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ABSTRACT

We consider a scheduling problem onm identical processors shar-

ing an arbitrarily divisible resource. In addition to assigning jobs to

processors, the scheduler must distribute the resource among the

processors (e.g., for three processors in shares of 20%, 15%, and 65%)

and adjust this distribution over time. Each job j comes with a size

pj ∈R and a resource requirement r j > 0. Jobs do not benefit when
receiving a share larger than r j of the resource. But providing them
with a fraction of the resource requirement causes a linear decrease

in the processing efficiency. We seek a (non-preemptive) job and

resource assignment minimizing the makespan.

Our main result is an efficient approximation algorithm which

achieves an approximation ratio of 2+1/(m−2). It can be improved

to an (asymptotic) ratio of 1+1/(m−1) if all jobs have unit size. Our
algorithms also imply new results for a well-known bin packing

problem with splittable items and a restricted number of allowed

item parts per bin.

Based upon the above solution, we also derive an approxima-

tion algorithm with similar guarantees for a setting in which we

introduce so-called tasks each containing several jobs and where

we are interested in the average completion time of tasks (a task is

completed when all its jobs are completed).
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1 INTRODUCTION

Multiprocessor scheduling is a classical resource allocation problem.

In its simplest version, a computing system consisting ofm identical

processors has to execute n independent jobs of possibly different
workloads.Theobjective is tofindanassignmentof jobs toprocessors

that minimizes some quality of service measure like the makespan

(latest completion time of any job) or average completion time (av-

erage time a job has to wait for its completion). Specific results differ

widely depending on additional model parameters: Is preemption

(pausing and resuming jobs) allowed?Can jobs bemigrated fromone

to another processor? Is there any additional knowledge about the

jobs (like size, priority, or dependencies)? Leung [14] gives a good

overview of these and many more.

This work considers the following multiprocessor model: In addi-

tion to the processors and (non-preemptive) jobs, there is a common

finite resource (think of bandwidth or power supply) that is to be

shared by the processors. The scheduler controls the resource assign-

ment, which can be adjusted over time.We assume that the resource

can be divided arbitrarily between the processors. For example, the

scheduler might distribute the total available bandwidth for a few

processor cycles in portions of 20%, 35%, and 45% among three avail-

able processors and change it later to 10%, 85%, and 5%, depending

on how communication intensive the currently processed jobs are.

The dependence of different jobs on the resource might vary a lot.

In the bandwidth example, some jobs might be very data-intensive

and require a lot of communicationwhile others donot communicate

at all. We model this aspect via a job’s resource requirement. This is a

positive value that indicateswhat portionof the resource is needed to

finish one unit of the job’s workload. Providing the job with a higher

share of the resource does not speed it up (it cannot use the excess

bandwidth). But assigning it a significantly smaller sharemight slow
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the job down drastically. As a first step towards such a scalable re-

sourcemodel in job scheduling, we consider a performance decrease

that depends linearly on the resource: for example, if a job of unit

size receives 1/k-th (k >1) of its resource requirement during each

time step it is executed, its processing takes ⌈k⌉ steps. Note that this
model gives insights on scenarios where resource requirement is the

bottleneckof thesystem,which isoften thecase in today’sbigdataap-

plications. In contrast, the aspect of processing power is disregarded

by assuming that sufficient processing power is available at any time.

The first part of this article studies the above model for the objec-

tive of minimizing the makespan.We refer to this problem as Shared
Resource Job-Scheduling (SoS) (see Section 1.1 for the full, formal

specification). In the second part, we extend this model to the setting

of composed services, where the processors have to finish a set of

tasks and each task consists itself of a set of jobs (each of which has

its own resource requirement). A task is finished when all its jobs

are finished. We aim at minimizing the average completion time of

all tasks. This is a typical setting in cloud computing, where users

submit applications (tasks) composed of many smaller parts (jobs)

and require the output of all these parts. We refer to this setting as

Shared Resource Task-Scheduling (SaS).

1.1 Model & Notation

Consider a system ofm ∈ N processors from the set M B [m] =
{1,2,...,m} andn ∈N jobs from the set JB [n]. There is a resource that
is to be shared by the processors. In each time step t ∈N, each pro-
cessor i is assigned a share Ri (t) ∈ [0,1] of the resource. The resource
may not be overused, such that we require

∑
i ∈[m]Ri (t) ≤ 1. Each

processor can process at most one job per time step and each job can

be processed by atmost oneprocessor.A job j has a processing volume

(size) pj ∈R>0 and a resource requirement r j ∈R>0. Note that we will
assume pj ∈N for convenience throughout this paper, but all our re-

sults carry over topj ∈R>0 (also see explanation belowEquation (1)).

Without loss of generality, we assume r1 ≤ r2 ≤ ··· ≤ rn . The re-
source requirement specifies what portion of the resource is needed

to finish one unit of a job’s processing volume. More exactly, assume

job j is processed by processor i during time step t . Then exactly

min (Ri (t)/r j ,1) units of j’s processing volume are finished during

that time step. A job is finished once all pj units of its processing
volume have been finished. Preemption and migration of jobs is not

allowed. The objective is to find a schedule S (i.e., a resource and job
assignment) havingminimalmakespan |S | (the number of time steps

until all jobs arefinished).We refer to this problemasSharedResource
Job-Scheduling (SoS). As a special case, we sometimes considerpj =1
for all j ∈ J . We refer to this as the setting of jobs with unit size.

During our analysis, it will be convenient to adopt the following

perspective on SoS: Given a schedule S , consider job j processed on
processor i during time step t . Without loss of generality, we assume

Ri (t) ≤ r j (setting Ri (t) to min {Ri (t),r j } yields a valid schedule

with the same makespan). Let t1 and t2 denote the time steps when

j was started and finished, respectively. Since j is finished, we have∑t2
t=t1Ri (t)/r j ≥pj . Rearranging yields

∑t2
t=t1Ri (t) ≥ r j ·pj . Thus, if

we define sj Br j ·pj as the total resource requirement of job j , we can
think of j as being finished once the total resource shares it received
over time equal (at least) sj . We define sj (t)B sj −

∑t
t ′=t1Ri (t

′) as

the total resource requirement remaining after time step t . Note

that job j is finished in the first time step t for which sj (t)= 0. We

use J (t)B {j ∈ J | sj (t)>0} to denote the set of jobs that are not fin-
ished after time step t . Throughout the paper, for any set S , we write
max SBmaxs ∈S s .

A polynomial time algorithm A is called to have an (absolute)

approximation ratio of α if, on any instance I , the schedule S pro-

duced byA satisfies |S |/|Opt| ≤ α , where Opt denotes an optimal

solution for I . A has an asymptotic ratio of α if, on any instance,

|S |=α · |Opt|+o(|Opt|).

Lower Bounds. Let Opt denote an optimal schedule. Two sim-

ple lower bounds for any schedule, including Opt, are ⌈s0(J )⌉ and
1

m ·
∑
j ∈J ⌈sj/r j ⌉. The former holds since each job needs to receive

a total of sj resource shares over time. The latter holds since each

job must be split in at least ⌈sj/r j ⌉ parts, and each such part needs

a dedicated machine in one time step to be processed. Thus, we have

|Opt| ≥max

 ⌈s0(J )⌉,
1

m
·
∑
j ∈J

⌈
sj

r j

⌉. (1)

Note that these lower bounds on Opt remain valid if allowingpj ∈R
and rescalingp′j B ⌈pj ⌉ and r

′
j B sj/p′j , as thismodificationmaintains

the sj and by ⌈p
′
j ⌉= ⌈pj ⌉ the bound in Equation (1) remains the same.

Also, the lower bounds remain valid for the preemptive setting as

they are only based on observations of the overall workload.

1.2 RelatedWork

In the following we survey related problems, focusing on resource

constrained scheduling and bin packing with cardinality constraints.

As it turns out, the latter is among the most relevant related work,

as it can be seen as a special case of our problem (except for the

difference that preemption is allowed).

Bin Packing. The problem supposedly closest related to SoS is bin

packingwith cardinality constraints and splittable items as introduced

in [4]. In this problem, a set ofn items needs to be packed into as few

bins of capacity one as possible. In contrast to standard bin packing,

items can have an arbitrary size in (0,∞) and may be split and dis-

tributed among different bins. However, there is a constraint on the

maximum number of (parts of) different items that may be packed

into a single bin given by some predefined value k . Chung et al. [4]
proved this problem to be strongly NP-hard for k=2 and provided
a simple approximation algorithmwith asymptotic approximation

ratio of 3/2 (also for k = 2). Epstein and van Stee [7] extended the

NP-hardness to any fixed k ≥ 2. They also gave efficient algorithms

with asymptotic approximation ratio 7/5 for k=2 and an absolute
approximation ratio of 2− 1/k for k ≥ 2, respectively. Finally, Ep-
stein et al. [5] presented an efficient polynomial-time approximation

scheme (EPTAS) for the case k = o(n). They also proved that for

k =Θ(n) a polynomial-time approximation algorithm with a ratio

smaller than 3/2 cannot exist unless P=NP.

Note that bin packing with cardinality constraints and splittable

items is, except for the lack of the notion “preemption”, equivalent

to SoS with unit size jobs: If items correspond to jobs of size one

and each bin is identified with one time step, the packing of a bin

describes the jobs executed in this time step and the part size of an

item corresponds to the share of the resource the respective job gets.

The cardinality constraint k corresponds to having k processors.
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A variant of bin packing with cardinality constraints and split-

table items, which is motivated by a scheduling problem similar to

SoS, was studied by König et al. [12]. This work assumes the items

to be edges of a tree and the goal is to find a packing into as few

bins as possible such that no bin contains (parts of) items incident

to more than k nodes. They proved this problem to be NP-hard in

the strong sense for any constant value k and constant degree of the

underlying tree. Concerning approximations, two algorithms are

presented: For paths NextFit achieves an asymptotic approxima-

tion ratio of 2−1/(2(k−1)) and for general trees an algorithmwith

approximation ratio 5/2 was given.

Scheduling. Another strain of closely related works is resource

constrained scheduling. Garey and Graham [8] considered a model

in which a set of jobs needs to be processed onm parallel processors.

Additionally, they assume ℓ resources to be part of the system and,

in addition to a workload, each job also has a requirement on each of

the resources. In contrast to our model, however, each job needs to

be assigned its full resource requirement at each step during its exe-

cution. They studied list-scheduling algorithms for this problem and

proved an approximation ratio of at most min

{
m+1
2
,ℓ+2− 2ℓ+1

m

}
.

For the restriction to a single resource, the results discussed above

directly imply that their list scheduling algorithm achieves an ap-

proximation factor of 3− 3

m . Niemeier and Wiese [15] improved

these results by presenting a (2+ε)-approximation algorithm for

this problem using techniques such as grouping and linear program-

ming. They also proved that this problem cannot be approximated

within an (absolute) approximation ratio less than
3

2
by a straight-

forward reduction from the Partition problem. Finally, Jansen et al.

[10] very recently presented an asymptotic fully polynomial-time

approximation scheme (AFPTAS) for this problem.

A simplified variant of our scheduling problem was studied by

Brinkmann et al. [3]. They focused solely on the resource assignment

aspect of the problem: Each job was already assigned to one of them
processors, and even the order in which the jobs on each processor

had to be processed was fixed. Further restricting the problem to

jobs of the same computational size, they proved NP-completeness

for variablem and proposed a natural combinatorial approximation

algorithm that achieved an approximation ratio of 2− 1/m. They

also provided an optimal algorithm for two processors based on

dynamical programming. The case for non-unit size jobs as well as

incorporating the job assignment (instead of assuming it given)were

left as the central open issues. In [2], an exact algorithmwas given

that runs in polynomial time for any fixedm ≥ 2. Another related,
older scheduling problem that allows an arbitrary (continuous) as-

signment of a given resource to multiple processors was considered

under the name discrete-continuous scheduling, but provided mostly

heuristic results (cf. [11, 16]).

With respect to Section 4, where we consider a model general-

ization for tasks that are composed of multiple jobs, [13] should be

mentioned. Here, a production model is considered, where tasks

represent orders and each job of an order must be processed on a

subset of specific machines. In particular they consider a similar

objective function for this setting (see Section 4). However, note that

these order schedulingmodels do not consider resource sharing in our

sense, but instead only the allocation to the (non-identical)machines.

Apart from these resource constrained scheduling results, one

should at least briefly mention the related classical multiproces-

sor makespan scheduling problem. Here, a set of jobs needs to be

scheduled onm identical machines so as to minimize the makespan.

Note that in the special case of SoS in which all jobs have negligi-

ble resource requirements, both problems become equivalent. For

scheduling identical machines, a PTAS is known [1] ifm is part of

the input and for fixedm even an FPTAS is possible [9].

1.3 Our Contribution

We study a new scheduling model for a setting of parallel processors

sharing a common scarce resource in terms of its complexity and

approximations. Our model is an extension of a simpler variant stud-

ied in [3] and is closely related to a well-known bin packing problem

[4]. Precisely, our results are as follows:

• We prove SoS and SaS to be strongly NP-hard (Section 2).

• For SoS,we design and analyze a polynomial time algorithm

with an approximation ratio of 2+1/(m−2) for jobs of arbi-

trary size and (asymptotically) 1+1/(m−1) for unit size jobs

(Section 3). Our algorithm is based on the idea of amaximal

sliding window: We order jobs by non-decreasing resource

requirement and (for each time step) create a slidingwindow

trying to find a subset of consecutive jobs such thatm−1 of
these jobs can be finished and the full resource can be used.

• Our algorithm implies the same (asymptotic) guarantee of

1+ 1/(k−1) for bin packing with splittable items and cardi-

nality constraint k . Besides a known PTAS, which has a

quite high running time, the best known fast algorithm for

this problem has an approximation ratio of 2−1/(k−1). For

computing centers typically containing a huge amount of

processors, this ratio approaches 2 whereas our algorithm

is almost optimal.

• Wegeneralizeouralgorithmtoobtainanasymptotic approx-

imation ratio of 2+4/(m−3) for SaS where jobs are grouped

into tasks and where we aim at minimizing the average

completion time of all tasks (Section 4).

2 COMPLEXITY

In the following, we explore the complexity of the SoS problem.

Theorem 2.1. The SoS problem with jobs of unit size is strongly

NP-hard form=2.

Proof. Bin packing with cardinality constraints and splittable

items is equal to our setting with preemption. The NP-hardness of

SoS, even forunit size jobs, canhencebe shownsimilarly to the reduc-

tion found in [4]. For completeness sake and to show its adaptivity

to our setting, it can be found in the full version of this paper. □

Note that thehardness of the general SoSproblemdirectly follows.

This also holds for the SaS problem, as it contains the SoS problem

as a special case.

As stated before, there is a PTAS [6] for bin packing with cardi-

nality constraints and splittable items if the cardinality constraint

(corresponding to the number of processors in our model) is in o(n).
This bin packing variant is similar to the unit size version of our

problem, but with preemption. However, this PTAS can be adapted
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easily to the setting without preemption by restricting the set of so-

lutions to non-preemptive schedules. For unit size jobs, this implies

a better approximation ratio than our algorithm in Section 3, but at

the cost of very high running time.

3 APPROXIMATIONALGORITHM

We provide some additional notation for this section: Let j ∈ J ,U ⊆ J
and t ∈N0. We define r (U )B

∑
j ∈U r j and st (U )B

∑
j ∈U sj (t). We

say job j is fractured at time t if sj (t)=k ·r j+qj (t) for somek ∈N0 and
qj (t) ∈ (0,r j ) (i.e.,sj (t) is not an integermultiple ofr j ).Note that, since
sj (0)=sj =pj ·r j andpj ∈N, initiallyno job is fractured.Wealsodefine

Lt (U )B {j ∈ J (t−1) | j <minU } as the set of jobs remaining at the be-

ginning of time step t that have a resource requirement smaller than

any job inU (“left ofU ”). Similarly, Rt (U )B {j ∈ J (t−1) | j >maxU }.
For convenience, we define Lt (∅)B ∅ and Rt (∅)B J (t−1).

We continuewith the central definition ofmaximal (job) windows,

a subset of remaining jobs that can be processed efficiently (see al-

gorithmic intuition below). Our algorithm will ensure that it always

processes jobs from such a window. The bulk of the analysis goes

towards proving that we can always find a maximal window.

Definition 3.1 (Job Window). A subset of unfinished jobsW ⊆
J (t−1) is called a job window for time step t if

(a) j1,j2 ∈W⇒ J (t−1)∩{j1,j1+1,...,j2} ⊆W ,

(b) r (W \{maxW })<1,
(c) |{j ∈W |qj (t−1)>0}| ≤ 1, and
(d) j ∈ J (t−1)\W⇒sj (t−1)=sj .

We sayW is k-maximal if, additionally, it has size |W | ≤k and the

following properties hold:

(e) |W |<k⇒Lt (W )=∅ and
(f) r (W )<1⇒Rt (W )=∅.

In other words a windowW (of size ≤m) is a set of consecutive jobs

(Property (a)) such that we can assign all but the rightmost job their

full resource requirements (Property (b)). Moreover,W contains

all started jobs and at most one of these is fractured (Properties (c)

and (d)). To be k-maximal, a window of size at most k must contain

either exactlyk jobs or lie at the left border, and either utilize the full

resource or lie at the right border (Properties (e) and (f)).

Algorithmic Intuition. We design our algorithm such that it has

three key properties:

• During any time step t , it processes jobs from an (m−1)-
maximal windowWt ⊆ J (t−1) (Lemma 3.7).

• If the windowWt is at the left border of the remaining jobs

(i.e.,Lt (Wt )=∅), then this remains true for allWt ′ with t
′> t

(Lemma 3.8(a)).

• If the windowWt is at the right border of the remaining

jobs (i.e., Rt (Wt = ∅)), then this remains true for all t ′ > t
(Lemma 3.8(b)).

Note that ifWt is not at the left border of the remaining jobs, Proper-

ties (b) and (e) of Definition 3.1 imply that we can assign the resource

such that at leastm−2 jobs (all ofW except for maxWt ) receive their

full resource requirement r j during time step t . Similarly, ifWt is not

at the right border of the remaining jobs, Property (f) implies that

we can utilize the full resource during time step t .

1 for (t,W )←(1, ∅); J (t−1), ∅; t←t+1:
2 W ←W ∩ J (t−1)
3 W ←GrowWindowLeft(W , t ,m−1, 1)
4 W ←GrowWindowRight(W , t ,m−1, 1)
5 W ←MoveWindowRight(W , t , 1)
6

7 if ∃ fractured job ι ∈W : F←{ι }
8 else : F←∅
9 if r (W \F ) ≥ 1:
10 process each job j ∈W \(F ∪{maxW })with resource rj
11 if F = {ι }:
12 process job ι with resource qι (t )
13 process job maxW with the remaining resource

14 else :

15 process each job j ∈W \F with resource rj
16 if F = {ι }:
17 process job ι with resource min {1−r (W \F ),sι (t−1)}
18 if resource left and Rt (W ), ∅:
19 assign remaining resource to job min Rt (W )
20 W ←W ∪min Rt (W )

Listing 1: Approximation algorithm for SoS.

1 GrowWindowLeft(W , t , size , R)
2 while

(
|W |< size and Lt (W ), ∅

)
and r (W )<R :

3 W ←W ∪{max Lt (W )}
4 return W
5

6 GrowWindowRight(W , t , size , R)
7 while

(
r (W )<R and Rt (W ), ∅

)
and |W |< size :

8 W ←W ∪{min Rt (W )}
9 return W
10

11 MoveWindowRight(W , t , R)
12 while

(
r (W )<R and Rt (W ), ∅

)
and s

minW =sminW (t−1):
13 W ←(W \ {minW })∪ {min Rt (W )}
14 return W

Listing 2: Auxiliary procedures. The parameters size and R
are only to facilitate the algorithm from Section 4. In this

section, we call these only with size=m−1 and R=1.

Consider the first time stepT such that LT (WT )∪RT (WT ) =∅. In

particular,WT contains all remaining jobs. It is not hard to see that

these can be finished by our algorithm in |Opt| time steps. On the

other hand, up to time stepT the three key properties and the above

observations imply that in each time step either at leastm−2 jobs re-
ceive their full resource requirement or the full resource is utilized. In

the former case, the lower bound fromEquation (1) impliesT ≤ m
m−2 ·

|Opt|. In the latter case, the same bound impliesT ≤ |Opt|. Together,
this yields an approximation ratio of at most

m
m−2+1=2+

m−2
m .

A slightly more careful but similar analysis yields Theorem 3.3.

We proceed to describe our algorithm. Afterward we show that the

three key properties hold and formalize the above argument.

3.1 AlgorithmDescription

In the followingwe describe our algorithm. The corresponding pseu-

docode can be found in Listing 1 (with some auxiliary procedures

outsourced to Listing 2). If not explicitly stated otherwise, references

to lines refer to Listing 1. Note that the implementation as shown

in Listing 1 has only pseudo-polynomial running time. It is not hard

to adapt it such that it yields polynomial running time; we describe

how to do that in the proof of Theorem 3.3.

Lines 2 to 5 compute an (m−1)-maximal windowW for this time

step. Lines 7 to 20 compute the resource assignment of this time step.

The computation of the maximal windowW starts by removing any

jobs that were finished in the last time step (Line 2). Lines 3 to 5 take
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the resulting window and greedily grow it first left, then right, and

finally move it as far to the right as possible. This way,W becomes

(m−1)-maximal for this time step.

To compute the resource assignment, let F B {ι} be the set con-
taining the only fractured job ofW (or F B ∅ if there is no fractured
job). We distinguish two cases:

Case 1: r (W \F )≥ 1
Note that ι,maxW , as otherwise Property (b) of Definition 3.1 vi-

olates the case assumption. Each job j ∈W except for ι andmaxW
receives its full resource requirement r j . Job ι receives resource
qι (t−1). Any remaining resource is assigned to maxW .

Case 2: r (W \F )<1
In this case, each job j ∈W except for ι receives its full resource re-
quirement r j . Job ι receives resource min {1−r (W \F ),sι (t−1),rι }.
If there is resource left, we use it to process min Rt (W ) (this is the
only case where we use allm instead of onlym−1 processors). In
that case, we add min Rt (W ) toW .

Our analysis requires that there is always at most one fractured job
1
.

The case distinction above is chosen with this goal in mind: If there

is no fractured job, all j ∈W \ {maxW } receive their full resource
requirement. The remaining resource goes to maxW , possibly frac-

turing it. If there is already a fractured job ι, doing the samemight

fracture a second job (maxW ). Instead,wedistinguishwhetherr (W \
{ι})≥1 or not. If so, we “unfracture” ι and instead fracture maxW ;

r (W \{ι})≥ 1 guarantees that we can still use the full resource, even
if sι (t−1)= ε≪ rι . Otherwise, r (W \{ι})< 1 allows us to assign all

j ∈W \{ι} their full resource requirement and keep only ι fractured
(it gets the remaining resource). This case might leave us with some

unecessarily wasted resource (if sι (t−1)=ε≪rι and Rt (W ),∅). If
so, we finish ι and use the (so far unused)m-th processor to start a

new job. We gather this discussion in the following observation.

Observation 3.2. Given an (m−1)-maximalwindowW for the cur-

rent time step, Lines 7 to 20 compute a resource assignment for jobs

inW such that at least |W |−1 jobs j ∈W receive their full resource

requirement r j , at most one job is fractured after this time step, and

at most |W | jobs are started (and not finished) after this time step.

3.2 Analysis

The goal of this section is to prove the following theorem.

Theorem 3.3. The algorithm from Listing 1 generates a schedule

S with approximation ratio 2+ 1

m−2 . If jobs have unit size, we get the

stronger guarantee |S | ≤ (1+ 2

m−2 ) · |Opt|+1. The algorithm can be

implemented with a running time ofO((m+n)·n).

It is not hard to see that for jobs of unit size, a minor algorithm

modification avoids to reserve them-th processor: If jobs have unit

size, we have sj = r j for all j ∈ J . Note that there will be always at
most one started (and, thus, at most one fractured) job: Indeed, by

the while loops of the auxiliary procedures, the window can contain

at most one job with sj =r j >1 (this will be maxW ). Since for all jobs

j ∈W \{maxW } we have sj =r j ≤ 1 and r (W \{maxW })< 1 (Prop-
erty (b) of Definition 3.1), such j will be finished in the current time

step.We can treat the only started job ι in step t as a jobwith resource

1
Otherwise, we could end up with m − 1 fractured jobs j ∈ W , each with

sj (t−1)=ε ≪r j . This may cause almost the full resource to bewasted during that step.

requirement sι (t−1) and reorder the jobs accordingly. The next time

step will either finish ι or it will once more be the only started job.

This modification does not need the reserved processor, so we can

usem-maximal instead of (m − 1)-maximal windows, improving

the approximation factor for unit size jobs from
m

m−2 = 1+
2

m−2 to
m

m−1 =1+
1

m−1 . The analysis is analogous to the one given below for

the unmodified algorithm.

We now start to provide tools for the proof of Theorem 3.3. We

startwith some auxiliary claims and thenprove the abovementioned

key properties in Lemmas 3.7 and 3.8

Claim 3.4. If Properties (a) to (d) from Definition 3.1 hold forW right

before we call the auxiliary procedures, then they also hold at any later

point in this time step.

Proof. Property (a) holds since jobs are added one by one at the

left/right borders (Lines 3 and 8 in Listing 2) or one job is removed

at the left border and another added at the right border (Line 13).

Property (b) is enforced by the while loops’ conditions. Property (c)

holds since only unstarted (and, thus, unfractured) jobs are added

toW . Finally, Property (d) holds since the while loop in Line 12 of

Listing 2 ensures that no started jobs are removed. □

Claim 3.5. IfW = ∅ after Line 2 of Listing 1 in time step t and no
job in J (t−1) is started, thenW is an (m−1)-maximal window when

MoveWindowRight exits.

Proof. We haveW = ∅ right before the auxiliary procedures

are called. In particular,W is a (trivial) window for time step t . We

apply Claim 3.4 to get that Properties (a) to (d) of Definition 3.1 hold

when MoveWindowRight exits. Since the while loops ensure that the
window size is at mostm−1, it remains to show that Properties (e)

and (f) hold after the auxiliary procedures.

For Property (e), note that Lt (W ) = Lt (∅) = ∅. Thus, proce-
dure GrowWindowLeft exits immediately, leavingW = ∅. Now, if
GrowWindowRight exits because of |W | =m−1, Property (e) holds
(and remains true since MoveWindowRight does not change the size
ofW ). Otherwise, if GrowWindowRight exits because the condition
“r (W )<1∧Rt (W ),∅” is violated, MoveWindowRight exits immedi-

ately for the same reason. But then, we still have min J (t −1) ∈W
(impplying Lt (W )=∅) and Property (e) holds.

For Property (f), note that MoveWindowRight cannot exit because
of the condition “sminW =sminW (t−1)” (there are no started jobs).
Thus, it can only exit because one of the other two conditions is

violated, which immediately implies Property (f). □

Claim 3.6. IfW , ∅ after Line 2 of Listing 1 in time step t and the
windowW̃ computed in the previous time step was (m−1)-maximal,

thenW is a (m−1)-maximal window when MoveWindowRight exits.

Proof. We haveW = W̃ ∩ J (t − 1) right before the auxiliary
procedures are called. W̃ was a maximal window, and removing

finished jobs cannot violate Properties (a) to (d) of Definition 3.1. We

apply Claim 3.4 to get that Properties (a) to (d) hold when procedure

MoveWindowRight exits. It remains to show that Properties (e) and (f)

hold after the auxiliary procedures.

For Property (e),wefirst show that it holds afterGrowWindowLeft.
When we call GrowWindowLeft for windowW , note that Lt (W )=
Lt−1(W̃ ). Thus, if Lt−1(W̃ ) = ∅, Property (e) holds trivially after
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GrowWindowLeft (the while loop exits immediately because of the

condition “Lt (W ),∅”). If Lt−1(W̃ ),∅, since Property (e) holds for
windowW̃ ,wehave |W̃ |=m−1.Note that for all j ∈Lt (W )=Lt−1(W̃ )
and j ′ ∈ W̃ we have r j ≤ r j′ (by the job ordering). This implies

that we cannot violate condition “r (W ) < 1” of the while loop

of GrowWindowLeft before adding |W̃ | − |W | jobs. Moreover, we

cannot violate “|W | ≤m − 1” before adding |W̃ | − |W | jobs (since
|W | + (|W̃ | − |W |) = |W̃ | ≤m − 1). Thus, GrowWindowLeft adds at

least min {|Lt (W )|,|W̃ |− |W |} jobs toW . If the minimum equals

|Lt (W )| we added all jobs left ofW and Property (e) holds. If the

minimum equals |W̃ | − |W |, Property (e) holds since the resulting
window has size at least |W |+(|W̃ |− |W |)= |W̃ |=m−1.

So Property (e) holds forW right before GrowWindowRight. We

show that it still holds after procedure MoveWindowRight. The state-
ment is trivial if |W | =m−1 (both procedures do not decreaseW ).

Otherwise, we use thatW has Property (e) to get Lt (W ) = ∅. If
GrowWindowRight exits because the condition “r (W )<1∧Rt (W ),
∅” got violated, MoveWindowRight exits immediately for the same

reason, leaving Lt (W ) = ∅. Otherwise, if GrowWindowRight exits

because of |W |=m−1, this is maintained by MoveWindowRight and,
thus, Property (e) holds after MoveWindowRight.

All that remains is to prove that Property (f) holds after procedure

MoveWindowRight. Consider the conditions of the while loop in

Line 12 of Listing 2. Property (f) holds if the while loop exits because

the condition “r (W ) < 1 ∧ Rt (W ) , ∅” got violated. So assume it

exits only because of the condition “sminW = sminW (t − 1)”. At
that moment, we have a windowW with r (W )< 1, Rt (W ),∅, and
sminW > sminW (t −1). The first two imply that |W | =m−1, since
otherwise GrowWindowRightwould not have exited. The inequality
sminW >sminW (t−1) implies that jobminW is already started, so it

must have been in the last time step’s windowW̃ . Now, sinceW has

maximal sizem−1 and its leftmost job was also inW̃ , we get r (W̃ )≤
r (W )<1 as well as Rt (W )⊆Rt−1(W̃ ). But sinceW̃ had Property (f),

we know Rt−1(W̃ )=∅. Together, Rt (W )=∅, a contradiction. □

Lemma3.7. Fix t ∈N0 and consider the jobwindowW processeddur-

ing time step t . ThenW is an (m−1)-maximal window for time step t .

Proof. We prove the statement inductively. In the first time step

t =1, we start withW =∅ (initialization by the for loop) and no job
has been started. We apply Claim 3.5 to get thatW is an (m − 1)-
maximal window after the auxiliary procedures. For t >1 we either
haveW =∅ orW ,∅ after Line 2 of Listing 1. In the former case, we

once more apply Claim 3.5. In the latter case, we apply Claim 3.6. In

both cases, we get thatW is an (m−1)-maximal window after the

auxiliary procedures, proving the desired statement. □

Lemma 3.8. Let W̃ ⊆ J (t − 2) andW ⊆ J (t − 1) be the (m − 1)-
maximal windows processed during time step t−1 and t , respectively.
Then

(a) Lt−1(W̃ )=∅⇒Lt (W )=∅ and
(b) Rt−1(W̃ )=∅⇒Rt (W )=∅∧r (W )≤r (W̃ ).

Proof. For (a), note thatW starts out asW̃ ∩ J (n−1) in time step t .
SinceLt (W )=Lt−1(W̃ )=∅, we only add jobs fromRt (W )=Rt−1(W̃ ).
All these jobs have a larger resource requirement than any job in

W̃ . As a consequence, after GrowWindowRightwe have |W | ≤ |W̃ |.
If |W | < |W̃ | ≤m−1, MoveWindowRight exits immediately and we

haveLt (W )=∅. Otherwise, if |W |= |W̃ | after GrowWindowRight, we
must have r (W ) ≥ r (W̃ ) and Rt (W ) ⊆ Rt−1(W̃ ). Since W̃ is (m−1)-
maximal in time step t−1, this implies either r (W )≥ 1 or Rt (W )=∅,
such thatMoveWindowRight exits immediately and leavesLt (W )=∅.
This proves (a). The first part of Statement (b) follows analogously.

The second part holds either since |W | = |W̃ | =m−1 and jobs that
were finished in W̃ are exchanged for jobs with at most the same

resource requirement, or sinceW ⊆W̃ (if Lt−1(W̃ )=∅). □

With these lemmas, we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. We consider the scheduleS produced by
our algorithm from Listing 1. By Lemma 3.7, the jobs processed dur-

ing each time step t ∈N are contained in a maximal windowWt for

time step t . We defineTLBmin {t ∈N | |Wt |<m−1} and, similarly,

TRBmin {t ∈N | r (Wt )<1}. ByProperties (e) and (f) ofDefinition3.1

and Lemma 3.8 we have Lt (Wt )=Rt (Wt )= ∅ and rt (Wt )< 1 for all

t ≥max {TL ,TR }CT . In particular, the former impliesWt = J (t−1)
for all t ≥T . Combining these insightswe get that for each t ≥T , each
of the atmost |Wt | ≤ |WT |<m−1 remaining jobs gets its full resource

requirement. Thus, each j ∈WT is finished after exactly ⌈sj (T −1)/r j ⌉
additional time steps. Let pBmax {sj (T −1)/r j | j ∈WT }. Note that

|S |=T −1+ ⌈p⌉. We distinguish two cases:

Case 1: T =TL
For each t < T we have |Wt | =m − 1. Thus, by Observa-

tion 3.2, at least |Wt | − 1 =m− 2 jobs j ∈Wt receive their

full resource requirement r j . Remember that pj =sj/r j . An
average argument gives

T −1≤

∑
j ∈Jpj−⌈p⌉

m−2
≤ |Opt| ·

m

m−2
−
⌈p⌉

m−2
.

Combining everything with the lower bound |Opt| ≥ ⌈p⌉
we compute

|S |=T −1+ ⌈p⌉ ≤ |Opt| ·
m

m−2
−
⌈p⌉

m−2
+ ⌈p⌉

≤ |Opt| ·

(
m

m−2
+1−

1

m−2

)
= |Opt| ·

(
2+

1

m−2

)
.

Case 2: T =TR
For each t <T we have r (Wt ) ≥ 1. Using that Opt cannot

overuse the resource, we seeT −1≤r (J )≤ |Opt|. Similar to

the first case, we compute |S |=T −1+ ⌈p⌉ ≤ 2· |Opt|.

The result for jobs of unit size follows by realizing that |S |=T −1+1=

T . Thus, the bounds above give |S | ≤ |Opt| ·
(
1+ 2

m−2

)
+1 (Case 1)

and |Opt|+1 (Case 2).

For the the running time, first note that the implementation given

in Listing 1 has actually pseudo-polynomial running time (it depends

on the sum

∑
j ∈Jpj , since each job j needs a dedicated processor for

at least pj time steps). However, note that if no job is finished in the

current time step, the maximal window in the next step will be iden-

tical to the current maximal window.With this observation, we can

calculate via a simple linear equation after howmany step with the

current maximal window the first job in the windowwill be finished.

This allows us to “skip” time steps where no job is finished. Thus,

given themaximal window in a time step t , we go over the O(m) jobs
in thewindow and find the first one(s) that will be finished under the

current resource assignment. To compute the next maximal window,
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we remove the finished jobs and grow the window left/right. This

can be computed in time O(|W |)=O(m) (each adding/removal can

be implemented trivially in constant time using doubly linked lists).

Then wemove the window up to n steps to the right, which can be
done in time O(n). Since this always eliminates at least one job from

the old maximal window, this repeats at most O(n) times, yielding

a total running time of O(n ·(m+n)). □

As the lower bounds on Opt are still valid for the preemptive set-

ting (see descriptionbelowEquation (1)), and theupper boundsof the

algorithm obviously do not increase by allowing preemption, our re-

sults for unit size jobs carry over to bin packingwith cardinality con-

straints and splittable items. Our algorithm scaleswell with the num-

ber of processors in contrast to existing simple (i.e. fast) algorithms,

but (obviously) does not reach the approximation ratio of the existing

EPTAS [5]. Note that in the following corollary, k denotes the cardi-

nality constraint as this is common notion in the related literature.

Corollary 3.9. Our results give an algorithm for bin packing with

cardinality constraints and splittable items [4] with asymptotic ap-

proximation ratio 1+1/(k−1) and running timeO((k+n)n).

Proof. The lower bounds on the optimum remain valid for the

preemptive setting as they only use a notion of overall workload.

Also, our algorithm still computes a valid solution, as the preemptive

setting removes a constraint. The claim follows. □

4 THE SHAREDRESOURCE TASK-

SCHEDULING PROBLEM

Computational tasks often consist of multiple parts that may be

executed in parallel and independently of each other. Such situations

often arise in the context of composed cloud services that consist of

several smaller services that can be executed in parallel in a comput-

ing center.

We now consider the model where a set of tasks needs to be

executed and where each task consists of multiple unit size jobs,

i.e. given a task set T = {T1,...,Tk } each containing a set of jobs

Ti = {ji1,...,jini } with pik = 1 for all i,k . The objective is to mini-

mize the average completion time, where the completion time fi
of a taskTi denotes the time the last job of this task is finished, i.e.

fi Bmax {t :sj (t−1)>0 for some j ∈Ti }. This is equivalent to mini-

mizing the sum of completion times, which we consider throughout

this section. Note that this model uses a composed objective: for a

single task we aim to minimize the latest completion time of the

involved jobs, while over all tasks we aim to minimize the average

completion time. Similar measures were considered, for example,

in [13] (for order scheduling models, where a task consists of jobs and

each job needs to be processed on a subset of specific machines).

We denote the set of unfinished tasks after time t byT (t), the set
of unfinished jobs of task i after time t by Ji (t), and the remaining

resource requirement for setU by r̃ (U ).

4.1 Prerequisites

Our algorithm for this setting partitions the set of tasks into two

sets T1 and T2. For each task, we consider the average resource re-

quirement of its jobs. The tasks with jobs that have a high resource

requirement belong to T1, those with jobs that have a low resource

1 for (t,S,W ,i)←(1, ∅, ∅,1);T (t−1), ∅; t←t+1:
2 m′←m
3 while (r̃ (S )+r̃ (Ji (t−1)) ≤ 1):
4 S←S∪Ti ; i← i+1;m′←m′− | Ji (t−1) |
5 process all jobs in Ti with their full resource requirement

6 W ←W ∩ Ji (t−1)
7 W ←GrowWindowLeft(W , t ,m′, 1−r̃ (S ))
8 W ←GrowWindowRight(W , t ,m′, 1−r̃ (S ))
9 W ←MoveWindowRight(W , t , 1−r̃ (S ))
10 if ∃ fractured job ι ∈W : F←{ι }
11 else : F←∅
12 process each job j ∈W \(F ∪{maxW })with resource rj
13 if F = {ι }:
14 process job ι with resource qι (t )
15 process job maxW with the remaining resource

Listing 3: Algorithm for task set T1.

requirement belong toT2. The algorithm schedules both sets of tasks

independently in parallel, each on (roughly) half the processors with

half the resource.

We begin with the tasks that have high resource requirements.

Here, the available resource is R instead of 1 as in the previous sec-

tion. Note that the auxiliary procedures called in the algorithms in

Listing 3 (Lines 7 to 9) and Listing 4 (Lines 8 to 10) are applied only

to the currently considered task instead of the whole set of jobs.

Lemma 4.1. For a set of tasks T = {T1,...,Tk } with
r (T )
|T | >

R
(m−1) for

allT ∈T , the algorithm in Listing 3 computes a schedule such that the

completion time fi of taskTi is bounded by fi ≤

⌈∑i
l=1r (Tl )
R

⌉
.

Proof. The algorithm in Listing 3 processes tasks by increas-

ing index and proceeds according to the algorithm in Listing 1 and

Section 3 separately for each task.

Note that for a taskTi = {Ji1,...,Jini } the average size of the jobs

is more than R/(m−1). We inductively prove that
r̃ (Ji (t ))
| Ji (t )\F |

≥ R
m−1

remains true for each unfinished taskTi after any time step t . This
would imply that after time step t there is a sliding window using

the full resource R in that time step (except in the last time step of

the schedule) and hence the lemma would follow. We distinguish

two cases.

Case 1: First consider the case in which there is no transition be-

tween tasks in the current time step t + 1. As we have

r̃ (Ji (t ))
| Ji (t )\F |

≥ R
m−1 and |F | ≤ 1, the algorithmalways finds anm-

maximal window using the full resource R in time step t+1.
By Property (e) from Section 3, we have that (i) thewindows

has sizem or (ii) Lt (W )=∅. In case (i), r̃ (Ji (t)) is reduced by

R and |Ji (t)\F | byat leastm−1, thus
r̃ (Ji (t+1))

R =
r̃ (Ji (t ))−R

R ≥
| Ji (t )\F |−(m−1)

m−1 ≥
| Ji (t+1)\F |

m−1 . In case (ii), the jobs from Ji (t)
with the smallest resource requirement arefinished, thus the

ratio
r̃ (Ji (t ))
| Ji (t )\F |

≥ R
m−1 can only increase. The claim follows.

Case 2: Now consider the case that there is a transition between

tasks. That is, there is an arbitrary number of tasks that is

finished in Line 3 of Listing 3. Those tasks usedm−m′ pro-
cessors, hence at leastm−m′−1 processors were occupied
with full jobs. By induction hypothesis and by the average

sizeof jobs in task setT , at least a resourceof m−m
′−1

m−1 ·Rwas
used.Hence, the resource available to the slidingwindowde-

termined in Lines 7 to 9 is atmost
m′
m−1 ·R. By Lemma 3.7, we
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1 for (t,S,W ,i)←(1, ∅, ∅,1);T (t−1), ∅; t←t+1:
2 m′←m
3 while (r̃ (S )+r̃ (Ji (t−1)) ≤ 1) and ( |S |+ | Ji (t−1) | ≤m):
4 S←S∪Ti ; i← i+1;m′←m′− | Ji (t−1) |
5 process all jobs in Ti with their full resource requirement

6 m′←min

{
m′,

⌊
(1−r̃ (S )) ·m−1R

⌋
+1

}
;R←(m′−1) · R

m−1
7 W ←W ∩ Ji (t−1)
8 W ←GrowWindowLeft(W , t ,m′, 1−r̃ (S ))
9 W ←GrowWindowRight(W , t ,m′, 1−r̃ (S ))
10 W ←MoveWindowRight(W , t , 1−r̃ (S ))
11 if ∃ fractured job ι ∈W : F←{ι }
12 else : F←∅
13 process each job j ∈W \(F ∪{maxW })with resource rj
14 if F = {ι }:
15 process job ι with resource qι (t )
16 process job maxW with the remaining resource

Listing 4: Algorithm for task set T2.

conclude that we computed anm′-maximal window. Now,

we either have (a) |W |=m′ or (b) |W |<m′. In case (a), r̃ (W )

was reduced by atmost
m′
m−1 ·R, whereas |Ti \F |was reduced

by exactly |W |=m′. Hence r̃ (Ji (t+1))
R ≥

r̃ (Ji (t ))−m′R/(m−1)
R ≥

| Ji (t )\F |−m′
m−1 =

| Ji (t+1)\F |
m−1 in case (b)with |W |<m′, we know

Lt (W )=∅ by Property (e) from Section 3, implying that the

smallest jobs of the new task were executed. The claim fol-

lows, as the average size of jobs in each task is at least R/m−1.

□

We now consider tasks with jobs that have low resource require-

ments on average.

Lemma 4.2. For a set of tasks T = {T1,...,Tk } with
r (T )
|T | ≤

R
(m−1) for

allT ∈T , the algorithm in Listing 4 computes a schedule such that the

completion time fi of taskTi is bounded by fi ≤

⌈∑i
l=1 |Ti |
m−1

⌉
.

Proof. Let ti B
∑i
l=1 |Ti |
m−1 . We show that the following properties

hold for every taskTi

(i) Ti is finished at fi ≤ ⌈ti ⌉.
(ii) The number of processors occupied by tasksT1...,Ti in time

step ⌈ti ⌉ is at mostmi B (ti−(⌈ti ⌉−1))(m−1).

(iii) TasksT1...,Ti occupy at most a resource ofmi ·
R

m−1 in time

step ⌈ti ⌉.

These properties obviously hold forT1. For the sake of induction,
assume they are true for the tasksT1,...,Ti . We distinguish the case

two cases whether taskTi+1 is finished in step fi or not.

Case 1: IfTi+1 is finished in time step fi , it is among those tasks

added during the loop in Line 3. Then fi+1 = fi ≤ ⌈ti ⌉ ≤
⌈ti+1⌉ and Statement (i) directly follows. For (ii),Ti+1 uses
|Ti+1 | processors, hence the number of processors used by

tasks T1, ... ,Ti+1 in time step fi is at most mi + |Ti+1 | =

(ti+1−(⌈ti ⌉−1))(m−1)=mi+1. Finally, by
r (Ti+1)
|Ti+1 |

≤ R
(m−1) ,

the resource occupied by tasks T1, ... ,Ti+1 in time step fi
is at mostmi ·

R
m−1 + r (Ti+1) ≤ mi ·

R
m−1 + |Ti+1 | ·

R
m−1 =

mi+1 ·
R

m−1 , which shows (iii).

Case 2: In the case thatTi+1 is not finished in time step fi , we will
start taskTi+1 withm

′≥m−mi processors and allow a re-

source of at most (m′−1)· R
m−1 in this time step (and the full

resource in any following non-transitional time step). Since

the average resource per full non-fractured job in our sliding

window (Lines 8 to 10) is
R

m−1 , we get an analogue statement

to Lemma 3.8 from Section 3. That is, wewill (a) finishm′−1
jobs in fi andm−1 jobs in any time step t ∈ (fi ,fi+1) or (b)
use the full resource in any time step t ∈ (fi ,fi+1).

In case (a), we have

fi+1 ≤ fi+

⌈
|Ti+1 |−(m

′−1)

m−1

⌉
≤ ti+

m′−1

m−1
+

⌈
|Ti+1 |−(m

′−1)

m−1

⌉
=

⌈∑i
k=1 |Tk |+ |Ti+1 |

m−1

⌉
= ⌈ti+1⌉,

which yields (i). For (ii), the number of occupied processors

in time step ⌈ti+1⌉ is at most

∑i+1
k=1 |Tk | − (⌈ti+1⌉−1) · (m−

1)=mi+1. For (iii), observe that the average resource of the

window is non-increasing by Lemma 3.8 (b). In particular,

the resource used at time ⌈ti+1⌉ is at mostmi+1 ·
R

m−1 .

For case (b), by using
r (T )
|T | ≤

R
(m−1) in the first inequality,

we will finish the task at time

fi+1 ≤ ⌈ti ⌉+

⌈
r (Ti+1)−(m

′−1)·R/(m−1)

R

⌉
≤ ti+

m′−1

m−1
+

⌈
|Ti+1 |−(m

′−1)

m−1

⌉
= ⌈ti+1⌉,

whichyields (i). Byusing the same reasoningwithout round-

ing, the resource used in time step ⌈ti+1⌉ by tasksT1,...,Ti+1
can be upper bounded by

©­«ti+
r (Ti+1)−(m

′−1)· R
(m−1)

R
−(⌈ti+1⌉−1)

ª®¬·R
≤(ti+1−(⌈ti+1⌉−1))·R=mi+1 ·

R

m−1
,

which yields (iii). For (ii), it remains to be shown that the

number of processors occupied at time ⌈ti+1⌉ by jobs from
tasksT1 ...,Ti+1 is at mostmi+1. Since (a) did not hold, less

thanm processors were occupied at some time step prior

to ti+1. This implies that the remaining full jobs must have

an average size of more than
R

m−1 . The claim follows.

□

We now give bounds for the optimal algorithm.

Lemma 4.3. The sum of completion times of the optimal solution

can be bounded as follows.

(a) Given a set of tasks T = {T1,...,Tk } with Rl ≤ Rl+1 for all l ,

we have OptT ≥
∑k
i=1

⌈∑i
l=1Rl

⌉
.

(b) Given a set of tasks T = {T1,...,Tk } with |Tl | ≤ |Tl+1 | for all

l , we have OptT ≥
∑k
i=1

⌈∑i
l=1
|Tk |
m

⌉
.

Proof. Wefirst prove (a). As the optimal solution cannot overuse

the resource, there is obviously an order T = {Tσ1 ,...,Tσl } such that

OptT ≥
∑k
i=1

⌈∑i
l=1Rσl

⌉
. We denote the bounds on the completion

times as fi B
⌈∑i

l=1Rl

⌉
and f ′i B

⌈∑i
l=1Rσl

⌉
. We prove fi ≤ f ′i for
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all i which directly implies (a). Let i be arbitrary. Assume fi > f ′i .

Then

⌈∑i
l=1Rl

⌉
>
⌈∑i

l=1Rσl

⌉
, hence

∑i
l=1Rl >

∑i
l=1Rσl . This is a

contradiction to Rl ≤Rl+1 for all l .
For (b), as the optimal solution cannot finish more thanm jobs

per time step, there is an order T = {Tσ1 ,...,Tσl } such that OptT ≥⌈∑i
l=1
|Tσl |
m

⌉
. Now, denote fi B

⌈∑i
l=1
|Tl |
m

⌉
, f ′i B

⌈∑i
l=1
|Tσl |
m

⌉
. As-

sume fi > f ′i for some i . Hence
∑i
l=1 |Tl | >

∑i
l=1 |Tσl |. A contradic-

tion. □

Toupper bound rounding errors later, the following lemmaproves

to be useful.

Lemma 4.4. Given z ∈ N≥3 and {x1,...,xk } ∈ R≥1/z such that

xi+1/z ≤xi+1 for all i ∈ {1,...,k−1}, there is a q ∈N0 such that

k∑
i=1

(⌈
z

⌊(z−1)/2⌋
·xi

⌉
−

z

⌊(z−1)/2⌋
· ⌈xi ⌉

)
≤q, and (2)

k∑
i=1
⌈xi ⌉ ≥

2

3

(
√
q−2)3+(k−q). (3)

Proof. First, denoteerri B
⌈

z
⌊(z−1)/2⌋

·xi
⌉
− z
⌊(z−1)/2⌋

· ⌈xi ⌉. Also, let

E>0B {i ∈ {1,...,k} :erri >0} and E≤0 analogously. Clearly, we have

erri ≤

(
z

⌊(z−1)/2⌋
·xi+1

)
−

z

⌊(z−1)/2⌋
·xi =1

for all i ∈ {1,...,k}. We choose q = |E>0 |, so (2) follows. We further

show that

xi ∈

[
l ,
⌊(z−1)/2⌋

z
·

(⌈
(l+1)·z

⌊(z−1)/2⌋

⌉
−1

)]
for l ∈N0 (4)

implies erri ≤ 0. Note that (4) implies ⌈xi ⌉ ≤ l+1. We upper bound⌈
z

⌊(z−1)/2⌋
·xi

⌉
≤

⌈
(l+1)·z

⌊(z−1)/2⌋

⌉
−1≤

(l+1)·z

⌊(z−1)/2⌋
=

z

⌊(z−1)/2⌋
· ⌈xi ⌉ . (5)

Now, each xi , i ∈E>0 has to be in an open interval of the form(
⌊(z−1)/2⌋

z
·

(⌈
l ·z

⌊(z−1)/2⌋

⌉
−1

)
,l

)
(6)

for some l ∈N since otherwise erri ≤ 0 by Inequality (5). The length
of each such interval can be upper bounded by

l−
⌊(z−1)/2⌋

z
·

(⌈
l ·z

⌊(z−1)/2⌋

⌉
−1

)
=

⌊ z−1
2

⌋
z
·
©­­«
l
(
z−2

( ⌊ z−1
2

⌋ ))
⌊(z−1)/2⌋

−


l
(
z−2

( ⌊ z−1
2

⌋ ))
⌊(z−1)/2⌋

+1
ª®®¬

≤
⌊(z−1)/2⌋

z
·

(
l(z−2·(z−2)/2)

⌊(z−1)/2⌋
−

⌈
l(z−2·(z−1)/2)

⌊(z−1)/2⌋

⌉
+1

)
≤
⌊(z−1)/2⌋

z
·

(
2l

⌊(z−1)/2⌋
−1+1

)
=
2l

z
,

where the first equality is just a transformation, the second inequal-

ity bounds the floor and ceiling functions and the last inequality

follows from
l (z−2·(z−1)/2)
⌊(z−1)/2⌋

= l
⌊(z−1)/2⌋

>0. Hence, atmost 2l differentxi
can be in the lth such interval. Considering the firstp such intervals,

they can contain at most

∑p
l=12l =p(p+1) different xi . This leads to

xi >p for all i >p(p+1). We conclude

k∑
i=1
⌈xi ⌉=

∑
i ∈E>0

⌈xi ⌉+
∑
i ∈E≤0

⌈xi ⌉

≥
©­«
⌊
√
q ⌋−1∑
p=1

p(p+1)∑
i=(p−1)p+1

p
ª®¬+(k−q)

≥

⌊
√
q ⌋−1∑
p=1

2p2+(k−q)

=
2·(⌊
√
q⌋−1)·(⌊

√
q⌋−1/2)· ⌊

√
q⌋

3

+(k−q)

≥
2

3

(
√
q−2)3+(k−q),

where the first inequality is by rearranging the sum and omitting

some summands as well as ⌈xi ⌉ ≥ 1 for all i and the last equality is
by a well-known formula for summing up squares. □

4.2 Approximation Algorithm

We are now ready to describe our algorithm. The algorithm divides

the tasks into task sets

T1=

{
T ∈T

���� |T |∑
Ji ∈T ri

<m−1

}
and T2=

{
T ∈T

���� |T |∑
Ji ∈T ri

≥m−1

}
.

We assign ⌊m/2⌋ processors to task set T1 and ⌈m/2⌉ processors to

task setT2. Denote the sum of completion times of the task using our

algorithm byS and the optimal sumof completion times byOpt. The

partial sum of completion times of tasks from T1 and T2 are called

OptT1 and OptT2 , respectively. Also, letk1= |T1 |,k2= |T2 | (implying

k=k1+k2). We prove the following lemmata.

Lemma 4.5. Scheduling T1 using the algorithm in Listing 3 with⌊m
2

⌋
processors and a resource of R = ⌊

m/2⌋−1
m−1 <

1

2
, there is a q1 ∈N0

such that the sum of completion times is at most

(
2+ 4

m−3

)
OptT1+q1

as well as

OptT1 ≥
2

3

(
√
q1−2)

3+(k1−q1). (7)

Proof. For allT ∈T1, we have

r (T )

|T |
>

1

m−1
=
( ⌊m/2⌋−1)/(m−1)

⌊m/2⌋−1

by construction of T1. Assume the tasks T1= {T1,...,Tk1 } are ordered
by non-decreasing overall resource requirement (i.e., r (T1)≤r (T2)≤
··· ≤r (Tk1 )). Applying Lemma 4.1, we know that the full resource of

⌊m/2⌋−1
m−1 is used in every time step. Hence, the tasks are scheduled

such that the sum of their completion times is

ST1 =

k1∑
i=1

⌈ ∑i
l=1r (Tl )

( ⌊m/2⌋−1)/(m−1)

⌉
=

k1∑
i=1

⌈
m−1

(⌊m/2⌋−1)

i∑
l=1

r (Tj )

⌉
.

From Lemma 4.3 (a), we have OptT1 ≥
∑k1
i=1

⌈∑i
l=1r (Tj )

⌉
. Now, using

Lemma 4.4 with xi B
∑i
l=1r (Tj ) and z Bm− 1, we conclude that

there is a q1 ∈N0 such that

ST1 ≤
m−1

(⌊m/2⌋−1)
OptT1+q1 ≤

(
2+

4

m−3

)
OptT1+q1
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together with Property (7), which proves the claim. □

Lemma 4.6. Scheduling T2 using the algorithm in Listing 4 with⌈m
2

⌉
processors and a resource of R= 1

2
, there is a q2 ∈N0 such that the

sum of completion times is at most

(
2+ 4

m−2

)
OptT2+q2 and

OptT2 ≥
2

3

(
√
q2−2)

3+(k2−q2). (8)

Proof. For allT ∈T2, we have

r (T )

|T |
≤

1

m−1
=

1/2

(m+1)/2−1
≤

1/2

⌈m/2⌉−1

by construction of T2. Assume the tasks T2= {T1,...,Tk2 } are ordered
by non-decreasing number of jobs (i.e., |T1 | ≤ |T2 | ≤ ··· ≤ |Tk2 |). By

Lemma 4.2, we have ST2 =
∑k2
i=1

⌈
|Ti |
⌈m/2⌉−1

⌉
, and from Lemma 4.3 (b)

we have OptT2 ≥
∑k2
i=1

⌈
|Ti |
m

⌉
. Now, observing ⌈m/2⌉= ⌊(m+1)/2⌋ and

using Lemma 4.4 with xi B
|Ti |
m and zBm, we conclude that there

is a q2 ∈N0 with

ST1 ≤
m

⌊
(m+1)

2
⌋−1
·OptT2+q2 ≤

(
2+

4

m−2

)
OptT2+q2

together with Property (8). □

For our final result, we need the following technical lemma.

Lemma 4.7. Given q1,q2,k1,k2 ∈N0 and k ∈N such that q1+q2 ≤k .
Then

q1+q2
2

3
(
√
q1−2)3+

2

3
(
√
q2−2)3+k−(q1+q2)

=O
(
k−

1/5
)

with respect to k .

Proof. If q1+q2 ≤k
4/5
,

q1+q2
2

3
(
√
q1−2)3+

2

3
(
√
q2−2)3+k−(q1+q2)

≤
q1+q2

−2· 16
3
+k−(q1+q2)

<
k4/5

k−k4/5−11
≤

1

k1/5−12
.

On the other hand, if k4/5 <q1+q2 ≤ k , then q1 > 1/2k4/5 > 1/4k4/5
or

q2> 1/4k4/5
. Hence

q1+q2
2

3
(
√
q1−2)3+

2

3
(
√
q2−2)3+k−(q1+q2)

≤
q1+q2

2

3
(
√
q1−2)3+

2

3
(
√
q2−2)3

≤
k

2

3
( 1
2
k2/5−2)3

.

The claim follows. □

We are now ready to state the main results of this section. Note

that we use o(1)with respect to the number of tasks.

Theorem 4.8. Splitting up T into task sets T1 and T2 and schedul-

ing them separately with the algorithms from Listing 3 and Listing 4

results in a sum of completion times of((
2+

4

(m−3)

)
+o(1)

)
·Opt.

Proof. By S = ST1 + ST2 and Opt = OptT1 +OptT2 as well as

Lemma 4.5 and Lemma 4.6, there are q1,q2 ∈N0 such that

S ≤

(
2+

4

m−3

)
OptT1+q1+

(
2+

4

m−2

)
OptT2+q2

≤

(
2+

4

m−3

)
(OptT1+OptT2 )+q1+q2

and

Opt≥
2

3

(
√
q1−2)

3+(k1−q1)+
2

3

(
√
q2−2)

3+(k2−q2).

Dividing S byOpt, using these inequalities, and applying Lemma 4.7

completes the proof. □

If we denote the total number of jobs by n =
∑k
i=1ni and by ap-

plying the same arguments as in the proof of Theorem 3.3, we get

a bound on the running time.

Corollary 4.9. The algorithms can be implemented with a running

time ofO((m+n)·n).
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