t; denote the time
when the concurrency of iteration i first exceeds 22, Among all
the mj (m; > 227 4 1) jobs active at tj, let ]~] be the job with the
smallest laxity and let Z be the job with the largest laxity (Z is the
earmarked job of iteration j). Denote the laxity of job j; by al.
Since the jobs released in iteration j have exponentially increasing
laxities, it is easy to infer that L; > m; > 227 4 1 and the laxity
of job ]~] is at most X ~™i*1, We next show that T; < T; + ali for
each 1 < j < i, which suggests that the earmarked job of iteration
Jj can be started at time T;.

Note that in iteration j, the earmarked job ]; is active at time ;
and has a processing length of y. Since T} is exactly the comple-
tion time of job Z we have Tj4+1 < tj + p1. On the other hand, job
]~j is also active at time ¢; and has a processing length of 1. Thus,
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]~j must be started no earlier than t; — 1. Since the laxity of ]~J is at
most ak/~™i*1, J’s starting deadline is bounded by Tj + ol =™ +1,
As aresult, we have tj —1 < Tj + ali=mi*1 Therefore,

Tis1 S tj+p < Tj+ (u+1)+alimmtl

Since the above inequality holds for each 1 < j < i. It follows that

i—1
T <Tj+ (i=j)(u+1)+ ) ak7mt,
I=j
Now, to prove T; < T + ali, we only need to show (i —j)(u+1) +
i-1 _L;j—mj+1 L;
Zl:j a <a'i.
2k-1
Foreachj <l <i,wehaveL; > m; > 22" 4 1. Since the total
k-1
number of jobs released in iteration (I + 1) is 22" , we also have

227 > Liy1. Thus, L > L;j.; + 1 for each j < I < i. Consequently,
Lj > L; + (I - j). Note that m; > 3. Therefore,

i-1 i-1
ZaLl_ml+1 ( Z aLl_ml+l) +aLf_mf+1
= i

=j+1
i-1 L;
- a™l
< ( Z alt 2)+—
aZ
I=j+1
ali ali ali ali
< |\ =+—++—=|+—
a3 ot oi—j+1 a?
[ee)
1 )
< (3 28)
ah
h=2

Sincea > p+1>2andi—j <k, wehave (i —j)(p+1) < ka. It
is easy to verify that when a > 2, ka < o2 for any k > 1. Since

K- k k
Lizmj =227 41222 +1>2F +1, wehave o < 1 . als.
Asaresult, (i—j)(p+1) < é - ol Thus,

i-1 =) 1 aLJ'
L L;—m;+1 1. L‘: L;
(i ])(p+1)+2a <(Zah) a a_1<a!,

I=j h=1

where the last inequality holds since a > 2. Therefore, T; < Tj+ abi
for each 1 < j < i and the lemma is proven. O

Now, we derive the ratio between the spans induced by the online
scheduler and the optimal scheduler. In the first iteration, if there is
no earmarked job, according to Lemma 3.1, the span induced by the
online scheduler is at least 22" In this case, the optimal schedule
is to start all the jobs immediately once they are released (i.e., at
time T; = 0) so that the induced span is 1. Thus, the ratio between
the two spans is at least 22" 1f there is an earmarked job in the
first iteration, the second iteration follows.

If the job releasing process is terminated after i iterations (2 <
i < k), each of the first (i — 1) iterations has an earmarked job. Since
the jobs of each iteration are released when the earmarked job of
the previous iteration completes, the active intervals of these (i —1)
earmarked jobs do not overlap. Moreover, by Lemma 3.1, the span
induced by the online scheduler for the jobs released in iteration
i is at least 2221“. Thus, the online scheduler must induce a total

span at least (i — 1)u + 22"" A better schedule is to start all the
jobs released in iteration i together with all earmarked jobs of the
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first (i — 1) iterations at time 7; (Lemma 3.2). All the remaining jobs
released in the first (i — 1) iterations (which have processing lengths
of 1) can be started immediately once they are released. In this way,
the total span is y + (i — 1). Therefore, the ratio between the spans
induced by the online scheduler and the optimal scheduler is at
(-2
p+(i-1)
Finally, if the job releasing process proceeds to iteration (k + 1),

the span induced by the online scheduler must be at least kp + 1. A
better schedule is to start all the jobs released in iteration (k + 1)
together with all the earmarked jobs of the previous iterations at
time Ty, (Lemma 3.2). All the remaining jobs are started immedi-

ately once they are released. This schedule induces a span at most
ku+1
ptk

In summary, the competitive ratio by applying any deterministic
online scheduler is at least

least

1+ k. So, the ratio between the two spans is at least

k—i
(g2 (i-Dp+22"" ) kp+1
min {2 , min { - } }
2<i<k p+(i-1) p+k
. 2k—i k
. (i-1)p+2? 22 kp+1 " fps
Since D) ek and IR > % the above competitive

ratio can be made arbitrarily close to y as k goes towards infinity.
Thus, we can conclude that:

THEOREM 3.3. For Non-Clairvoyant FJS, no deterministic online
scheduler can achieve a competitive ratio less than u, where u is the
max/min job processing length ratio.

3.2 Batch Scheduler and Batch+ Scheduler

It is easy to infer that an eager scheduler that starts every job
immediately at its arrival cannot achieve any bounded competitive
ratio even for any given p, because it does not make use of any
laxity to boost the concurrency of job execution. Similarly, a lazy
scheduler that delays the start of each job till its starting deadline
cannot achieve any bounded competitive ratio for any given p
either, since it does not take any advantage of the flexibility offered
by the laxity. Without any knowledge of job processing length, an
intuitive strategy to improve the concurrency of job execution is
to start as many jobs as possible simultaneously. In the following,
we first propose a Batch scheduler and show that it can achieve a
competitive ratio of (2u + 1) for Non-Clairvoyant FJS.

The Batch scheduler determines the starting times of jobs in
iterations. In each iteration, the Batch scheduler waits until a job J
pending execution hits its starting deadline d(J), i.e., J is the job
with the earliest starting deadline among those that have arrived
but not yet started execution. We refer to J as the flag job of the
iteration. If several jobs share the same starting deadline, any one
of them can be chosen as the flag job. At time d(J), the Batch
scheduler starts all the jobs pending execution and let them run
concurrently. Then, the scheduler proceeds to the next iteration
to wait for another job to hit its starting deadline and repeats this
process.

THEOREM 3.4. For Non-Clairvoyant FJS, the Batch scheduler achieves
a competitive ratio between 2y and (2i + 1), where p is the max/min
Jjob processing length ratio.

Proof: Let J; denote the flag job of iteration i as designated
by the Batch scheduler. By definition, the flag jobs Ji, J2, J3, ...

58

SPAA’17, July 24-26, 2017, Washington, DC, USA

0 1 M 2u < 2m=Nu Cm-Du  2mu
‘obs in the T time
Jro s in the ] 0z ]
_“‘il ‘f”“’;p ¢ arrival starting deadline
I
Sgscztin“':o:pJ‘ Fz2d zz] 2223 active interval
group ¢
| P
| 277
jobs in the |
third group | i
i
|
i
L

Figure 2: An example schedule induced by Batch

have increasing starting deadlines. To establish a lower bound on
the span induced by an optimal scheduler, we choose a subset of
the flag jobs, such that their active intervals cannot overlap with
each other by any scheduler. First, we choose J;. Then, we find
the lowest-indexed flag job J, that satisfies d(J) > d(J1) + p(J1)
and choose the flag job Jj, 1 if J,1 exists. This selection process is
repeated. After a flag job J; is chosen, we find the lowest-indexed
flag job J; that satisfies d(J;) > d(J;) + p(J;) and then choose the
flag job Jj+1 if Jj+1 exists. By the definition of Batch, Jj;1 arrives
later than d(J;) and thus, a(Jj+1) > d(J;) = d(J;) + p(J;). Note that
d(Ji) + p(J;) is the latest possible completion time of job J;. This
implies that the active intervals of J;+1 and J; cannot overlap with
each other by any scheduler. Thus, the span induced by an optimal
scheduler is at least 3’ yc# p(J), where F is the subset of flag jobs
chosen.

Next, we derive an upper bound on the span induced by the
Batch scheduler. Consider any two flag jobs J; and Ji+1 chosen
in succession. Since J; is the lowest-indexed flag job satisfying
d(Jj) = d(J;) + p(J;), for each flag job J; (i < g < j), it holds
that d(Jy) < d(J;) + p(J;). This means that all the jobs started in
iterations i to (j — 1) by the Batch scheduler are started before time
d(Ji) + p(Ji). Thus, all these jobs must complete execution by time
d(Ji) + p(Ji) + i - p(Ji), since the max/min job processing length
ratio is y. Therefore, the span induced by the Batch scheduler for
iterations i to (j — 1) is bounded by d(J;) + p(J;) + - p(Ji) —d(Ji)
(z + 1) - p(Ji)- Similarly, for all the jobs started in iteration j, since
they are started simultaneously, their induced span is bounded by
the maximum job processing length, which is in turn capped by
u-p(Ji). Consequently, the span induced by the Batch scheduler for
iterations i to j is bounded by (u+1)-p(J;i) +p-p(Ji) = Cu+1)-p(Ji)-
Putting all the iterations together, the total span induced by the
Batch scheduler is bounded by (2u + 1) - ¥ jc# p(J), where ¥ is
the subset of flag jobs chosen. Therefore, the competitive ratio of
the Batch scheduler is bounded by (2p + 1).

Now, we construct an instance to show that the competitive ratio
of the Batch scheduler is no less than 2y. Consider three groups of
jobs as shown in Figure 2. The first group contains m short jobs,
each with a laxity of 0 and a processing length of 1. The i-th short
job in the first group arrives at time 2(i — 1) u. The second group also
contains m short jobs, each with a laxity of (¢ — ¢) and a processing
length of 1, where ¢ > 0 can be arbitrarily small. The i-th short job
in the second group arrives at time 2(i — 1)u + ¢. The third group
contains 2m long jobs, all of which have the same starting deadline
of 2my and a processing length of . The i-th long job arrives at time
(i = 1)p. By applying the Batch scheduler, the i-th short job in the
first group and the (2i — 1)-th long job in the third group are started
together at time 2(i — 1)y in the same iteration. The i-th short job
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in the second group and the (2i)-th long job in the third group are
started together at time (2i — 1)y in the same iteration. Therefore,
the total span induced is 2mpy. A better schedule is to start all the
long jobs in the third group at their (same) starting deadlines and
start all the short jobs in the first two groups immediately at their
arrivals. This yields a span of m(1 + ¢) + . Therefore, the ratio
between the spans induced by the Batch scheduler and the optimal
scheduler is at least — -4

m(l+e)+p’
to 2u as m goes towards infinity. O

which can be made arbitrarily close

To improve the competitiveness, we can make the Batch sched-
uler more aggressive. Next, we propose a tight (¢ + 1)-competitive
Batch+ scheduler. Same as the Batch scheduler, Batch+ also deter-
mines the starting times of jobs in iterations. In each iteration, the
Batch+ scheduler determines a flag job (the job with the earliest
starting deadline) and starts all the pending jobs together with the
flag job. What is different from Batch is that, during the active
interval of the flag job, the Batch+ scheduler further starts all the
newly arriving jobs immediately at their arrivals. Only when the
flag job completes execution, the Batch+ scheduler starts the next
iteration to buffer incoming jobs and search for a new flag job.

THEOREM 3.5. For Non-Clairvoyant FJS, the Batch+ scheduler
achieves a tight competitive ratio of (1 + 1), where y1 is the max/min
Jjob processing length ratio.

Proof: We first show that the Batch+ scheduler is (p + 1)-
competitive. Let J; denote the flag job of iteration i as designated
by the Batch+ scheduler. By applying Batch+, all the jobs started in
iteration i are started no later than the completion time of J;, i.e.,
d(Ji) + p(Ji). Since the max/min job processing length ratio is p,
the span of the jobs started in iteration i is at most (¢ + 1) - p(J;)-
Therefore, the total span induced by the Batch+ scheduler is at most
(u+1)-2i>1 p(Ji). Note that the flag job J;+1 of iteration (i+1) must
arrive later than d(J;) + p(Ji). Thus, the active intervals of J; and
Ji+1 cannot overlap with each other by any scheduler. Therefore,
the span induced by an optimal scheduler is at least };>1 p(Ji). As
a result, the competitive ratio of the Batch+ scheduler is bounded
by (u+1).

We construct an instance to show that the competitive ratio of
(1 + 1) is tight. Consider two groups of jobs as shown in Figure
3. One group contains m short jobs, each with a laxity of 0 and a
processing length of 1. The i-th short job arrives at time (i—1) (z+1).
The other group contains m long jobs, all of which have the same
starting deadline of m(u + 1) and a processing length of y. The
i-th long job arrives at time (i — 1)(u + 1) + (1 — ¢), where ¢ > 0
can be arbitrarily small. By applying the Batch+ scheduler, the
i-th short job and the i-th long job are started immediately at their

0 1 u+1 2u+1) (m=D(u+l)  m(u+1)
‘obs in th + . + . . . time
jobsinthe | - .
ey -
arrival starting deadline
s |« >
| 77
jobs in the | active interval ¥ A
S J active intervz
second group! V7 .
! —
L

Figure 3: An example schedule induced by Batch+
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arrivals in the same iteration, and thus a total span of m(y+1—¢) is
induced. An optimal schedule is to start all long jobs at their (same)
starting deadlines and start all the short jobs immediately at their
arrivals. This yields a span of m+ p. Therefore, the ratio between the

spans induced by the Batch+ scheduler and the optimal scheduler

is m(p+1-¢)
m+p

goes towards infinity. O

, which can be made arbitrarily close to (¢ + 1) as m

4 CLAIRVOYANT SETTING

In this section, we study FJS under the clairvoyant setting, where
the processing length of each job is known at its arrival. In Section

V5+1

4.1, we establish a lower bound of ~5— on the competitive ratio
of any deterministic online scheduler. In Sections 4.2 and 4.3, we
propose two O(1)-competitive schedulers: a Classify-by-Duration
Batch+ scheduler and a Profit scheduler.

4.1 Lower Bound on Competitiveness of Online

Schedulers
We first construct an instance to show that any deterministic online
scheduler has a competitive ratio of at least ¢ = \/§2+1. In our

instance, each job has one of two processing lengths: 1 or ¢. Let
n > 1 be an integer. We release jobs in up to n iterations. In each
iteration, we release two jobs, a short job with a processing length
of 1 and a long job with a processing length of ¢.

In the first iteration, we release a short job J; and a long job J,
at time 0. Job J; has a laxity of 0 and job J, has a laxity of n(p + 1).
Obviously, J; must be started immediately at time 0. We check
whether the online scheduler starts J, during the active interval
of Ji, ie, [0,1). If J5 is not started within J;’s active interval,
we terminate the job releasing process and do not proceed with
any further iteration. In this case, the span induced by the online
scheduler is ¢ + 1. The optimal schedule is to start J; and J» together
at time 0, which induces a span of ¢. Thus, the ratio between the
@+1

two spans is = ¢. Otherwise, if J, is started during the time
interval [0, 1), the second iteration follows.

The above process is repeated iteratively. As shown in Figure
4, in each iteration i (2 < i < n), we release a short job J;—1 and
a long job Jp; at time (i — 1)(¢ + 1). Job J2;—1 has a laxity of 0
and job J»; has a laxity of (n — i + 1)(¢ + 1). We check whether
the online scheduler starts J; during the active interval of J5;—1,
ie, [(i—1)(¢+1),(i—1)(¢ + 1)+ 1). If Jo; is not started within
Ji-1’s active interval, we terminate the job releasing process and
do not proceed with any further iteration. In this case, the span
induced by the online scheduler for iteration i is (¢ + 1). Note that
in each of the first (i — 1) iterations, the long job is started within
the active interval of the short job. Since the job release times of
two successive iterations are (¢ + 1) apart, the active intervals of all
the long jobs do not overlap with each other. Thus, the aggregate
span of the first (i — 1) iterations is at least (i — 1)¢. Therefore, the
total span induced by the online scheduler for all the iterations is at
least (i — 1)¢ + (¢ + 1). An optimal schedule is to start all the long
jobs together at time (i — 1)(¢ + 1) and to start all the short jobs

at their respective arrivals. This yields a span of ¢ + (i — 1). Thus,
(i-1)p+p+1

the ratio between two spans is at least o+ (1)

= ¢. Otherwise,
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Figure 4: An example of the job release process

if Jp; is started during the active interval of J;_1, iteration (i + 1)
follows.

In the final iteration n (if needed), we release a short job Jo,—1
and a long job Ja, at time (n—1)(¢ + 1). J2p—1 has a laxity of 0 and
Jon has alaxity of (¢ +1). Similar to the earlier argument, the active
intervals of all the long jobs in the n iterations do not overlap with
each other. Thus, the online scheduler induces a span at least ng.
An optimal schedule is to start all the long jobs at time (n—1)(¢+1)
and to start all the short jobs at their respective arrivals. This yields
a span of ¢ + (n — 1). Thus, the ratio between the spans induced by
the online scheduler and the optimal scheduler is at least %,
which can be made arbitrarily close to ¢ as n goes towards infinity.

With the above instance, we can conclude that:

THEOREM 4.1. For Clairvoyant FJS, no deterministic online sched-

V5+1

uler can achieve a competitive ratio less than ~5—.

4.2 Classify-by-Duration Batch+ Scheduler

As shown in Section 3.1, in the non-clairvoyant setting, the com-
petitiveness of an online scheduler is limited by the max/min job
processing length ratio p. In the clairvoyant setting, with the knowl-
edge of job processing length, a natural strategy to break this limit
is to classify jobs into categories according to their lengths and
schedule each category separately. In this way, the max/min job
processing length ratio of each job category is reduced compared
to the whole job set. In this section, we show that applying such a
classify-by-duration strategy on the Batch+ scheduler can achieve
an O(1) competitive ratio.

We first introduce our Classify-by-Duration Batch+ (CDB) sched-
uler. Let @ be the max/min job processing length ratio of each job
category. Given a base job processing length b, we classify jobs into
categories such that each category includes all the jobs with pro-
cessing length between ba'~! and ba’ for an integer i. Whenever
a new job arrives, it is put into a category according to its process-
ing length. For each job category, we apply the Batch+ scheduler
seperately to decide the starting times of jobs. If the max/min job
processing length ratio for the entire set of jobs to schedule is g,
there can be up to [log, pT + 1 non-empty job categories produced
by the classification. Let Ji, %2, . . ., J[log,, 47+1 denote these job

categories. Let #; be the set of flag jobs designated by the Batch+

scheduler in the job category ;. Let ¥ = Uiflzolga ul+t ¥ be all the

flag jobs designated by Classify-by-Duration Batch+ in the entire
job set.

LEMMA 4.2. The span induced by the Classify-by-Duration Batch+
scheduler for a set of jobs [J is bounded by (o + 1) times the span of
all the flag jobs ¥ C J in the schedule.

Proof: By applying the Batch+ scheduler, the active interval
of each flag job J is [d(]),d(]) +p(])). Thus, the span of all the

flag jobs is Ujes [d(]),d(]) +p(])), Such a span may not be
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a single contiguous time interval. It may be composed of mul-
tiple contiguous time intervals that are apart from each other.
Let 1, I, ..., I, (m > 1) be these contiguous intervals. Then,
we can divide all the flag jobs ¥ into m groups, such that the

span of each job group H; is I;, i.e, Ujeqy, [d(]),d(]) +p(])) =

[minjeﬂ, d(J), max;eqy, (d(]) +p(]))) = I;. The span of all the
flag jobs can be written as 3.1 len(I;).

By the argument for the Batch+ scheduler in the proof of Theo-
rem 3.5, the active intervals of all the jobs started in the iteration
defined by flag job J must lie inside the time interval [d N),d(J) +

(¢ +1) Ap(])). Thus, the span of all the jobs J is bounded by

len ( Ujer [d(]),d(]) +(a+1) .p(]))). For each flag job J € Hj,
we have d(J) 2 minjeqy, d(J) = I and

d(J) + (e +1) - p())
= (a+1)-(dU)+p()) —a-d())
< (@+ 1) max (dU) +pU) - a- min dU)

= min d0) + @+ 1) ( max (d0) +p0) = min d()
= I7 +(a+1)-len(I;).
Hence, [d(J),d(J)+ (a+1)-p(J))  [I7.I; +(a+1)-len(l;)). This

m [Il.‘,Il.‘+

suggests that the span of all the jobs J is bounded by len ( i)

(a+1)- len(I,-))). Since UIZ, [I;’I; +(a+1) -len(Ii)) has a total
length capped by (a + 1) - X7, len(l;), the lemma is proven. O

With Lemma 4.2, we only need to analyze the span for the flag
jobs . Recall that ¥ can be classified into the categories 77,
F2, ..., Fm, As argued in the proof of Theorem 3.5, each flag job
designated by the Batch+ scheduler must arrive later than the latest
possible completion time of the previous flag job. Thus, the active
intervals of any two flag jobs in the same category cannot overlap
with each other by any scheduler. In the following, we study the
CDB-to-optimal span ratio? for any set of jobs with the above
property.

LEmMA 4.3. If a set of jobs J can be classified into a collection of
categories J1, 2, . . ., Jm such that
(a) the max/min job processing length ratio of each category is bounded
bya,
(b) the active intervals of any two jobs in the same category cannot
overlap by any scheduler,

then the CDB-to-optimal span ratio of J is bounded by 3 + ﬁ.

Proof: We prove it by an induction on the number of job cat-
egories. If J contains only one job category, then according to
property (b), the active intervals of any two jobs in J cannot over-
lap by any scheduler. Thus, the span induced by any scheduler is
exactly 3’ yc g p(J). Therefore, the CDB-to-optimal span ratio of J°
. L1 1
is 1, which is bounded by 3 + =
2For simplicity of presentation, we shall refer to the ratio between the spans induced

by the Classify-by-Duration Batch+ scheduler and an optimal scheduler as the CDB-
to-optimal span ratio.
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Figure 5: An optimal schedule induced by scheduler A

Suppose that the CDB-to-optimal span ratio is bounded by 3 +
ﬁ for all job sets containing no more than (n — 1) categories. We
now show that for any job set J that contains n categories, its
CDB-to-optimal span ratio is also bounded by 3 + ﬁ. Consider
an optimal scheduler A on 7, ie., spany(J) = span,,;,(J). Let
I4(J) denote the active interval of job J € J induced by scheduler
A.

We start by deriving a lower bound on the span induced by
scheduler A. Assume that J can be classified into n categories i,
J2s - - .» In, where Jp, includes jobs with the longest processing
lengths. Let Ju,1, Jn,2; - - - » Jn,q be all the jobs in J;, sorted in an
increasing order of their arrivals. The span induced by scheduler A
for all the jobs J may consist of multiple contiguous time intervals.
For each job J, j (1 < j < q), let Is(Jn,j) denote the contiguous
interval that J,, ;’s active interval 14 (Jp, ;) falls in. Then, we define
an interval I for J,,j as

Ij = [ max{s Un, /) IaUn,j-1) "} 1aUn, )*),

i.e., I is left delimited by the starting point of Is(Jy, ;) and the end-
ing point of J,, j—1’s active interval, and it is right delimited by the
ending point of Jy, ;’s active interval. By property (b) of J,, we can
infer that I4(Jn,;) C Ij and all the I;’s do not overlap with each
other. For each I;, define X(Jn, ;) as the set of all the jobs J € J
satisfying In(J) C Ij or I5(J)” < Ij+ < Ia(J)*, i.e., these jobs
have their active intervals either fully contained in I; or crossing
the ending point of I;. Obviously, Jn,j € X(Jn,j)- Let Toveriap =

ngl X(n,j) and Jmisc = j\jove,lap. It is easy to see that the
active interval of any job in Jmisc does not overlap with any I,
ie, (Ujejmisc IA(])) N (U}]:l Ij) = 0. Figure 5 illustrates the
above definitions with an example of jobs classified into three cat-
egories: J1 = {J1,1, /1,2, J1,3, Juah, Jo = {21, 2,2, J2,3, J2,4, J2,5 )
J5=1{h1, 152}

We can thus establish a lower bound on the span induced by the
optimal scheduler A as

q9
span,,;,(J) =  spany(Jmisc) + Z len(I_;)
j=1
9
> span,,;,(JImisc) + Z len(l;), (1)

Jj=1
where span
on Jmisc-

Next, we prove that the span induced by Classify-by-Duration
Batch+ for J has the following upper bound:

min(Jmisc) is the span induced by an optimal scheduler

q
spanpg(J) < (3 + ﬁ) . (spanmin(jmisc) + Z len(Ij)) (2)

Jj=1
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Due to property (b), by applying Classify-by-Duration Batch+
on 7, each job in [ is started at its starting deadline. Thus,

spancps(7) = len( [ [d0.d0) +p0D))

Jeg

en( |J [d0.d0)+p))
JE€Tmise

+len ( U
]Ejzlverlap

= spancpg(Imisc) + spancpp(Joveriap)-

IA

[40).d0) + ()

It is obvious that the jobs Jrisc come from at most (n—1) categories
T, J2s -y In-1. According to the induction hypothesis the
CDB-to- optlmal span ratlo of Imisc is bounded by 3 +
spancpg(Jmisc) < 3+ 33 ) spanmm(jmlsc) What remains is
to show that spanpg (jowrlap) <GB+ 53 ) Zq len(l}).

In each job set X(J,j) defined earher all the ]ObS other than
Jn,j fall in categories 1, o, ..., Jn-1. Recall that the active
intervals of all the jobs in each category J; cannot overlap by
any scheduler. We can thus infer that X(J,, j) contains at most

= 1,1e.,

one job E from each category J; (1 < i < n— 1) which satisfies
IaUnj)t < d(ﬂ) + p(j;). Assume on the contrary that there are
two jobs J;, ]~l' € X(Jn,j) N Ji satisfying this condition. By the
argument in the proof of Theorem 3.5, either d(ﬁ) +p(ﬁ) < a(]~l.’)
or d(]~i’) +p(]~l.') < a(j;) holds. This implies that one of these two
jobs must arrive after time I4(J,,j)*. On the other hand, by the
definition of X (Jy,j), these two jobs have their active intervals
overlapping with I; by scheduler A. So, they must both arrive
before I}r = I4(Jn,j)", which leads to a contradiction. Hence, there
is at most one jobﬁ € X(Jn,j) N Ji satisfying In(Jn,j)* < d(J;) +
p(jl-). All the remaining jobs J € X (Jp,j) N Ji\{J;} must have their
completion times d(J) + p(J) < Ia(Jn,j)* = I;’. By the definition
of X(Jn,j), I's active interval I4 (/) induced by scheduler A must be
fully contained in I;. Since I4(J)~ < d(J), J's starting deadline d(J)
must also be in I;. As a result, J’s active interval [d(]), d(J) +p(]))
induced by Classify-by-Duration Batch+ must be fully contained
in I;. Therefore,

len( U

JeXUn.j)

len(g(

+len ( (Un,j) d(]n1)+P(]”1)))

[40),40) +p<J>))

g

JeXUn. j)NTi

(), () +p<J>)))

< 1en(U( U [(),d<J>+p(J>)))
L JeXUn NI\
n-1
+ 3 len ([d). ) + (D) ) + pUn.1)
i=1
<

lean)+(Z_: )+p(]n])
i=1
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Since ﬁ € Ji and Jn,j € Jn, we have p(ﬁ) < o 1 7 pUn,j)-
Note that Iy (Jn, ;) € Ij, 50 p(Jn,j) < len(l;). It follows thatp(],) <
17 len(IJ) Thus,

1en( U [d<J>,d(J)+p(J)))

JeX(Jn,j)
n-1
< len(ly) + (; # .1en(1j)) + len(1))
< len(lj) + —— - 1 len(IJ) + len(I;)
= 3+ ai 1) - len(I;).
Therefore,
spancpp (Jovertap) = 1en( U [a0)do + p(J)))
Je%verlap
q
= (U U a0 +p0)))
J=1 JeX(n,j)
9
< Yt U [aan+p0))
Jj=1 JeX(Un,j)
<

9
) Z len([)).
i=1

Hence, inequality (2) is proven. Based on (1) and (2), the CDB-
to-optimal span ratio of the job set J with n categories is bounded
by 3 + ﬁ. By induction, the lemma is proven. O

By Lemma 4.3, the CDB-to- optimal span ratio for the set of flag

jobs ¥ is bounded by 3 + a =1 e, % <3+ ﬁ. It is
obvious that the minimum possible sparrln of any job set J is no
less than that of its flag jobs F designated by Classify-by-Duration
Batch+, i.e., span,,;,,(J) = span,,;,(¥). Thus, by Lemma 4.2, we
have
spancpp(J) _

span,;, (J) ~

(a +1) - spancpg(F)

2
<3a+4+——
span,,;, (F)

a-1"

It is easy to derive that (3 + 4 + %) has a minimum value of

7+2V6 ~ 11.9Whenaissettol+\/§.

THEOREM 4.4. The Classify-by-Duration Batch+ scheduler is (3a +
4+ %)-competitivefor Clairvoyant FJS, where « is the max/min job

processing length ratio for each job category. When setting o = 1+\/g,
this scheduler is (7 + 2/6) -competitive.

4.3 Profit Scheduler

Although the Classify-by-Duration Batch+ scheduler can achieve a
constant competitive ratio, it schedules different categories of jobs
independently, which may lose some opportunities to optimize the
span. Moreover, Classify-by-Duration Batch+ does not make use of
any runtime state in scheduling. In fact, with the knowledge of job
processing length, we can derive how much the active interval of
anew job can overlap with those of currently running jobs. This
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information would help decide whether starting a new job can make
effective use of the existing span. Motivated by this observation,
we propose a more competitive Profit scheduler that considers all
the jobs as a whole.

The Profit scheduler determines the starting times of jobs in
iterations. In each iteration, the Profit scheduler waits until a job
Jr pending execution hits its starting deadline d(Jy), i.e., J is the
job with the earliest starting deadline among all pending jobs. Such
a job Jr is designated as the flag job of this iteration. If several
jobs share the same starting deadline, the one with the longest
processing length is chosen as the flag job. The Profit scheduler
starts the flag job Jy at time d(J). For each job J that has arrived
before time d(/¢) but not yet started execution, if p(J) < k - p(Jr)
(where k > 1 is an algorithm parameter), the Profit scheduler also
starts job J at time d(Jy) in this iteration. This guarantees that at
least % of J’s active interval overlaps with ]f’s active interval in the
span and such a job J is said to be profitable to job J¢. Apart from
this, if a job J arrives during the active interval of the flag job J¢

and satisfies p(J) < k - (d(]f) +pUr) - a(])), the Profit scheduler
starts job J immediately at its arrival a(J) in this iteration. Since
the flag job J¢ completes execution at time d(J¢) + p(J¢), the above
condition also ensures that at least % of J’s active interval overlaps
with ]f’s active interval in the span. Such a job J is also said to
be profitable to job Jr. Meanwhile, among all the pending jobs not
profitable to job Jr, the Profit scheduler watches for any job to hit
its starting deadline. Once a job hits its starting deadline, a new
iteration is initiated and the above job starting process is repeated.
Note that by applying the Profit scheduler, the flag jobs of different
iterations may be running concurrently. As a result, it is possible
that a new incoming job J is profitable to several running flag jobs
when it arrives. In this case, the scheduler starts job J immediately
and we attribute J to any iteration of these flag jobs.

In the following text, we analyze the competitive ratio of the
Profit scheduler. The analysis framework bears some similarity
to that for Classify-by-Duration Batch+, but is more sophisticated
than the latter. Let ¥ be all the flag jobs designated by the Profit
scheduler in the entire job set J. The following lemma describes
the relation between the spans induced by Profit for [ and F.

LEMMA 4.5. The span induced by the Profit scheduler for a set of
jobs J is bounded by k times the span of all the flag jobs ¥ C T in
the schedule.

Proof: First, we show that each job J started in an iteration
with a flag job Jr must have its active interval fall inside the time

interval [d(]f),d(]f) + k -p(]f)). If J arrives before time d(]f),
then p(J) < k- p(Jr) and J is started at time d(J). Then, the
completion time of J satisfies d(Jr) + p(J) < d(Jy) + k- p(Jp). If
J arrives during the active interval of the flag job J¢, then p(J) <

k- (d(]f) +pUr) - a(])) and J is started at its arrival time a(J).
Hence, the completion time of job J satisfies

a()+p() = a()+k-(dUp) +pUys) - a()))
a()) +k - p(y) - k- (a()) - d(Jp))
a()) +k - p(Jy) - (a(J) = d(Jp))
d(Jp) + k- pUp).

A
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Therefore, all the jobs started in an iteration with a flag job ] must
have their active intervals fall inside [d(]f), d(Jg)+k-p (]f)) .Asare-

sult, the span of all the jobs 7 is bounded by len ( Ujer [d(]),d(])+

k -p(J))).
By applying the Profit scheduler, the active interval of each flag
job Jr is [d(]f),d(]f) +p(]f)). Thus, the span of all the flag jobs

designated by the Profit scheduler is | je# [d(]), d(J) +p(])). Such
a span may consist of multiple contiguous time intervals which are
apart from each other. Let I1, I, . . ., I;, (m > 1) be these contiguous
intervals. Then, the span of all the flag jobs can be written as
272, len(l;). We can divide all the flag jobs F into m groups, such

that the span of each job group H; is I;, i.e., U e, [d(]),d(]) +
p)) = [ minjep, dU),maxsep, (d0) + p())) = & For each
flag job J € H;, we have d(J) > minjcqy, d(J) = I; and
d(J) +k-p(J)
= k- (dU)+p()) - (k=1)-d()
k- max (d0) +p()) = (k=1) - min d())

IN

= min d0) + k- ( max (d0) +p0) - min d()

= I +k-len(I;).
Hence, [d(]), d(J) +k -p(])) c [Il._,Ii_ +k- len(I,-)). This suggests
that the span of all the jobs J is bounded by len ( Ur, [IIT, I7 +k-

len(Ii))). Since UIZ, [Il_ IT+k- len(Ii)) has a total length capped
by k - X1, len(I;), the lemma is proven. O

With Lemma 4.5, we only need to analyze the span for the flag
jobs F. We start by proving a useful lemma for the flag jobs 7.

LEMMA 4.6. For any two flag jobs designated by the Profit scheduler,
the one with an earlier starting deadline must be completed before
the other one.

Proof: Let J; and J; be the flag jobs designated by the Profit
scheduler in two different iterations. Without loss of generality,
suppose J; has an earlier starting deadline than J, i.e., d(J1) <
d(J2).> I a(J2) = d(J1) +p(1), then d(J2) +p(J2) > a(J2) = d(J) +
p(J1)-Ifa(Jz) < d(J1)+p(J1), since J; is also a flag job and is started
at its starting deadline d(J2) > d(Ji), Jo must not be profitable
to Ji. If J» arrives before time d(J;1), we have p(J2) > k - p(J1)
and thus d(J2) + p(f2) > d(i) + k- p(1) > d(1) + p(Ur). If J2
arrives during J;’s active interval [d(]l),d(]l) +p(]1)), we have

p(2) > k- (d(h) + p(1) — a(J2)) and it follows that

d(J) +p(R) > a(Ja) +k- (d(h) +p(h) - a())

> a(fz) + (dUr) +p(h) - a(2))
= d(J1) +pUh).

3Note that d(J;) # d(J,). Otherwise, at their (same) starting deadlines, the job with a
longer processing length would be chosen as the flag job by the Profit scheduler. Then,
the other job is profitable to the flag job and will be started in the same iteration so
that it would not become a flag job itself.
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Therefore, in any case, J; is completed before Jo. O

To study the Profit-to-optimal span ratio,* we construct a di-
rected graph G(F , E) for the set of flag jobs ¥ as follows. For each
flag job J € ¥, let X(J) be the set of all the flag jobs J’ € ¥ satis-
fying a(J’) < d(J) + p(J) and d(J) < d(J’), i.e., J’ arrives before J
completes and J’ is started after J. Thus, J’ must not be profitable
to J. If X(J) # 0, then among all the jobs in X(J), we choose the
job J with the earliest starting deadline and create a directed edge
from J to J in the graph G(¥, E). Figure 6 shows an example of
graph construction. It can be shown that the graph constructed in
this way is a collection of rooted trees.

LEMMA 4.7. The directed graph G(F , E) is a collection of rooted
trees.

Proof: By definition, for each job J € # with X(J) # 0, there is
only one job J’ € X(J) which has an edge pointing to J. Moreover,
no cycle exists in G(F, E). Otherwise, suppose a set of edges (J1, J2),
U2, B)s -y Un=1,Jm)s (Jm>J1) € E form a cycle. According to
the definition of an edge (J’, J) € E, we have d(J) < d(J’). Conse-

quently, d(J1) < d(Jm) < d(Jm-1) < --- < d(J3) <d(J2) <d()),
which leads to a contradiction. Hence, the lemma is proven. O

Based on Lemma 4.7, for each edge (J’, J) € E, we refer to job J’
as the parent of job J, and refer to J as a child of J’. By definition,
if job J’ is the parent of job J, J’ is the job with the earliest starting
deadline in X (J). If X(J) = 0 for a job J, we refer to J as a root job.
If a job J does not have any child, we call it a leaf job. We next show
that to study the Profit-to-optimal span ratio for all the flag jobs
¥, it is equivalent to study the Profit-to-optimal span ratio for any
rooted tree in the graph G(¥, E).

LEMMA 4.8. Given ajob ] € F, foreach job ]’ € X(]), there exists
a path from ]’ to J in the graph G(¥ , E).

Proof: Suppose job J is in a rooted tree T of G(F, E). Let J1, Jo,
.-+, Jg, J be the sequence of nodes along the path from the root job
of tree T to J, i.e., J; is the root job of T and is the parent of J», J»
is the parent of J5, ..., and Jgis the parent of J. By the definition
of edges, we have d(J) < d(Jg) < d(Jg-1) < --+ < d(J1). We prove
that X(J) € {J1,J2, ..., Jq} by contradiction.

Assume on the contrary that there exists a job J' € X(J) such
that J’ ¢ {J1.J2,- .., Jq}. Since Jq is the parent of ], J; has the
earliest starting deadline among all the jobs in X (J). Thus, d(J’) >
dU)-

We first consider the case that d(J;) < d(J’) < d(J;—1) for some
i. Since J' € X(J), we have a(J’) < d(J) + p(J). It follows from
d(J) < d(Ji) and Lemma 4.6 that d(J) + p(J) < d(J;) + p(Ji). As
aresult, a(J’) < d(J;) + p(J;) and thus J” € X(J;). The existence
of the edge (Ji-1, Ji) suggests that job J;_; has the earliest starting
deadline among all the jobs in X(J;). Therefore, d(Ji—1) < d(J'),
which leads to a contradiction.

Next, we consider the case that d(J;) < d(J’). Similarly, since
a(J’) < d(J) +p(J) < d(}) + p(Jr), we have J € X(Jy), but this
contradicts the fact that X(J;) = 0 since Jj is a root job.

4For simplicity of presentation, we shall refer to the ratio between the spans induced
by the Profit scheduler and an optimal scheduler as the Profit-to-optimal span ratio.
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the schedule induced by the Profit scheduler
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Figure 6: Constructing a graph for flag jobs

Thus, it is proven that X(J) € {J1, )2, . . ., Jg}, which implies that
there exists a path from each job J € X(J) to job J. O

LEMMA 4.9. If there is no path between two jobs J and ]’ in the
graph G(F , E), the active intervals of | and ]’ can never overlap with
each other by any scheduler.

Proof: Without loss of generality, suppose d(J) < d(J’). If
a(J’) <d(J) +p(J), then J’ € X(J). According to Lemma 4.8, there
exists a path from J’ to J in the graph G(¥, E), which leads to a
contradiction. Therefore, we have a(J’) > d(J) + p(J), i.e., job J/
arrives no earlier than the latest possible completion time of job J.
Thus, their active intervals cannot overlap with each other by any
scheduler. O

LEMMA 4.10. The Profit-to-optimal span ratio for the flag jobs ¥
is bounded by a constant C if the Profit-to-optimal span ratio for the
flag jobs in any rooted tree of the graph G(¥ , E) is bounded by C.

Proof: According to Lemma 4.7, we can decompose the di-
rected graph G(¥, E) into a collection of rooted trees T; (71, E1),
T2(F2, E2), - - ., Tm (Fm, Em), where m is an integer and ¥ is the set
of flag jobs in tree T;. For any two jobs J € F; and J’ € Fj (i # j),
there is no path between them in G(¥, E). By Lemma 4.9, the active
intervals of J and J’ cannot overlap with each other by any sched-
uler. This suggests that an optimal schedule for the job set #; U F;
can be obtained by simply combining the optimal schedules for ¥;
and ¥}, and thus span,,,;,, (%; U F;) = span,,,;,, (%) + span,,;, (7).
Consequently, span,,;, () = X7, span,,;, (F7).

Note that by applying the Profit scheduler, all the flag jobs are
started at their starting deadlines. Thus,

ten (| [a).dn +p0))
JeF

ilen( U [402.40) +p))
i=1 JeFi
= Z SpanProfit(ﬁ)'

i=1

SpanProfit(y:) =

IN

If the Profit-to-optimal span ratio for any #; is bounded by C, i.e.,
spanp,. i (i) < C-span,,;, (F7), it follows that spanp, ¢ (F) <

i (C . spanmin(ﬁ)) =C - span,,;,(F). O

We now focus on the Profit-to-optimal span ratio for a rooted
tree of flag jobs. In the following, we prove an upper bound of
2+ % + ﬁ on the Profit-to-optimal span ratio for any rooted tree
by an induction on the height of the rooted tree — the number of
edges along the longest path between the root job and the leaf jobs

in the rooted tree.
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First, consider a rooted tree with a height of 0, i.e., there is only
one job J in the tree. Then, the span induced by any scheduler is
exactly p(J). Thus, the Profit-to-optimal span ratio for such a tree
is 1, which is bounded by 2 + % + ﬁ

Suppose that the Profit-to-optimal span ratio is bounded by
2+ % + ﬁ for any rooted tree with a height no more than (n —1).
According to Lemma 4.10, this upper bound of the span ratio also
holds for a directed graph consisting of a collection of rooted trees,
each with a height no more than (n — 1). We now show that this
upper bound also holds for any rooted tree T with a height of n. Let
It be the set of flag jobs in T. Consider an optimal scheduler A on
Ir, e, spany (Jr) = span,,;,(Jr). Let I4(J) denote the active
interval of a job J € J7 induced by scheduler A.

We start by determining a lower bound on the span induced
by scheduler A. The span induced by scheduler A for the flag jobs
Jr may consist of multiple contiguous time intervals. Let Jroo¢
be the root job of T and let Is denote the contiguous interval that
Jroot’s active interval I4(Jro0¢) falls in. As illustrated in Figure 7,
we define an interval I,,,; 447 = [Ig,IA(]root)‘L), ie., Iyiddle 1S
left delimited by the starting point of Is and it is right delimited
by the ending point of J,¢0:’s active interval. It is obvious that
Ia(Jroot) € Lmiddie and thus p(Jroor) < len(l,;;q41e)- Then, we
define Jp,iqaq1e as the set of all the jobs J € Jr satisfying I4(J) €
Imiddte ot Ia())™ < It ... < Ia())", ie., these jobs have their
active intervals either fully contained in I,;,;44;, or crossing the
ending point of Iy;qq1e. Obviously, Jroot € Jmiddie- Let Tjeft
be the set of all the jobs J € Jr satisfying I4(J)" < I adle Let
Jright be the set of all the jobs other than Jjer; and Trmidates i€,
Tright = IT\(Tlefr Y Tmiddie)- Apparently, each job J € Fpigns
satisfies Io(J)~ > I = I4(Jroot)". We can therefore establish

middle
a lower bound on the span induced by the optimal scheduler A as

span,y;, (Jr)
> spang(Jiefs) +len(lnidare) + spany (Jrighe)
> spany;, (Jiefs) +len(Tpigdie) + span,;, (Jright) (3)
where span,,;, (Jef) and span,,;;,, (Jrign: ) are the spans induced

by the optimal schedulers on Jj.¢; and J;.;4n; respectively.
Next, we prove that the span induced by the Profit scheduler for

Jrie.,spanp,,r;;(Jr). isbounded by (2+ ) ( span,,,;, (Jief 1)+

len(Imiqare) + Spany, ;p (uyright)) .

Note that all the jobs in Jr are flag jobs. Thus, by applying the
Profit scheduler, each job in Jt is started at its starting deadline. It
follows that

spanposr () = len( ) [d00.d0) +p0))
Jedr
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Figure 7: An optimal schedule on a rooted tree

< len(]eyf (4.4 +p(1)

U [d0dm) +p)))

J€Imiddie
ten( | [d00.d0)+p())
JE\Tright
= SpanProfit(tyleft) + SpanProfit(jmiddle)
+SpanProfit(j;‘ight)-

+len(

It can be shown that by applying the graph construction technique
for the job set Jjf¢, Jiefr must form a collection of rooted trees,
each with a height no more than (n — 1). Let G'(Jjef+, Ejef:) be
the graph constructed for Jj.r;. For each edge (J,J') € Ej¢frs, by
definition, we have J € X(J’). It follows from Lemma 4.8 that there
exists a path from J to J’ in the rooted tree T of jobs J7. Thus,
every path in G’ remains and cannot become shorter in T. Note
that Jro0r ¢ Jleft s a oot job that has a path to every node in
T. Therefore, the longest path in T must be longer than that in
G’. This implies that each rooted tree in G’ has height at most
(n—1). According to the induction hypothesis and Lemma 4.10, the
Profit-to-optimal span ratio of Jj. f; is bounded by 2 + % + ﬁ ie.,
SpanProfit(jieft) <2+ % + ﬁ) ) Spanmin(syleft)~ Similarly,
we have SPanProfit(jright) <2+ % + ﬁ) - spany, i, (Jright)-
What remains is to show that spanp,.,¢; (Imiddie) < (2 + % +
w5) - len(Tmiaare)-

Recall that each job in ;441 is started at its starting deadline
by the Profit scheduler. This suggests that the starting time of each
job J € Jmiddie determined by the Profit scheduler must be no ear-
lierthanI4(J)~. Let J1, J2, . . ., Jm be all the jobsin ;i g41e \{Jroor }
sorted in an increasing order of their starting deadlines. Since J,oor
is the root job, by the definition of edges, J-00o: must have a later
starting deadline than all the other jobs in ,;447¢- As a result,
we have d(J1) < d() < -+ < d(Jm) < d(Jroot). Let J; be the
highest-indexed job satisfying d(J;) < Ia(Jroor)", if there exists at
least one such job. For notational convenience, if such a job does
not exist (i.e., 14 (Jroot)T < d(J1)), we define i = 0.

We first show that the span induced by the Profit scheduler for
jobs {J1, 2, ..., Ji} isat mostlen(I,,; g41e) + % -p(Jroor)- According
to Lemma 4.6, the jobs Ji, Jo, . . ., J; must be completed no later than
time d(J;) + p(J;). I d(Ji) + p(Ji) < La(Jroot)?, all these jobs must
have their active intervals fully contained in I,,,; 74;.. Consequently,
the span induced by the Profit scheduler for these jobs is at most
len(Inyiqare)- X d(Ji) +p(Ji) > La(Jroot)?, the span induced by the
Profit scheduler for jobs {J1, J2, ..., Ji} is at most

len ( Liadie4Ui) +P(Ji)))
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= ten(miaare) +1en ([1aUroon)*,d00) + pUR) ).~ (@

since I4(Jroot)* € [d(Ji),d(Ji) + p(i)), job Jroor must arrive be-
fore job J; completes in the Profit schedule. This implies that job
Jroot is not profitable to J;. If Jro0r arrives earlier than time d(J;),
we have p(Jroot) > k-p(Ji). It follows from d(J;) < Ia(Jroot)" that

PUroot) > k-(dUn)+pU)~TaUroot)*) = k-len ([1A<Jmot>+,du,->+
p(]i))). If Jroor arrives during J;’s active interval [d(]i),d(]i) +

pUi)), we have p(Jroor) > k - (d(Ji) + p(Ji) = aUroot) ). Note that
a(Jroot) < IaUroot)”™ < Ia(Uroot)*. Hence, we have p(Jroor) >
k- (400 +pUD ~TaUroor)") = k-len [TaUroor) " i) +p0)) )
Therefore, by inequality (4), the span for the jobs {J1, J2, ..., Ji} is
always bounded by len(l,,;441¢) + % - p(Jroot)-

We next show that if i < m, p(Jj+1) > k - p(J;) holds for each
i+1<j<m-1,and p(Jroot) > k - p(Jm). By the definition of
Tmiddter e have Iy (Jj+1)~ < LaUroor) ™ Itfollows that a(Jj+1) <
Ia(Jj+1)™ < IaUroor)* < d(Jix1) < d(J;). Thus, when job J; is
started at its starting deadline d(J;), Jj+1 must have arrived and is
not profitable to J;, which suggests that p(Jj+1) > k-p(J;). Similarly,
since a(Jroot) < IaUroot)™ < IaUroot)t < d(Ji+1) < d(Um),
Jroot is not profitable to Jp,. Hence,p(]mot) > k- p(Jm). Together,
these relations suggest that p(J;) < - p(Jroot) for each
i+1<j<m.

Therefore, the span induced by the Profit scheduler for ;441
satisfies

km+1 -j

spanp,o i (Imiddie)
< Ien(U[d(]j),d(]j)+p(]j)))
=1
wten( [ [ap.a0p +p0))
Jj=
+len ([ (Uroot)>d(Jroot) +p(]root)))
1 m
< len(Ipigare) + x - pUroot) +j;_1p(1j) + pUroot)
1 — 1
< len(Ipigqre) + (1 + E) - pUroot) + (hZ:l k_h) (Jroot)
= len(lpigare) + (1+ 7+ =) - pUroor)

k' k-1
1 1
< @2+ it m) len(Tmiqde)-

Now, according to inequality (3), the Profit-to-optimal span ratio
for the flag jobs Jr in a rooted tree T with a height of n is bounded
by 2 + % + ﬁ By induction, we can conclude that the Profit-to-
optimal span ratio for any rooted tree of flag jobs is bounded by
2+ 4+ 5.

By Lemma 4.10, the Profit-to-optimal span ratio for all the flag
jobs F is bounded by 2 + % + ﬁ It is apparent that the min-
imum possible span of any job set J is no less than that of its
flag jobs F designated by the Profit scheduler, i.e., span,,,;,,(J) >
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span,,;, (). Thus, by Lemma 4.5, we have

spanp,ori; (J)
span,,;,(J)

k- spanp, op¢(F)

<2k+2+ !
span,,;,(F) '

k-1

It is easy to derive that 2k + 2 + ﬁ has a minimum value of

4+2\/§z6.9whenkissettol+%.

THEOREM 4.11. The Profit scheduler is (2k + 2 + ﬁ)—competitive

for Clairvoyant FjS. When setting k = 1 + %, this scheduler is

(2V2 + 4)-competitive.

5 CONCLUDING REMARKS

We briefly outline how our results can be used to extend the Mi-
nUsageTime Dynamic Bin Packing (DBP) problem. The MinUsage-
Time DBP problem was defined to model server acquisition and job
scheduling in cloud-based systems [15, 16, 19, 23]. In this problem,
a set of items (jobs) are to be packed into bins (cloud servers). Each
item has an arrival time, a departure time and a size. The item has
to be placed in a bin from its arrival to its departure. The size of
the item models the resource demand of the job. The total size of
the items placed in one bin cannot exceed the bin capacity (server
capacity) at any time. The target is to minimize the total usage time
of all the bins used for packing. Competitiveness analysis has been
carried out for various packing algorithms in the non-clairvoyant
and clairvoyant settings [15, 16, 19, 20, 23]. It has been shown that
the total bin usage time is bounded by adding the span of all the
items and the accumulated time-space demand of all the items. So
far, the jobs modeled by MinUsageTime DBP are restricted to “rigid”
jobs that must be started immediately at their arrivals. In this case,
the span of all the jobs is fixed and independent of the packing
algorithm.

To generalize MinUsageTime DBP and model flexible jobs that
have laxity in starting, we can apply a scheduling algorithm to
determine the starting time of each job and apply a packing al-
gorithm to decide where to place (run) the job when it starts. In
this way, the span of all the jobs is affected by the scheduling algo-
rithm. In the non-clairvoyant setting, it is known that a First Fit
packing algorithm can achieve a near-optimal O(y) competitive
ratio for MinUsageTime DBP [20, 23]. Since our Batch+ scheduler
is O(u)-competitive for minimizing the span, integrating Batch+
scheduling with First Fit packing can achieve an O(y) competitive
ratio for generalized MinUsageTime DBP. In the clairvoyant setting,
applying a classify-by-duration strategy to First Fit packing can
achieve an O(log ;1) competitive ratio for MinUsageTime DBP [19].
Since our Profit scheduler is O(1)-competitive for minimizing the
span, combining Profit scheduling with classify-by-duration First
Fit packing can achieve an O(log y1) competitive ratio for general-
ized MinUsageTime DBP.

It was recently brought to our attention a concurrent work by
Koehler et al. [12] which studied a busy-time scheduling problem
on a bounded number of machines. An online case of their prob-
lem when the machine capacity is unbounded is equivalent to our
Clairvoyant FJS. They independently established the same lower

bound of @ on the competitive ratio of any online scheduler,

and proposed a 5-competitive Doubler scheduler.
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