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ABSTRACT
We consider scheduling parallelizable jobs online to maximize the

throughput or profit of the schedule. A set of n jobs arrive online

and each job Ji has an associated function pi (t), the profit obtained
for finishing job Ji at time t . Each job has its own arbitrary non-

increasing profit function. We consider the case where each job is

a parallel job that can be represented as a directed acyclic graph

(DAG). We give the first non-trivial results for the profit scheduling

problem for DAG jobs showing O(1)-competitive algorithms using

resource augmentation.

1 INTRODUCTION
Scheduling preemptive jobs online to meet deadlines is a funda-

mental problem and, consequently, this area has been extensively

studied. In a typical setting, there are n jobs that arrive over time.

Each job Ji arrives at time ri , has a deadline di , relative deadline
Di = di − ri and a profit or weight pi that is obtained if the job is

completed by its deadline. The throughput of a schedule is the
total profit of the jobs completed by their deadlines, and a popular

scheduling objective is to maximize the throughput of the schedule.

In a generalization of the throughput problem, each job Ji is
associated with a function pi (t), which specifies the profit obtained

for finishing job Ji at time ri + t . It is assumed that pi can be differ-

ent for each job Ji and the functions are arbitrary non-increasing

functions. We call this problem the general profit problem.

In this work, we consider the throughput and general profit

scheduling problems in the preemptive online setting for parallel

jobs. In this setting, the online scheduler is only aware of the job at

the time it arrives in the system, and a job is preemptive if it can be

started, stopped, and resumed from the previous position later. We

model each parallel job as a directed acyclic graph (DAG). Each
node in the DAG is a sequence of instructions to be executed; the

edges in the DAG represent dependencies. A node can be executed

if and only if all of its predecessors have been completed. Therefore,

two nodes can potentially run in parallel if neither precedes the

other in the DAG. In this setting, each job Ji arrives as a single

independent DAG and a profit of pi is obtained if all nodes of
the DAG are completed by job Ji ’s deadline. The DAG model can

represent parallel programs written in many widely used parallel
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languages and libraries, such as OpenMP [25], Cilk Plus [16], Intel

TBB [27] and Microsoft Parallel Programming Library [13].

Both the throughput and general profit scheduling problem have

been studied extensively for sequential jobs. In the simplest setting,

each job Ji has work or processing timeWi to be processed on a sin-

gle machine. It is known that there exists a deterministic algorithm

which is O(δ )-competitive, where δ is the ratio of the maximum to

minimum density of a job [10, 11, 20, 32]. The density of job Ji is
pi
Wi

(the ratio of its profit to its work). In addition, this is the best

possible result for any deterministic online algorithm even in the

case where all jobs have unit profit and the goal is to complete as

many jobs as possible by their deadlines. If the algorithm can be

randomized, Θ(min{logδ , log∆}) is the optimal competitive ratio

[17, 19]. ∆ is the ratio of the maximum to minimum job processing

time.

These strong lower bounds on the competitive ratio of any online

algorithm makes it difficult to differentiate between algorithms and

to discover the key algorithmic ideas that work well in practice.

To overcome this challenge, the now standard form of analysis

in scheduling theory is a resource augmentation analysis [18, 30].

In a resource augmentation analysis, the algorithm is given extra

resources over the adversary and the competitive ratio is bounded. A

s-speed c-competitive algorithm is given a processor that is s times

faster than the optimal solution and achieves a competitive ratio

of c . The seminal scheduling paper [18] considered the throughput

scheduling problem and gave the best possible (1 + ϵ)-speed O( 1ϵ )-
competitive algorithm for any fixed ϵ > 0.

Since this work, there has been an effort to understand and

develop algorithms for more general scheduling environments and

objectives. In the identical machine setting where the jobs can

be scheduled on m identical parallel machines, a (1 + ϵ)-speed
O(1)-competitive algorithm is known for fixed ϵ > 0 [4]. This has

been extended to the case where the machines have speed scalable

processors and the scheduler is energy aware [26]. In the related

machines and unrelated machines settings, similar results have

been obtained as well [15]. In [23] similar results were obtained in

a distributed model.

None of the prior work considers parallel jobs. Parallel DAG

jobs have been widely considered in scheduling theory for other

objectives [1–3, 14, 22, 24, 28, 29]. There has been an extensive study

in the real-time system community on how to schedule parallel

DAG jobs by their deadlines [5–9, 12, 21, 22, 29]. These works focus

on determining if a set of reoccurring jobs can all be completed by

their deadlines, in contrast to optimizing throughput or profit.

Results: We give the first non-trivial results for scheduling par-

allelizable DAG jobs online to maximize throughput and then we
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generalize these results to the general profit problem. Two impor-

tant parameters in the DAG setting are the critical-path length
Li of job Ji (its execution time on an infinite number of processors)

and its total workWi (its uninterrupted execution time on a single

processor). The value of max{Li ,Wi/m} is a lower bound on the

amount of time any 1-speed scheduler takes to complete job Ji on
m cores. We will focus on schedulers that are aware of the values

of Li andWi when the job arrives, but are unaware of the internal

structure of the job’s DAG. That is, besides Li andWi , the only

other information a scheduler has on a job’s DAG is which nodes

are currently available to execute. We call such an algorithm semi-
non-clairvoyant — for DAG jobs. This is a reasonable model for the

real world programs since the DAG generally unfolds dynamically

as the program executes. We first state a simple theorem about

these schedulers.

Theorem 1.1. There exists inputs where any semi-non-clairvoyant
scheduler requires a speed augmentation of 2 − 1/m to be O(1)-
competitive for maximizing throughput.

Scheduling even a single DAG job in time smaller than
Wi−Li
m +

Li is a hard problem even in the offline setting where the entire

job structure is known in advance. This is captured by the classic

problem of scheduling a precedence constrained jobs to minimize

the makespan. For this problem, there is no 2 − ϵ approximation

assuming a variant of the unique games conjecture [31]. We can

construct a DAG where any semi-non-clairvoyant scheduler will

take roughly
Wi−Li
m +Li time to complete, while a fully clairvoyant

scheduler can finish in timeWi/m. By setting the relative deadline to

be Di =Wi/m = Li , every semi-clairvoyant scheduler will require

a speed augmentation of 2− 1/m to have bounded competitiveness.

With the previous theorem in place, we cannot hope for a (1+ϵ)-
speed O(1)-competitive algorithm. To circumvent this hurdle, one

could hope to show O(1)-competitiveness by either using more

resource augmentation or by making an assumption on the input.

Intuitively, the hardness comes from having a relative deadline Di
close to max{Li ,Wi/m}. In practice, this is unlikely to be the case.

We show that so long as Di ≥ (1 + ϵ)(Wi−Li
m + Li ) then there is a

O( 1

ϵ 6 )-competitive algorithm.

Theorem 1.2. If (1 + ϵ)(Wi−Li
m + Li ) ≤ Di for every job Ji , there

is a O( 1

ϵ 6 )-competitive algorithm for maximizing throughput.

We note that this immediately implies the following corollaries.

One with no assumptions on the input and one for “reasonable

jobs.”

Corollary 1.3. There is a (2 + ϵ)-speed O( 1

ϵ 6 )-competitive algo-
rithm for maximizing throughput.

Corollary 1.4. There is a (1 + ϵ)-speed O( 1

ϵ 6 )-competitive for
maximizing throughput if (Wi − Li )/m + Li ≤ Di for all jobs Ji .

The assumption on the job deadline is reasonable as there exists

inputs for which even the optimal semi-non-clairvoyant scheduler

has unbounded performance if the deadline is any smaller.

For the general profit scheduling problem, we can make the

following assumption. For all jobs Ji its general profit function
satisfies pi (d) = pi (x

∗
i ), where 0 < d ≤ x∗i for some x∗i ≥ (1 +

ϵ)(Wi−Li
m + Li ). This assumption states that there is no additional

benefit for completing a job Ji before time x∗i ; this is the natural
generalization of the assumption in the throughput case. Using this,

we show the following.

Theorem 1.5. If for every job Ji it is the case that pi (d) = pi (x∗i ),
where 0 < d ≤ x∗i for some value of x∗i ≥ (1 + ϵ)(Wi−Li

m + Li ), there
is a O( 1

ϵ 6 )-competitive algorithm for the general profit objective.

Corollary 1.6. There is a (2 + ϵ)-speed O( 1

ϵ 6 )-competitive algo-
rithm for maximizing general profit.

2 ALGORITHM FOR JOBS WITH DEADLINES
Here we present an algorithm S for jobs with deadlines and profits

for which Theorem 1.2 holds.

On every time step, the algorithm S must decide which jobs to

schedule and which ready nodes of each job to schedule. When a

job Ji arrives, S calculates a value, ni — the number of processors

“allocated” to Ji . On any time step when S decides to run Ji , it will
always allocate ni processors to Ji . In addition, since S is semi-non-

clairvoyant, it is unable to distinguish between ready nodes of Ji ;
when it decides to allocate ni nodes to Ji , it arbitrarily picks ni
ready nodes to execute if more than ni nodes are ready.

In the assumption of Theorem 1.2, each job follows the condition

that (1 + ϵ)(Wi−Li
m + Li ) ≤ Di for some positive constant ϵ .

We define the following constants. Let δ < ϵ/2, c ≥ 1+ 1

δϵ and

b = ( 1+2δ
1+ϵ )1/2 < 1 be fixed constants. For each job Ji , the algorithm

S calculates ni =
(Wi−Li )
Di
1+2δ −Li

, where ni is the number of processors S

will give to Ji if it decides to execute Ji on a time step.

Let xi =
Wi−Li
ni + Li , which is the number of time steps to

complete Ji on ni dedicated processors (regardless of the order the

nodes are executed in). Therefore, job Ji can meet its deadline if it

is given ni dedicated processors for xi time steps during [ri ,di ].
We define a processor step as a unit of time on a single processor

and the density of a job as vi =
pi
xini . Note that this is a non-

standard definition of density. We define the density as
pi
xini instead

of
pi
Wi

, because we think of Ji requiring xini processor steps to

complete by S . Thus, this definition of density indicates the potential
profit per processor step that S can obtain by executing job Ji .

The scheduler S maintains jobs that have arrived but are unfin-

ished in two priority queues. Queue Q stores all the jobs that have

been started by S . Queue P stores all the jobs that have arrived but

have not been started. In both queues, the jobs are sorted according

to the density from high to low.

Job Execution: At each time step t , S picks a set of jobs in Q to

execute in order from highest to lowest density. If a job Ji has
been completed or if its absolute deadline di has passed (di > t ), S
removes the job from Q . When considering job Ji , if the number

of unallocated processors is at least ni the scheduler assigns ni
processors to Ji for execution. Otherwise, it continues on to the

next job. S stops this procedure when either all jobs have been

considered or when there are no remaining processors to allocate.

A job Ji is δ -good if Di ≥ (1 + 2δ )xi . A job is δ -fresh at time t
if di − t ≥ (1 + δ )xi . For any set T of jobs, let the set A(T ,v1,v2)
contains all jobs in T with density within the range [v1,v2). We

define N (T ,v1,v2) =
∑
Ji ∈A(T ,v1,v2)

ni . This is the total number of
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processors that S allocates to jobs in A(T ,v1,v2). We say that the

set of job A(T ,v1,v2) requires N (T ,v1,v2) processors.

Adding Jobs There are two types of events that may cause S to

add a job to Q . Either a job arrives or S completes a job. When a

job Ji arrives, S adds it to queue Q if it satisfies the following:

(1) Ji is δ -good;
(2) For all job Jj ∈ Q∪ Ji it is the case that N

(
Q ∪ Ji ,vj , cvj

)
≤ bm.

In words, the total number of processors required by jobs in

Q ∪ Ji with density in the range [vj , cvj ) is no more than bm.

If these conditions are met, then Ji is inserted into queue Q ;
otherwise, job Ji is inserted into queue P . When a job is added to

Q , we say that the job is started by S .
When a job completes, S considers the jobs in P from highest to

lowest density but first removes all jobs with absolute deadlines

that have passed. Then S checks if a job Ji in P can be moved to

queue Q by checking if job Ji is δ -fresh and meets condition (2)

from above. If both are true, then Ji is moved from queue P to Q .

Remark:Note that the Scheduler S pre-computes a fixed number of

processors ni assigned to each job; this may seem strange. We chose

this design because ni is approximately the minimum number of

dedicated cores job Ji requires to complete by
Di

1+2δ → Di , without

knowing Ji ’s the DAG structure.

3 ALGORITHM FOR GENERAL PROFIT
The algorithm S ′ for jobs with general profit functions is similar to

S . Due to space, we briefly sketch it and point out the differences.

Assigning cores, deadlines and slots to jobs: When a job Ji
arrives, S ′ calculates a relative deadline Di and a set of time steps Ii
with ni processors. Ii are the only time steps in which Ji is allowed
to run. In each time step t in Ii , we say that Ji is assigned to t .

Note that for the general profit problem, a job Ji has no deadline.
Thus, S ′ computes aDi by searching all the potential deadlinesD to

find the minimum valid deadline using a complicated process which

we omit due to space. The set of time steps Ii is then determined

using the chosen deadline Di .

From the assumption in Theorem 1.5, for each job Ji the profit

function stays the same until x∗i ≥ (
Wi−Li
m + Li )(1 + ϵ). We set

ni =
Wi−Li

x ∗
i /(1+2δ )−Li

, where δ < ϵ/2. We define its the density as

vi =
pi (Di )
xini =

pi (Di )

Wi+(ni−1)Li
, where xi :=

Wi−Li
ni + Li .

Executing jobs: This procedure is similar to S , with the only dif-

ference that S ′ only picks jobs to execute that have been assigned

to time step t .
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