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2 foldovers

color bar (f) [Weber and Zorin 2014]

δconmax = 89.15
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(g) [Lipman 2012]

δconmax = 11.00
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(h) Ours without bound

δconmax = 9.80

δconavg = 4.45

(i) Ours with boundKconf = 4

δconmax = 7.72

δconavg = 5.72

Figure 1: 2D conformal fixed-boundary mapping. A square-shaped triangle mesh (a) is mapped onto a non-convex polygonal domain. A
harmonic mapping (b) contains 28 foldovers (colored in yellow). With this poor mapping as initialization, our method can easily achieve
inversion-free results with low distortion (Kconf = ∞) (h) and bounded distortion with bound Kconf = 4 (i). Em = 0 in this example. We
compare our method with other state-of-the-art methods. The methods of [Levi and Zorin 2014] (c), [Xu et al. 2011] (d) and [Weber et al.
2012] (e) cannot prevent foldovers. The method of [Weber and Zorin 2014] needs to insert 9 additional vertices into the triangulation to
guarantee inversion-free results (f). Bounded distortion methods like [Lipman 2012] can find a valid mapping (g), but the bound is hard
to determine. It fails when δconbound < 11 using the authors’ implementation with the defaulting setting. The color on triangles encodes the
conformal distortion, with white being optimal.

Abstract

We present a novel method, called Simplex Assembly, to compute
inversion-free mappings with low or bounded distortion on simpli-
cial meshes. Our method involves two steps: simplex disassembly
and simplex assembly. Given a simplicial mesh and its initial piece-
wise affine mapping, we project the affine transformation associated
with each simplex into the inversion-free and distortion-bounded
space. The projection disassembles the input mesh into disjoint
simplices. The disjoint simplices are then assembled to recover the
original connectivity by minimizing the mapping distortion and the
difference of the disjoint vertices with respect to the piecewise affine
transformations, while the piecewise affine mapping is restricted
inside the feasible space. Due to the use of affine transformations as
variables, our method explicitly guarantees that no inverted simplex
occurs, and that the mapping distortion is below the bound during
the optimization. Compared with existing methods, our method is
robust to an initialization with many inverted elements and positional
constraints. We demonstrate the efficiency and robustness of our
method through a variety of geometric processing tasks.

Keywords: inversion-free, bounded distortion, simplex assembly

Concepts: •Computing methodologies → Mesh models; Mesh
geometry models; Volumetric models;

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are not
made or distributed for profit or commercial advantage and that copies bear
this notice and the full citation on the first page. Copyrights for components
of this work owned by others than ACM must be honored. Abstracting with
credit is permitted. To copy otherwise, or republish, to post on servers or to

1 Introduction

Computing inversion-free mappings with low or bounded distortion
on simplicial meshes is essential to many computer graphics and
geometric processing tasks, such as mesh parameterization and mesh
deformation. The term inversion-free means that the determinant of
the Jacobian of the mapping f is always positive: det J(f) > 0. Its
geometric interpretation is simple: the mapping does not introduce
any inverted simplices (that are also called foldovers, flips). The low
distortion usually means that the simplex after the mapping reserves
similarity or isometry to its original shape as much as possible.

The computation of inversion-free mappings is usually formulated as
an optimization problem where the objective characterizes the distor-
tion of the mapping, and the inversion-free requirement is posed as
soft or hard constraints. Numerous techniques have been proposed
to solve this problem. Methods like [Hormann and Greiner 2000;
Degener et al. 2003; Schüller et al. 2013; Fu et al. 2015] start with
an inversion-free initial mapping and minimize an objective function
that measures the mapping distortion and goes to infinity if det J(f)
approaches zero. These methods usually perform well both in effi-
ciency and quality if there are only a few positional constraints, like
handles used in mesh deformation. However, they converge slowly
or even fail when the initialization is far away from the optimal,
or there are too many positional constraints (Figure 15(b) shows a
failure case). To resolve these issues, Jin et al. [2014] remesh the in-
put adaptively to expand the solution space. However, their method
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may fail when the positions of handles are very different from the
initial positions. Weber et al. [2014] insert new vertices into the
triangulation to find a solution for 2D fixed-boundary mappings.
Both Jin et al. ’s and Weber et al. ’s methods modify the input mesh
structure and are not trivial to extend to tetrahedral meshes. Lipman
and his colleagues propose novel ways to bound the mapping dis-
tortion explicitly. Their methods [2012; 2013; 2014] do not require
an inversion-free initialization and work for high-dimensional map-
pings. However, the computational efficiency is relatively low due
to the heavy use of quadratic programming and/or semidefinite pro-
gramming. Kovalsky et al. [2015] speed up the bounded distortion
mapping method by linearizing the constraint space and utilizing ma-
trix pre-factorization for fast computation. However, how to choose
a low distortion bound while ensuring there is a feasible solution is
still being studied. Given a tight bound, their method may fail to
find a feasible mapping (Figure 14 shows a failure case).

We propose a novel method called Simplex Assembly to compute
inversion-free mappings with low or bounded distortion. Our essen-
tial idea includes two steps: (1) we first disassemble the simplicial
mesh into disjoint simplices that are inversion-free and stay inside
the feasible distortion space; (2) we treat piecewise affine transfor-
mations as variables and assemble the disjoint simplices by solving
an unconstrained optimization problem whose objective penalizes
disjoint simplices and restricts the affine mappings inside the feasi-
ble distortion space by a simple and novel barrier function that avoid
inversion and control distortion. Our method is capable of achieving
bounded distortion mappings and locally injective mappings, and is
robust to various initial mappings with many inverted simplices and
positional constraints. We demonstrate the efficiency and robustness
of our method in various applications including mesh parameteriza-
tion, 2D/3D fixed-boundary mappings, and mesh deformation.

2 Related Work

Mesh-based mappings Numerous techniques for mesh-based
mappings have been developed (cf. the surveys in [Floater and
Hormann 2005; Botsch et al. 2010]). For computing the mapping
efficiently, many methods are linear-based techniques, which
cannot guarantee inversion-free results. For instance, the LSCM
method [Lévy et al. 2002] for mesh parameterization may generate
foldovers if the geometry of the mesh is complex and the cut of the
mesh is too short. The As-Rigid-As-Possible (ARAP) methods [Liu
et al. 2008; Chao et al. 2010] also do not prevent inversion. The strict
minimizer [Levi and Zorin 2014] provides a minimal L∞ solution to
control the distortion but has no guarantee on inversion-free results.
Our method is robust to initializations with many inverted elements,
and we can utilize existing methods to obtain an initialization and
generate a result close to it but with low distortion and no foldovers.

Inversion-free mappings Many inversion-free algorithms re-
quire an inversion-free initialization so that they can keep this prop-
erty during the optimization. For mesh parameterization, the initial
map is usually obtained from the Tutte embedding [Tutte 1963;
Floater 2003]; for mesh deformation, the meshes in the rest-pose
serve as initializations. The MIPS energy [Hormann and Greiner
2000] and its variants [Degener et al. 2003; Fu et al. 2015; Smith and
Schaefer 2015] or other energies with barrier terms [Schüller et al.
2013; Jin et al. 2014; Rabinovich et al. 2016] are used to prevent
degenerate simplices and penalize high distortion. By observing
that the tessellations of meshes affect the mapping quality and the
convergence speed, Jin et al. [2014] propose an adaptive remesh-
ing scheme to expand the solution space for 2D deformation, and
Weber et al. [2014] allow insertion of vertices into both the source
and target tessellations to find a valid 2D fixed-boundary mapping.
To further improve the mapping computation when positional con-
straints are imposed, Schuller et al. [2013] propose the substepping

strategy that replaces the target handle positions by intermediate
positions. The substepping strategy creates moving paths of handles
to assist in the optimization. However, when there are too many po-
sitional constraints such as fixed boundary mappings, it rarely works
because of the conflict of handle paths as observed by [Jin et al.
2014; Fu et al. 2015]. Recently, Liu et al. [2016] used a quadratic
ex-rotate elastic energy with some convex terms to penalize the
presence of inverted elements. Their method works well for mesh
skinning but it requires an approximate ex-rotated field as input.

Bounded distortion mappings The authors of [Lipman 2012;
Aigerman and Lipman 2013; Kovalsky et al. 2014; Poranne and Lip-
man 2014; Chen and Weber 2015] seek a mapping whose conformal
or isometric distortion is under a given bound. They approximate
the constraint space by a maximal convex subspace and solve it by
constrained nonlinear optimizations. The results are guaranteed to
be inversion-free with bounded distortion if their methods converge.
However, the speed and the scalability of their methods limit their
practical use. Recently Kovalsky et al. [2015] present a first-order
approximation approach to solving these issues. Their method is
very promising, but an inappropriate bound can result in an empty
solution space. Our method is also capable of achieving bounded
distortion mappings and can be used to seek the optimal bound.

Transformation representations Manipulating mesh vertex po-
sitions directly is a common approach in mapping computation.
However, it is known that a more appropriate representation can
significantly improve the efficiency and robustness of the algorithm
for dedicated tasks. Angle based mesh representations are effective
for 2D conformal parameterization [Sheffer and de Sturler 2001;
Sheffer et al. 2005] and their 3D version – dihedral angle based
representations – are proved to be very useful in tetrahedral mesh
mappings [Paillé et al. 2015]. Metric scaling, i.e., scalings of mesh
edge lengths, is another good representation for conformal embed-
ding [Springborn et al. 2008; Ben-Chen et al. 2008]. Crane et
al. [2011; 2013] manipulate the curvature space to control spin
transformation and Willmore flow. In this paper we find that piece-
wise affine transformations on simplices are nice representations to
control distortion and avoid inversion.

3 Problem definition

We study inversion-free mappings on simplicial meshes. The source
of the mapping is a d-dimensional simplicial mesh M containingNv
vertices {vi, i = 1, . . . , Nv}, Ne edges {ei, i = 1, . . . , Ne} and
N simplices {si, i = 1, . . . , N}. For fixed-boundary mappings or
mesh deformation, some vertices are handles that provide positional
constraints. We denote these handles and their target positions as
{vh, h = 1, . . . , Nh} and {v?h, h = 1, . . . , Nh}, respectively. We
use symbols M̂, v̂, ê, ŝ to denote the image of the mesh, vertex,
edge and simplex under the mapping. The affine transformation
Ai defined on simplex si is denoted by {Ai,Ti}, where Ai is the
linear transformation and Ti is the translation vector. Ai maps any
vector p ∈ Rd to Aip + Ti. A mapping on M is inversion-free if
and only if detAi > 0, i = 1, . . . , N .

Mapping distortions The quality of a mapping is usually mea-
sured by the mapping distortion. The types and definitions
of distortions vary across applications. Conformal distortion,
areal/volumetric distortion and isometric distortion are commonly
used in mesh parameterization and mesh deformation. We use the
MIPS energy and its extensions [Hormann and Greiner 2000; Fu
et al. 2015] to define them. Denote σi,1, . . . , σi,d as the singular
values of Ai, where detAi > 0. The conformal distortion on Ai
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is defined as:
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Here ‖ · ‖F denotes the Frobenius matrix norm. The volumetric
distortion on Ai is defined as:

dvoli :=
1

2

(
detAi + (detAi)

−1) .
Since a mapping is isometric if and only if it is both conformal and
equiareal, we combine the above distortions linearly to define the
isometric distortion on Ai:

disoi := γ dci + (1− γ) dvoli .

We choose γ = 0.5 in our paper.

Other types of distortions include the Dirichlet energy:
dDirichleti :=

∑d
k=1 σ

2
i,k, the Green-Lagrange energy:

dGLi :=
∑d
k=1(σ2

i,k − 1)2, the As-Similar-As-Possible en-
ergy: dASAPi :=

∑
j 6=k(σi,j − σi,k)2, the As-Rigid-As-Possible

energy: dARAPi :=
∑d
k=1(σi,k − 1)2, and the difference from a

given mapping A0
i : ddiffi := ‖Ai −A0

i ‖2F , or other user-desired
energies. The summation of one type of distortion over all the
piecewise affine mappings forms the mapping energy Em:

Em :=

N∑
i=1

wi d
type
i .

Here dtype corresponds to one type of distortion, wi is a weighting
factor usually set as the volume of si.

Bounded distortion Extremely distorted simplices are not de-
sired in many applications, such as mesh parameterization. Re-
stricting the mapping distortion inside a given interval can provide
a quality-guaranteed mapping. For conformal distortion and volu-
metric distortion, we impose the constraints: 1 ≤ dci ≤ Kconf and
1 ≤ dvoli ≤ Kvol, respectively. Kconf and Kvol are the upper bounds
set by the user. When detAi > 0, the left sides of these inequalities
are always satisfied. The isometric distortion disoi is bounded when
both dci and dvoli are bounded. Other types of distortions can be
constrained too, such as dARAPi in [Levi and Zorin 2014], but our
main interest is in bounding the conformal and isometric distortion.

Constrained problem w.r.t. vertex positions Finding an
inversion-free and distortion-bounded mapping can be solved as
a nonlinear constrained optimization problem:

minimize
v̂1,...,v̂Nv

Em

subject to detAi > 0, i = 1, . . . , N,

dtypei ≤ Ktype, i = 1, . . . , N.

(1)

Here Ktype denotes the upper bound of the distortion dtype, where
the distortion type of dtype can be conformal or isometric. The
interior-point method or the augmented Lagrangian method can
be employed to solve the above problem. However, these meth-
ods are usually slow as observed by the authors of [Schüller et al.
2013]. Schuller et al. show that their barrier method can be 1000
times faster than the state-of-the-art interior-point implementation

of KNITRO and Ipopt. However, the initialization of [Schüller et al.
2013] needs to be inversion-free. For mesh parameterization, the
initialization from a convex combinatorial mapping may slow down
the convergence when it is far away from the optimal. In the next
section, we show that by treating affine transformations as variables,
an inversion-free initialization is not required.

4 Computing Inversion-Free Mappings

Instead of optimizing the vertex positions, we treat piecewise affine
transformations as unknowns and formulate the mapping compu-
tation as an unconstrained optimization problem (Section 4.1). By
projecting illegal affine transformations of the initial mapping into
the feasible space (Section 4.2), we can keep affine transformations
inside the feasible space during the optimization. We present the
details of our minimization method in Sections 4.3 and 4.4. We show
that finding an inversion-free mapping is equivalent to computing
integrable frame fields (Section 4.5).

4.1 Objective formulation

4.1.1 Assembly constraints

For a mapping Φ = {A1, . . . ,AN} on a simplicial mesh M, its
piecewise affine transformations should satisfy the following con-
straints.

Edge-assembly constraints. For any two neighboring simplices si
and sj who share an edge ek := vavb , the mapping images of any
end points of ek by {Ai,Ti} and {Aj ,Tj} should be the same.
We impose the following constraints:

(Aiva + Ti)− (Ajva + Tj) = 0; (2)
(Aivb + Ti)− (Ajvb + Tj) = 0.

Handle-assembly constraints. For any simplex si which contains
handle vh, the mapping {Ai,Ti} should map vh to v?h. We have
the following constraint:

(Aivh + Ti)− v?h = 0. (3)

4.1.2 Objective function

By treating the affine transformations as variables, we formulate the
following constrained nonlinear minimization problem to find a low
or bounded distortion mapping:

minimize
A1,...,AN
T1,...,TN

µEm + EC. (4)

subject to: (2), (3);

Here µ > 0 is the coefficient of Em and its default value is 1000
in our work. EC is a novel barrier function which is designed to
prevent inverted and bound-violated transformations and is used to
replace the inequalities of Eq. (1). Its design is as follows.

Design of EC Note that the expressions dci , d
vol
i and disoi naturally

penalize degenerate simplices because they go to infinity if det Ai

approaches zero. We use these expressions as components to design
EC to bound distortions and prevent degenerate transformations. We
also follow [Fu et al. 2015]’s approach that combines the exponent
function to penalize the maximal distortion as much as possible. EC
is defined as follows:
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(a) (b) (c) (d) (e)
Figure 2: Mesh disassembly and optimization process. The input mesh and the initial map are the same as in Figure 1. (a) the initial map; (b)
the disassembled mesh from (a); (c,d): the intermediate optimization results after 4 and 6 iterations; (e) the final result after 34 iterations.

1. If the type of distortion dtype and its bound Ktype > 1 are given,

EC :=


+∞, ∃i, detAi ≤ 0 or Ktype < dtypei ;
N∑
i=1

e
s×d

type
i

Ktype−dtypei

otherwise.

2. If the type of distortion dtype is given and Ktype = +∞,

EC :=


+∞, ∃i, detAi ≤ 0;
N∑
i=1

es×d
type
i otherwise.

Here the type of distortion may be conformal, volumetric or iso-
metric distortion. s controls the level of penalty on the maximal
distortion and we choose s = 1 in all our experiments.

If the user prefers a lower Em, one can choose a large µ or tune
the barrier to let EC go to zero when the distortion is much lower
than its bound, for instance, by using the inverse of a cubic function
proposed in [Schüller et al. 2013].

The minimization of Eq. (4) can be converted to an unconstrained
problem by the quadratic penalty approach [Nocedal and Wright
2006]:

minimize
A1,...,AN
T1,...,TN

µEm + EC + λEassembly. (5)

Here Eassembly is the summation of squares of all the left sides of
Equations (2) and (3). The above penalty approach requires that
det(Ai) > 0, dtypei < Ktype, ∀i is satisfied at the beginning, so
that the barrier function EC can keep them inside the feasible space.
We discuss the initialization in Section 4.2. Coefficient λ > 0 is
adjusted dynamically during the minimization to enforce all the
simplices to be assembled together at the final stage. The adjustment
strategy of λ is presented in Section 4.4.

Computing M̂ When an optimal solution of Eq. (4) is found, we
have Eassembly ≈ 0. The vertex positions of M̂ can be recovered by
solving the following least squares problem:

minimize
v̂1,...,v̂n

Ne∑
k=1

(
‖Ai(va − vb)− (v̂a − v̂b)‖22 + (6)

‖Aj(va − vb)− (v̂a − v̂b)‖22
)
.

Here edge vavb is adjacent to simplices si and sj , and the known
handle positions are fixed.

4.2 Initialization and mesh disassembly

An initial mapping is required in the minimization of Eq. (5) due
to the nature of nonlinear optimization. An initial mapping can be
provided by the user or obtained by minimizing Em directly. We
assume that the initial mappingM0 is available and the correspond-
ing mesh is denoted as M0 :=M0(M). The initial A0

i s and T0
i s

can be computed from the corresponding simplices4vi,0 · · ·vi,d
and4v0

i,0 · · ·v0
i,d by solving A0

ivi,k + T0
i = v0

i,k, k = 0, . . . , d.
To minimize the objective (5), the initial A0

i s should be inside the
feasible space Ω defined by inversion-free and bounded distortion
constraints so that EC can serve as barriers. In our paper, we assign
A0
i to its closest similar matrix for conformal mappings and the

closest rotation matrix for isometric mappings [Liu et al. 2008].
An alternative way is to employ the bounded distortion projec-
tion [Kovalsky et al. 2015] to project A0

i into the feasible space.
By applying the modified transformation to the source M, M is
actually disassembled into disjoint simplices. We call this procedure
mesh disassembly. Figure 2(b) shows a disassembled result.

4.3 Variable reduction and Eassembly modification

The number of variables in Eq. (5) can be reduced. Geometrically,
if the disjoint simplices can be assembled, we only need to fix
one simplex’s position and the translations of the other simplices
are automatically determined. So for achieving the assemblable
simplices, we do not need to know all the Tis. We propose the
following method to remove their redundancy.

Denote G as the unweighted and undirected vertex graph of the
mesh M. We compute a minimal tree T of G that passes through all
the handles {vh}Nh

h=1, i.e., a sub-graph that contains all the handles
with the least number of edges. For each edge e ∈ T we tag one of
its adjacent simplices. We denote such a tagged simplex set as Ωs.
The right inset illustrates T
(orange edges) and Ωs (col-
ored triangles) on a simple
2D mesh with three han-
dles (blue vertices). We
redefine the assembly con-
straints based on this structure and only introduce translation vari-
ables T defined on the simplices in Ωs.

Edge assembly constraints. For any two neighboring simplices si
and sj who share edge ek = vavb, we impose the constraint:

Ai(va − vb)−Aj(va − vb) = 0. (7)

When the above constraint satisfies, the disjoint edges on si and sj
are parallel and have the same length. We also normalize va − vb
to make the equation insensitive to the mesh scale.

Handle assembly constraints. For any handle vh and each of its
neighboring simplices tp ∈ Ωs, we impose:

(Apvh + Tp)− v?h = 0. (8)

Vertex assembly constraints. For any vertex v ∈ T and each
pair of adjacent edges defined by ep ∈ T , eq ∈ T , we impose the
constraint:

(Apv + Tp)− (Aqv + Tq) = 0. (9)
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(a) (b) (c)
Figure 3: Mesh deformation. (a) An input mesh with three handles (yellow circles). The target positions of handles are colored in green. (b)
Deformation result that only satisfies edge assembly constraints (Eq. (7)) and handle assembly constraints (Eq. (8)). (c) Deformation result
that satisfies all the constraints (Eq. (7), (8) and (9)).

Here affine transformations {Ap,Tp} and {Aq,Tq} are associated
with the tagged simplices of ep and eq .

We denote Ẽassembly as the summation of squares of all the left sides
of the above constraint equations (7), (8) and (9). In the Appendix we
prove that the dissembled mesh can be glued together if Ẽassembly = 0.
Note that the vertex assembly constraints are essential to mesh
assembly. Figure 3 shows that a mapping that does not satisfy
Eq. (9) can yield a broken mesh (Figure 3-b).

By replacing Eassembly with Ẽassembly in Eq. (5), we can reduce the
number of variables from (d2+d)N (d2N from Ais, dN from Tis)
to d2N + d |Ωs|, where |Ωs| counts the number of tagged simplices
in T and is much smaller than N . Note that if there is no handle,
then Ωs = ∅.

Computation of T Since we want to reduce translation variables
as much as possible, the number of edges in T should be as small as
possible. So finding T is indeed a minimum Steiner tree problem
which is NP-complete [Ivanov and Tuzhilin 1994]. We approximate
it by the following simple way.

1. Set T to be empty. Divide the handle set H = {vh} into
disjoint groups gk, k = 1, . . . , n, where the handles in each group
are connected in the vertex graph G. Each gi is a subgraph of G.
Compute a minimal spanning tree Tk of gk and add Tk into T , ∀k.

2. Regard gk as a node of G, i.e., nodes in gk are merged virtually
while the connectivity of the unaffected part of G is not changed.
Compute the shortest paths between any pair of merged nodes g̃k.
Construct a complete graph S of g̃k whose edge length between g̃i
and g̃j is the length of their shortest path.

3. Construct a minimal spanning tree St of S. Each edge of St
corresponds to a shortest path in G and we add these corresponding
paths into T .

4.4 Numerical optimization

We stack all Ai and Tp ∈ Ωs in column format to form the variable
vector X and employ the Newton method to minimize the following
modified objective function:

E = µEm + EC + λ Ẽassembly. (10)

Our Newton-based updating scheme is:

Hk = µ∇2Em(Xk) +∇2EC(Xk) + λk∇2Ẽassembly(Xk);

δXk+1 = −H−1
k · ∇E(Xk);

Xk+1 = Xk + αk · δXk+1.

αk is the step size determined by a backtracking line search to
decrease the objective. At the k-th step, αk is initialized with αk−1

and it is multiplied by two if the initial αk decreases the energy. We

# iter

Ẽassembly

Our modification
τkI + Hk

0 10 20 30 40 50
1e-15

1e-10

1e-5

1

Figure 4: #Iteration verus Ẽassembly. The black curve is for the
approach of τkI + Hk. The orange curve represents our Hessian
modification approach which converges faster.

set α0 = 1. λ is adaptively adjusted to enforce Ẽassembly to approach
zero by the following scheme.

λk+1 = min

(
λmin ·max

(
µEm(Xk) + EC(Xk)

Ẽassembly(Xk)
, 1

)
, λmax

)
.

λmin and λmax are set as λmin = 103 and λmax = 1016 in our
experiments. Our λ-updating scheme makes Ẽassembly dominate
the objective at the next iteration in general. But when EC gets
extremely large due to nearly degenerate simplices, EC can take the
dominant role in E since λk has an upper bound, and the optimizer
will penalize EC more. When EC gets smaller, Ẽassembly will take the
dominant role back because of the adjusted λk. This idea is similar
to [Schüller et al. 2013] but we do not let λk always increase.

Hessian modification On each Newton-based iteration, any in-
definite Hessian should be modified to be positive-definite. We
modify our Hessian as follows.

1. Notice that ∇2EC(Xk) is a block diagonal matrix, where each
block Bi is a d2 × d2 matrix. We add (−κi + 10−8)Id2×d2 to Bi

if the smallest eigenvalue κi of Bi is non-positive.

2. Add 10−6λk to the diagonal entries of Hk that correspond to
the translation variables. This operation is equal to adding a reg-
ularization term 10−6λk ‖T‖2 to E. We add this regularization
to handle the possible redundant translation variables due to our
approximation of the minimum Steiner tree.

3. If the modified Hessian by steps 1 and 2 is still not positive-
definite (detected by Cholesky decomposition), we add τ to the
diagonal entries of Hk that correspond to variables of Ais. τ is
updated iteratively by τl+1 = min(1016, 10τl), τ0 = 10−5 until
the modified Hessian is positive-definite.

In practice, we found that our dedicated Hessian modification sig-
nificantly reduces the number of iterations compared to adding τkI
to Hk globally. Figure 4 shows a comparison on the example of
Figure 1(h).
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Termination Our algorithm terminates when Ẽassembly is less than
10−12 and the relative change of E is below 10−8, or k > 200. For
most examples in the paper, our algorithm takes at most 50 iterations
to converge.

Speedup The memory and time cost of the Newton solver is
expensive when the number of simplices is very large. We propose
a submesh-based optimization strategy to speed up the computation.
The basic idea is simple: minimize the objective with respect to a
subset of variables at one time.

Assume an initial mapping Φ0 is available; we improve the mapping
as follows.

(1). Set l = 0.
(2). From the mapping Φl, map the input mesh M to the mesh Ml

by minimizing Eq. (6).
(3). For each simplex s in M, we create a submesh S by grouping

simplices that are inside the m-ring of s. In this way, we obtain
N submeshes.

(4). For each submesh S, the original handles of M are still handles.
We treat each boundary vertex of S(s) as an additional fixed
handle if the vertex is not the boundary vertex of M. We then
formulate the mapping computation problem of Eq. (10) on S and
minimize it by our Newton method. When the minimization ter-
minates, if Ẽassembly of S cannot reach zero (Ẽassembly > 10−12),
we recursively enlarge S by adding 2 more rings and run the
minimization again until Ẽassembly reaches zero or the ring size
is larger than mmax. We accept the optimization results even if
Ẽassembly > 10−12 when m = mmax.

(5). If all the submeshes satisfy Ẽassembly ≤ 10−12 or l ≥ lmax, stop
the algorithm; otherwise let l := l+ 1 and treat the current affine
transformations as φl and goto Step 2.

We set m = 4, mmax = 20 and lmax = 2 in our implementation.
In step 4, we optimize the submeshes in parallel by using a graph
coloring approach similar to the speedup strategy in [Fu et al. 2015].
To further speed up the optimization, we also skip the minimization
of any submesh in step 4 if the distortions of its simplices are below
the bound and Ẽassembly ≤ 10−12.

4.5 Relation to integrable frame fields

The row vectors of the linear transformation matrix A can be re-
garded as a discrete d-dimensional frame (d vectors). On a simplicial
mesh M associated with piecewise affine transformations, by col-
lecting all the frames from affine transformations, we can form a
discrete frame field Φ. If the edge assembly constraints (7) are
satisfied, Φ is curl free across edges of M. Φ is called an inte-
grable frame field [Diamanti et al. 2015]. We conclude that an
inversion-free mapping on a simplicial mesh naturally yields an
integrable frame field. Diamanti et al. have shown the advantage
of integrable frame fields in mesh parameterization: the gradients
of the parameterization coordinate functions exactly align with the
designed fields. For an input frame field with fixed singularities, our
method is capable of refining it to an integrable frame field without
altering the singularities. In Section 5.2, we show the application in
global seamless mesh parameterization.

5 Experiments and Applications

Our method is capable of finding inversion-free mappings robustly
and efficiently. In this section we first discuss the strengths of our
method from different aspects in Section 5.1, then show its power
in different tasks: mesh parameterization, fixed boundary mapping
and mesh deformation. We also compare our method with the state-

(a) (b) (c) (d) (e)
Figure 5: (a) the source mesh and handle trajectories. (b) the initial
map by solving a Laplacian smoothing problem; (c) r-SA result; (d)
f-SA result ; (e) v-SA result. Here we set Kconf = +∞, Em = 0.

of-the-art methods. Our experiments were conducted on a desktop
PC with a 3.4 GHz Intel Core i7 and 16 GB of RAM. Our speedup
strategy is disabled by default and all the parameters in our algorithm
use the suggested values always. The Cholesky decomposition used
in the Newton solver is from the Eigen library [Guennebaud et al.
2010]. Our C++ implementation for triangle mesh mappings is re-
leased at http://staff.ustc.edu.cn/∼fuxm/projects/SimplexAssembly/.

Quality metrics To compare the quality of mappings from dif-
ferent methods, we unify the metric by following the approach
of [Fu et al. 2015]. For each simplex sj , its isometric distortion
metric is defined as δisosj := max{σj,1, 1/σj,1, . . . , σj,d, 1/σj,d}
where σj,k, k = 1, . . . , d are the singular values of Aj . δconsj :=

max{σj,1, . . . , σj,d}/min{σj,1, . . . , σj,d} is the conformal dis-
tortion metric. We use δvolsj := max{det(Aj), det(Aj)

−1} to
measure the volumetric distortion metric. We denote δisomax, δ

iso
avg,

δconmax, δ
con
avg , and δvolmax, δ

vol
avg as the maximum and average of the

above distortion metrics over all the simplices.

Our distortion definitions dc, dvol and diso are tightly connected to
the above unified metrics. From the inequality 2 dcmax ≥ (δconmax +
1/δconmax), we can see that δcon is bounded if dc is bounded. A similar
conclusion exists for the volumetric distortion. The bounded δcon

and δvol also bound δiso.

In the works of [Kovalsky et al. 2015] and [Lipman 2012], the
conformal bound δconbound is defined such that δconsj < δconbound, ∀j.
We can relate our bound Kconf to it via the formula Kconf =
1
2

(
δconbound + (δconbound)

−1
)

for 2D mapping.

5.1 Strengths of simplex assembly

Variants of simplex assembly The concept of simplex assembly
(SA) leads to two objectives: (5) and (10). The benefit of (10) is
obvious: the number of variables is reduced significantly. The objec-
tive (5) can still be minimized with the help of Hessian modification.
We name them reduced-variable SA (r-SA) and full-variable SA
(f-SA).

Notice that the affine transformations can be linearly determined by
the vertex positions of simplices:

Ai = (v̂i,0 − v̂i,1| · · · |v̂i,0 − v̂i,d) (vi,0 − vi,1| · · · |vi,0 − vi,d)
−1

Ti = v̂i,0 −Aivi,0.

Here 4vi,0 · · ·vi,d is the simplex on the source mesh and
4v̂i,0 · · · v̂i,d is its image. By disassembling all the simplices and
treating their vertex positions as variables, we can represent (5)
or (10) with respect to vertex positions. The number of variables
is (d2 + d)N and is hard to reduce by following our reduction
approach. We name this formulation vertex-variable SA (v-SA).

We compare these methods on a conformal 2D mesh deformation
problem. The conformal bound is +∞ and Em = 0. The initial
map is computed by solving a simple Laplacian energy, and its affine
transformations are projected as the closest similar matrix. Figure 5
lists the results of these three methods. r-SA only introduces four
translation vectors (associated triangles are colored in Figure 5(a)).
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Ẽassembly

Figure 6: Different initializations (1st row) and their results (2nd

row). (a) Identity transformations; (b) closest similar transforma-
tions; (c) Bounded distortion space; (d) Project the random affine
transformations to their closest rotation transformations. The bot-
tom figure plots Ẽassembly with respect to the iteration number.

r-SA took only 37 iterations (0.11 seconds) to converge while f-SA
took 66 iterations (0.29 seconds), and v-SA took 219 iterations (0.71
seconds). The maximal and average conformal distortions of r-SA,
f-SA and v-SA are (12.84, 7.72), (13.59, 7.90) and (13.44, 8.12),
respectively. In our paper, r-SA is the default method.

Various initializations Our method is not very sensitive to differ-
ent initial transformations. We use the previous example to demon-
strate this. The initializations are (a) Ai = I, ∀i; (b) the closest
similar transformation [Liu et al. 2008]; (c) the bounded distor-
tion projection with bound δconbound = 10 [Kovalsky et al. 2015];
(d) random affine transformations (matrix entries are randomly se-
lected from interval [0, 1]) and project them onto the closest rotation
transformations. The upper row of Figure 6 shows the four initial
states. The iteration number and the computational time are (16,
0.06 seconds), (37, 0.11 seconds), (23, 0.08 seconds) and (40, 0.13
seconds), respectively. δconmax and δconavg from (a) to (d) are (13.27,
7.86), (12.84, 7.72), (14.72, 7.78) and (12.87, 7.72), respectively.
We found that the convergence speed is not seriously affected by the
initial mappings.

Parameter sensitivity The formulation of ourEC is similar to the
AMIPS energy function in [Fu et al. 2015]. Fu et al. show that their
method is sensitive to parameter s of the exponential function when
the initial mapping has an extremely high distortion. Our method
does not suffer from this issue because our initial mapping has a
low distortion. Figure 7(a) shows a failure case for their method
(isometric parameterization of a hand model). We start with the
same Tutte mapping and set Em = 0. Our method converges after
22 iterations using the same s value in Figure 7(c), 7 iterations for
Figure 7(b) and 38 iterations for Figure 7(d).

Optimal bound In practice, setting a low bound of the distortion
usually results in high-quality mappings as shown in [Lipman 2012;
Kovalsky et al. 2014]. Kovalsky et al. propose an optimization
strategy that uses the current maximal distortion as the bound for
the next round of minimization. This strategy has been integrated
into the implementation of [Lipman 2012]. We utilize their strategy

(a) (b) (c) (d)
Figure 7: Failure case for AMIPS using default parameters in [Fu
et al. 2015] for isometric parameterization. (a) is a failure example
of AMIPS using s = 4. (b), (c) and (d) are our results using different
s values 1, 4, 8. Their maximal and average isometric distortion
are (10.58, 2.86), (5.19, 2.86) and (4.62, 2.96), respectively. We set
Em = 0.

Fandisk

Isis

(1.68,1.053,1.59s)

(4.39,1.107,0.09s)

(1.68,1.047,45.6s)

(4.39,1.139,20.9s)

Ours [Lipman 2012]

Figure 8: Optimal conformal bound. We test on two models Isis
and Fandisk. The text shows the maximal conformal distortion,
average conformal distortion and running time. We use the authors’
implementation of [Lipman 2012] with the default setting to find the
optimal bound.

to find the optimal bound in our implementation. We compute a
mapping by setting an initial bound of K = +∞, then pick the
maximal distortion of the mapping as K and repeat the optimization
until no further improvement can be found. We compared with
Lipman’s method on the Isis and Fandisk models and found that
our method obtains conformal bounds similar to theirs as shown in
Figure 8 but our method is at least one-order of magnitude faster.

Locally injective mapping Locally injective mapping is an im-
portant property for many applications. For a triangle mesh mapping,
local injectivity requires that (1) the mapping is inversion-free; (2)
for any interior vertex v in the image of the mapping, θv (the sum
of triangle angles around v) is 2π; (3) for any boundary vertex v in
the image of the mapping, θv is less than 2π. Note that condition (1)
and (3) imply that the map on the boundary is locally injective, and
(2) is satisfied [Lipman 2014]. Thus for achieving a locally injective
mapping, we only need to consider the constraints of (1) and (3). We
simply add a new barrier function Eθ =

∑
v∈∂M

1
2π−θv to our ob-

jective function E. In the mesh disassembly step, we can easily find
new affine transformations that can result in θv < 2π,∀v ∈ ∂M by
stretching the triangles to make the boundary angle smaller while
they do not trigger any triangle inversion. Figure 9 shows a compar-
ison with different methods. With the barrier function Eθ , we can
achieve locally injective parameterization (Figure 9(f)).
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(a) [Lipman 2012] (b) AMIPS (c) [Schüller et al. 2013] (d) FBDM (e) Ours without Eθ (f) Ours with Eθ
Figure 9: Conformal parameterizations of Camel model of Figure 10. From (a) to (f), there are 11, 3, 6, 5, 2 and 0 boundary vertices
(green circles) whose the sum of triangle angles around it is greater than 2π. The mapping is not locally injective at these vertices. We set
Kconf = +∞, Em =

∑
i area(si)‖Ai −A0

i ‖2F . The speedup strategy is employed here and the initial mapping is from Linear ABF [Zayer
et al. 2007] for (e) and (f). Triangles are color-coded using the same setting as in Figure 8.

Camel

Male

AMIPS FBDM Ours

(12.75, 1.28, 1.21s) (12.74, 1.50, 0.80s) (12.73, 1.39, 0.10s)

(3.96, 1.20, 1.68s) (4.35, 1.33, 0.40s) (4.35, 1.23, 0.08s)

Figure 10: Conformal parameterization for two models. The initial
mapping is from Linear ABF [Zayer et al. 2007]. The text shows
the maximal conformal distortion, average conformal distortion and
running time.

For tetrahedral meshes, there are similar conditions on the angles
except for the inversion-free requirement: (1) for each boundary
edge e, θe (the sum of dihedral angles around e) is less than 2π;
(2) for each boundary vertex v, θv (the sum of solid angles around
v) is less than 4π; and (3) the sum of solid angles around interior
vertex is 4π. The conditions on boundary edges and vertices also
imply the condition on interior vertices. Similar barrier functions∑

e∈∂M
1

2π−θe and
∑

v∈∂M
1

4π−θv can be added to E.

Difference from the local/global strategy Our method is some-
what similar to the local/global strategy used in ARAP/ASAP [Liu
et al. 2008] and Poisson editing [Yu et al. 2004] at first glance,
where Liu et al. repeatedly disassemble the simplices (local step)
and reconstructs vertex positions (global step), Yu et al. apply one
round of the local and global step. However, in the global step, their
least-squares assembling approach cannot prevent simplex inver-
sion. In contrast, we only disassemble the simplices once, and our
optimization (assembling) helps find an inversion-free mapping.

5.2 Mesh parameterization

Planar parameterization Figure 10 shows an example of confor-
mal parameterization on two models. We compare our method with
FBDM [Kovalsky et al. 2015] and AMIPS [Fu et al. 2015]. In order
to make the maximal distortion close to the set bound for FBDM, we
revise their stopping condition to be δconmax < δconbound + 10−3 or the
iteration number exceeding 5000 for all the following comparisons.
Our speedup strategy is employed here and Kconf = +∞. We set

(a) (b) (c) (d)
Figure 11: Conformal parameterization for a Bunny model
(1251046 vertices). (a) and (b) are the results of [Fu et al. 2015]
initialized with a circular convex mapping and the result of Linear
ABF [Zayer et al. 2007].(c) FBDM. (d) Our result.

the Em =
∑
i area(si)‖Ai −A0

i ‖2F which is also used by FBDM.
We set the conformal bound of FBDM by the maximal distortion of
our result. The experiment shows that our method is the fastest and
can achieve similar distortion to AMIPS.

Figure 11 shows the conformal parameterization on a Bunny model
(1.25 million vertices and 2.5 million faces). We use the result of
LSCM [Lévy et al. 2002] which contains foldovers as initialization
and set Em = LSCM in our solver with Kconf = 1.45 (same to
δconbound = 2.5). Our method with the speedup strategy took 10.2
seconds while the AMIPS method [Fu et al. 2015] took 2 hours with
the Tutte embedding initialization and 2 minutes with the Linear
ABF [Zayer et al. 2007] initialization. FBDM took 82.3 seconds to
converge using the same bound and the LSCM initialization. The
maximal and average conformal distortion of the result of AMIPS
(Figure 11(a)&(b)), FBDM (Figure 11(c)) and our method (Fig-
ure 11(d)) are (2.29, 1.006), (2.25, 1.003), (2.50, 1.004) and (2.42,
1.004) respectively. Our method obtains a comparable result in the
least time.

Global seamless parameterizations For frame field driven
mesh parameterization, the non-integrability of the frame field is
usually the source of foldovers of the parameterization. For a given
input frame field φ on a mesh, we seek a new frame field φ′ that is
close to φ and is integrable with the same singularities. The com-
putation is simple: (1) build a local coordinate system on each face
and convert each frame φ′i as a 2D linear transformation matrix Ai.
(2) we impose the constraints on each edge e of the mesh:

Al el = ReAr er. (11)

Al and Ar are defined on the neighboring facets of e, and el and
er are 2D normalized edge vectors of e under their corresponding
local coordinate systems. Re is the rotation matrix defined on
e and it is fixed since we do not change the singularities of the
frame field. ‖Al el −ReAr er‖2 measures the squared edge-curl
defined on edge e. The summation of the squares of (11) forms
Ẽassembly and we use our simplex assembly method to find φ′. We set
Em = ‖φ′ − φ‖2 to minimize the derivation from the original field.
We also setKconf = +∞,Kvol = +∞ and use our speedup strategy.
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[Diamanti et al. 2015]
#Singularities: 729
Curl-Max: 7.8× 10−2

Curl-Avg: 1.3× 10−5

Our result
#Singularities: 342
Curl-Max: 7.6× 10−26

Curl-Avg: 3.7× 10−28

[Diamanti et al. 2015]
#Singularities: 425
Curl-Max: 1.8× 10−1

Curl-Avg: 2.5× 10−5

Our result
#Singularities: 242
Curl-Max: 2.2× 10−24

Curl-Avg: 9.6× 10−27

Figure 12: Global seamless parameterization. Compared with [Diamanti et al. 2015], our method maintains the original singularities and has
much lower edge-curl values.

The parameterization result can be obtained by solving the Poisson
equation which finds two piecewise linear scalar functions defined
on mesh vertices whose gradients align to the frame field [Diamanti
et al. 2015].

We test our algorithm on a benchmark dataset [Myles et al. 2014; Dia-
manti et al. 2015] (114 models) where there are 80 models whose pa-
rameterizations solved by the initial frame field have foldovers. Our
method successfully finds the integrable frame fields for 73 models
whose maximal edge-curl value is less than 10−18. For the remain-
ing 7 models, the maximal and average edge-curl values are about
10−7 and 10−11. We can generate foldover-free parameterizations
for these seven models by solving the Poisson equation. However,
the results are not exactly seamless although the seam is invisible.
If we add the hard constraints
(11) into the Poisson equation,
the parameterization results of
these seven models have a few
foldovers. We observe that these
seven models contain a few long
and slim spikes (see the tangled
triangles in the inset) where the
input frame field is non-smooth.
By smoothing the positions of ver-
tices in these local regions by sev-
eral steps of Laplacian smoothing
and projecting the frame field onto the modified faces, our method
can successfully find integrable frame fields. The full statistics
of our test is provided in the supplemental material. The average
computation time of each model is about 15 seconds.

Comparisons Myles et al. [2014] reported that the method
of [Lipman 2012] failed on 20 models when the conformal bound is
δconbound = 199. Diamanti et al. [2015] introduce the PolyVector tech-
nique to compute integrable frame fields. They stop the optimization
when the average residual of the Poisson step is lower than 10−3.

(a) source (b) [Xu et al. 2011] (c) [Weber et al. 2012]

(d) [Weber and Zorin 2014] (e) [Lipman 2012] (f) Ours

Figure 13: Comparisons for 2D conformal fixed boundary mapping.
(a) input. (b) the result of [Xu et al. 2011] with 150 foldovers. (c)
[Weber et al. 2012]’s result with 162 foldovers. (d) extremal map
with 4 new vertices of [Weber and Zorin 2014]. (e) [Lipman 2012]
with bound = 12. (f) our result from the initialization of [Xu et al.
2011]. Triangles are color-coded by the mapping distortion. The
results of (b,c,d) are from [Weber and Zorin 2014].

Therefore, their frame fields are not exactly integrable because of
the relatively high value of edge curl. Their parameterization results
are visually seamless, and the number of singularities is much higher
than the original one. Figure 12 shows a comparison between our
method and Diamanti et al. ’s on two models. Our method maintains
the low singularities of the input frame field. Thus, it is more suitable
for parameterizing meshes without interfering with the users’ design
of frame fields. However, similar to their work, our method has no
guarantee of generating a foldover-free quadrangulation due to the
integer rounding.
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1.0

3.0

5.0

7.0

9.0

Max

Hand

Bimba

Sphinx

Rocker

Duck

FBDM(a) FBDM(b) Ours FBDM(a) FBDM(b) Ours

(8.00, 3.05, 5.09s) (1 flipped tet) (5.63, 2.21, 3.69s)

(20.00, 3.72, 9.83s) (7.67, 3.61, 48.39s) (7.67, 3.53, 4.63s)

(6.00, 3.19, 5.01s) (5.63, 3.09, 3.94s) (5.63, 1.96, 2.60s)

(4.00, 2.53, 3.09s) (3.81, 2.55, 6.44s) (3.81, 2.56, 0.92s)

(20.00, 4.75, 18.76s) (6.23, 3.95, 154.52s) (6.22, 3.52, 8.50s)

(10.00, 2.94, 4.56s) (5.91, 2.58, 104.52s) (5.91, 2.13, 5.00s)

Figure 14: Conformal PolyCube mapping of six models using our algorithm and FBDM with different settings. The initial mappings of
FBDM(a) and FBDM(b) are the same as in [Aigerman and Lipman 2013]. The bound of FBDM(a) is the same as in [Kovalsky et al. 2015].
FBDM(b) uses our maximal conformal distortion as the bound. The bottom-left insets show the initial mappings with inverted tetrahedrons
(colored in yellow). The boundary tetrahedrons are color-coded using the magnitude of δcon. The three numbers below each figure report the
maximal conformal distortion, average conformal distortion and running time. The number of vertices and tetrahedrons of the models are:
Bimba (10790,45422), Duck (2464,12601), Hand (8366,40627), Rocker (12428,60301), Max (9867,40076), Sphinx (10528,43371).

1.0

2.0

3.0

4.0

5.0

(a) (b) (c)
Figure 15: Mesh deformation. (a) is the source mesh. (b) is a failure
result of AMIPS. Our result is shown in (c).

5.3 Fixed boundary mapping

2D fixed boundary mapping Figure 1 shows a 2D conformal
fixed boundary mapping example computed using different methods.
Only our method and the bounded distortion mapping method [Lip-
man 2012] can find valid results without adding vertices. We also
show the intermediate results of our method in Figure 2. For illus-
tration purposes, we use f-SA in Figure 2 so that all the translation
vectors can be determined at each iteration.

Figure 13 shows another example that is used in [Weber and Zorin
2014]. The methods of [Weber et al. 2012; Xu et al. 2011] fail to
generate inversion-free results. The method of [Weber and Zorin
2014] inserts four vertices into the triangulation to avoid inversion.
In our method, we set Kconf = ∞, Em = 0 and the speedup
strategy is not employed. Initialized with the result of [Xu et al.
2011], our method produces a low-distortion inversion-free mapping
in 1.85 seconds. The maximal and average conformal distortion
of our result, [Weber and Zorin 2014]’s and [Lipman 2012]’s are
(8.59, 3.48), (31.35, 4.22) and (12.00, 4.29). The bounded distortion

mapping method [Lipman 2012] (using the authors’ implementation)
fails when δconbound is below 12.

PolyCube mapping Because PolyCube mapping needs as low
as possible distortion for many applications, we apply our method
to seek the optimal conformal bound. Our speedup strategy is em-
ployed andEm = 0. We use the same initial mappings of [Aigerman
and Lipman 2013] to construct PolyCube parameterizations. We
also allow boundary vertices to move on its corresponding plane or
edge. This movement is treated as linear constraints with respect
to affine transformations, and their squares are added to Ẽassembly.
Figure 14 shows our results on six models. We also compare our
method with FBDM. FBDM may not converge on a low distortion
bound and it fails for the Bimba model. In general FBDM spends
more time to converge except for the Sphinx model, and its average
conformal distortion is larger than ours.

5.4 Mesh deformation

Figure 15 shows an example of isometric tetrahedral mesh defor-
mation. The palms of the gorilla are pushed to the floor where all
the vertices on hands are handles. AMIPS, the method of [Fu et al.
2015], fails to generate an inversion-free deformation because their
substepping strategy does not work due to the conflict of handle
trajectories (Figure 15(b)). Our method starts with the ARAP result
that contains inverted tetrahedrons. We set Em =

∑
i ‖Ai−A0

i ‖2F
to minimize the change to the initial ARAP mapping. We also
seek the optimal bound both on conformal and volumetric distortion
simultaneously on this example. We achieve an inversion-free map-
ping in 1.05 seconds with low maximal conformal and volumetric
distortion (δconmax = 3.55 and δvolmax = 4.34). Em = 250.05 and its
average is 0.012 on each tetrahedron in the final result. The speedup
strategy is used in this example. We also compared our method with
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Bend Twist Move
Figure 16: Bend, twist and translate a bar. The initial mapping
results of the first row are from [Aigerman and Lipman 2013] and
contain some inverted tetrahedrons. The second row shows our low
distortion and inversion-free results. The color coding is the same
as Figure 15.

the method of [Kovalsky et al. 2014] and FBDM with δconbound = 5
on this example. All the methods achieve comparable results and
ours is slightly better. The method of [Kovalsky et al. 2014] took
264.96 seconds and FBDM is the fastest and took 0.59 seconds.

Figure 16 shows three isometric deformation examples on a bar
model. Em =

∑
i ‖Ai−A0

i ‖2F is also incorporated into our energy
and we seek the optimal bound both on conformal and volumetric
distortion. The maximal and average isometric distortions are (5.42,
1.30), (5.22, 1.45), (4.55, 1.21) respectively, and Em are 257.64,
256.43, 67.21. The speed of our method (using the speedup strategy)
is slightly better than FBDM [Kovalsky et al. 2015] with δconbound = 5,
(0.68 seconds, 0.58 seconds, 0.60 seconds) versus (1.01 seconds,
0.71 seconds, 0.85 seconds).

6 Conclusion

Our novel simplex assembly method enables a robust and efficient
way to compute inversion-free mappings with or without distortion
bound. We demonstrate the advantages of our method in various
applications and challenging examples. The existing techniques
without inversion-free guarantees can benefit from our approach.
The intuitiveness of our algorithm – disassembly + assembly – makes
the implementation easy. Our formulation also naturally yields
integrable frame fields.

Convergence Since our objective is nonlinear and non-convex,
we have no theoretical guarantee that the result of our method always
satisfies all the constraints. As shown earlier, our method fails on
7 models in the global seamless parameterization test. Another
potential limitation comes from the minimization of Eq. (6). The
least squares approach may introduce flips due to numerical error
since Ẽassembly < 10−12 is not exactly zero; however, we have not
observed this phenomenon.

Efficiency Compared with the approach of [Kovalsky et al. 2015],
our method has a limitation: the Hessian in our computation can-
not be pre-factorized for speedup. However, thanks to our speedup
strategy, the speed of our method is comparable to or better than [Ko-
valsky et al. 2015]. Furthermore, Em in our method is not required
to be a quadratic energy while it is demanded by [Kovalsky et al.
2015].
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SHEFFER, A., LÉVY, B., MOGILNITSKY, M., AND BOGOMYAKOV,
A. 2005. ABF++: fast and robust angle based flattening. ACM
Trans. Graph. 24, 2, 311–330.

SMITH, J., AND SCHAEFER, S. 2015. Bijective Parameterization
with Free Boundaries. ACM Trans. Graph. (SIGGRAPH) 34, 4,
70:1–70:9.
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Appendix: variable reduction

We shall prove that the disassembled mesh can be assembled to-
gether when Ẽassembly = 0. The following simple proof is also a
constructive way to find unknown Tis.

For a mapping φ that satisfies Ẽassembly = 0, we only know values of
Ti in Ωs and the remaining Ti are unknown. We can set arbitrary
values to them first and denote φ(M) as M′. We say two simplices
in M′ are glued if their preimages share at least one common ver-
tex and the images of this vertex have the same coordinate in M′.
Since the vertex assembly constraints (9) are always satisfied due to
Ẽassembly = 0, all the images of the simplices of Ωs are connected
via the handle vertices and form a submesh S.

Now we consider any simplex so /∈ S whose preimage shares a
d-dimensional face with simplex s in S. Due to the edge assembly
constraints (7), we can glue so and s by freely translating so, and
we enlarge S by S

⋃
so. We can recursively process the remaining

simplices out of S in this way until all the simplices are glued
together. The composition of the initial translation and the later
translation for gluing recovers the unknown Tis. �
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