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Figure 1: Comparison of different blue noise distributions - reconstructions of the zone-plate function using 4096 samples. In contrast to the
Single Peak blue noise distribution considered in [Heck et al. 2013], the proposed Stair blue noise achieves a significantly larger zero-region
in the low frequencies without introducing discernible mid-frequency aliasing. A Single Peak blue noise distribution with its peak power in
the radial mean power spectrum constrained to that of the Stair blue noise is only marginally better than Step blue noise. The improvement
in the size of the maximum achievable, alias-free zero region is observed for all sample sizes. For instance, the zero region achieved by 2000

samples of Step and Single Peak blue noise can be achieved by only 1000 Stair blue noise samples.

Abstract

A common solution to reducing visible aliasing artifacts in image
reconstruction is to employ sampling patterns with a blue noise
power spectrum. These sampling patterns can prevent discernible
artifacts by replacing them with incoherent noise. Here, we propose
a new family of blue noise distributions, Stair blue noise, which is
mathematically tractable and enables parameter optimization to ob-
tain the optimal sampling distribution. Furthermore, for a given
sample budget, the proposed blue noise distribution achieves a sig-
nificantly larger alias-free low-frequency region compared to ex-
isting approaches, without introducing visible artifacts in the mid-
frequencies. We also develop a new sample synthesis algorithm that
benefits from the use of an unbiased spatial statistics estimator and
efficient optimization strategies.
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1 Introduction

Sampling images for subsequent reconstruction is one of the fun-
damental problems in computer graphics. The challenge is that im-
ages are rarely band-limited and thus some aliasing, i.e. sampling
artifacts, cannot be avoided. However, it is well known that aliasing
can be made less visible by introducing randomness in the sampling
patterns. The optimal solution in this respect are blue noise type
patterns [Ulichney 1988; Balzer et al. 2009; Lagae and Dutre 2008;
Heck et al. 2013; Öztireli and Gross 2012] with a (close to) zero
power spectral density (PSD) in low frequency region and a con-
stant power spectrum in high frequency region. An ideal example
of this idea is the Step blue noise proposed by Heck et al. [2013]
whose spectrum is a step function that is zero below some fre-
quency k0 and constant anywhere else. Such a sampling pattern
perfectly recovers signals with frequencies below k0 and map all
higher frequencies to white noise. Step blue noise samples are also
ideal from the perspective of variance in Monte Carlo integration.
In [Pilleboue et al. 2015], the authors showed that the flatter the
shape of the power spectral density in the low frequency region, the
faster the variance converges in numerical integration schemes such
as Monte Carlo integration. Thus, the power spectrum must contain
a large range of low frequencies for which the spectrum is exactly
equal to zero. However, as discussed in detail in [Heck et al. 2013]
such “perfect” sampling PSDs are only realizable1 for a very small
k0 which limits their applicability in practice. To increase the size
of the zero region, i.e., k0, one must give up some of the blue noise
characteristics and thus, accept some visible aliasing.

As a solution, Heck et al. introduced Single Peak blue noise which
adds a mid-frequency peak centered at k0 to the power spectrum.

1A realizable PSD implies that there exists a corresponding point sam-
pling pattern. Every sampling pattern has a corresponding PSD yet the re-
verse is not necessarily true.
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By varying the height and the width of this peak, one can increase
the value of k0 for which the spectrum remains realizable. The
downsides are that the spectrum is no longer zero below k0, which
introduces some low frequency artifacts and the peak introduces
aliasing in mid-frequency region. Besides the immediate effects on
the observed artifacts, another crucial downside is that unlike Step
blue noise, the Single Peak spectrum is no longer mathematically
tractable, i.e., closed form expressions for the purpose of optimiza-
tion do not exist. Consequently, optimizing the height, width and k0
parameters to obtain a realizable spectrum becomes an exhaustive
trial and error process. Furthermore, the effects of different param-
eter choices on the realizability of the spectrum are not known. In
particular, there does not exist a clear trade-off between the height
and the width of the peak with the latter being especially sensitive.
In practice, Heck et al.[2013] suggest to fix a k0 and width and
increase the height (or noise) empirically until a realizable distri-
bution is found. Surprisingly, we find that increasing noise in the
power spectra may not always guarantee realizability. The realiz-
ability of a blue noise distribution can be verified by ensuring that
its corresponding Pair Correlation Function (PCF), G(r), is non-
negative for all r. This trial and error approach may fail as spec-
trum can become unrealizable for larger peaks. This motivates the
development of a sound mathematical framework to optimize blue
noise sampling patterns.

To address the shortcomings of existing blue noise patterns, we in-
troduce a new family of blue noise called Stair blue noise. Unlike
Single Peak blue noise, Stair blue noise is mathematically tractable,
thereby enabling the designer to 1) gain theoretical insights into the
sampling pattern and, 2) perform parameter optimization to obtain
the optimal sampling distribution. Stair blue noise also preserves
a perfect zero-region below k0, thereby providing the user an in-
tuitive means to trade the severity of the artifacts in exchange for
the range of frequencies affected. We demonstrate that our ap-
proach produces realizable spectra with significantly larger k0 as
well as lower high frequency oscillations than existing blue noise
approaches (Figure 1). In order to synthesize blue noise distribu-
tions, we adopt an approach similar to [Öztireli and Gross 2012]
where the blue noise spectrum is translated into the spatial do-
main for sample construction. In particular, we propose to employ
a weighted, least squares based gradient descent optimization ap-
proach coupled with an unbiased PCF estimator to accurately match
the target PCF. Image reconstruction results with synthetic func-
tions show that the proposed Stair blue noise distribution leads to
improved visual quality in comparison to existing blue noise fami-
lies.

2 Related Work

In this section, we briefly review some of the prior work on the
construction of sampling patterns with blue noise properties.

2.1 Blue Noise Sample Synthesis

Use of irregular sampling patterns is a commonly adopted ap-
proach to suppress structured artifacts (e.g. moire artifacts) [Ulich-
ney 1988]. Sampling patterns are typically characterized by their
Fourier spectra, and blue noise corresponds to the family of dis-
tributions with zero energy in the low-frequency region. Poisson
disk patterns [Cook 1986; Lagae and Dutre 2008], which are a ran-
dom arrangement of non-overlapping disks with a predefined radius
R, is one of the earliest known distributions with blue noise prop-
erties. In particular, its Fourier spectra can be characterized by a
peak at the origin, surrounded by a zero-valued low-frequency re-
gion, and its remaining energy being smoothly distributed in the
high-frequency region. Dart throwing-type approaches, which in-

crementally construct the point set by generating random candidate
points that are accepted if their distance to all existing points is at
least R, have been used in practice. The performance of dart throw-
ing depends directly on the rejection rate, so the algorithm becomes
significantly slower as more and more points are added. Conse-
quently, the authors in [Dunbar and Humphreys 2006; Ebeida et al.
2012; Bridson 2007; Ebeida et al. 2014; Wei 2010] created efficient
implementations of the dart throwing algorithm for Poisson disk
sampling by maintaining novel data structures to effectively track
and sample empty regions. More recently in [Kailkhura et al. 2016],
the authors showed that by defining the Poisson disk sampling pat-
tern using the pair correlation function (spatial statistics), one can
optimize for parameters (e.g. sample size) that will lead to reduced
aliasing in comparison to existing dart throwing techniques. Itera-
tive relaxation is another important technique for generating point
distributions, which typically starts with an initial point set (e.g.
Dart throwing) and optimize the point locations using Lloyd iter-
ations [Lloyd 1982] until convergence. Some popular algorithms
based on this approach include capacity constrained Voronoi tes-
sellation (CCVT) [Balzer et al. 2009], and farthest point optimiza-
tion (FPO) [Schlömer et al. 2011]. An inherent challenge with dart
throwing and iterative relaxation approaches is their computational
complexity, and hence approximate tiling based sample construc-
tion methods have been developed [Kopf et al. 2006; Wachtel et al.
2014]. The core idea in these methods is to pre-compute one or
more tiles and then place them next to each other to form point
sets of arbitrary sizes. Though they are known to produce strong
sampling artifacts, they are sometimes preferred in real-time appli-
cations.

2.2 Parameterizing Blue Noise Construction

A common challenge with all aforementioned approaches is that the
properties of the resulting blue noise spectrum cannot be directly
controlled. In other words, the impact of the different parameter
choices on the sampling pattern and its realizability is not known.
As a first step towards addressing this challenge, Heck et al.[2013],
proposed Step blue noise, which is characterized by zero energy in
the low-frequency region and a flat spectrum in the high frequency
region. This parameterization enables a designer to construct an
optimal blue noise pattern for a given sample budget. However,
the requirement to achieve a flat spectrum in the high frequency re-
gion directly trades off with the size of the zero region. This has
motivated the design of a relaxed blue noise family, Single Peak,
which introduced a peak (structured aliasing) in the mid-frequency
region to increase the zero region. This relaxation, however, makes
the blue noise construction mathematically intractable and conse-
quently, unlike Step blue noise, its analysis is not straightforward.
With such parametric approaches, sample synthesis corresponds to
choosing samples that match the desired spectral characteristics. In
particular, spectrum matching algorithms reformulate this problem
into the spatial domain, and directly adjust the relative position-
ing of points by applying a force to each point [Zhou et al. 2012;
Heck et al. 2013]. Alternately, in [Öztireli and Gross 2012], the
authors adopt gradient-descent based optimization to match the de-
sired spatial characteristics. However, their algorithm results in a
poor-quality matching in the low radius regions, and the use of a
biased estimator for measuring the spatial statistics affects the sam-
ple quality. Some other approaches for blue noise point synthesis
are given in [Jiang et al. 2015; Fattal 2011].

Our contributions in this paper can be summarized as follows:

• We analyze the Single Peak blue noise formulation and em-
pirically show the non-monotonicity of its realizability with
respect to all its parameters, i.e., increasing noise in the Sin-
gle Peak spectra does not always make it realizable;
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• We propose Stair blue noise, a mathematically tractable gen-
eralization of Step blue noise;

• Using Fourier analysis, we identify a subset of Stair blue noise
distributions that are guaranteed to be realizable and for which
we derive theoretical bounds on all the parameters leading to
optimal Stair blue noise distributions for a given sample bud-
get;

• Adopting an unbiased PCF estimator [Stoyan et al. 1993], we
develop a weighted non-linear least squares optimization ap-
proach to accurately match a given target PCF; and

• We demonstrate that Stair blue noise achieves a larger zero re-
gion, while producing lesser oscillations in the low-frequency
and mid-frequency regions when compared to the Single Peak
variant.

3 Background

The discussion below relies on a number of concepts from Fourier
analysis and spatial statistics. We briefly review the necessary back-
ground and refer the reader to [Illian et al. 2008] for a more in-depth
discussion.

3.1 Analysis of Point Distributions

Fourier analysis is a standard approach for understanding the prop-
erties of sampling patterns. To assess the quality of sampling distri-
butions, one can analyze their spectral properties such as the power
spectral density (PSD). Alternately, the quality of sampling patterns
can also be analyzed using spatial statistics, such as, the pair corre-
lation function (PCF) [Öztireli and Gross 2012].

Power Spectral Density: For a finite set of N points, {xj}Nj=1, in a
region with unit volume, the radially-averaged power spectral den-
sity describes how the signal power is distributed over frequencies.
It is formally defined as

P (k) =

1

N

X

j,`

e�2⇡ik.(x`�xj), (1)

where k is the vector of frequencies.

Pair Correlation Function: A PCF describes the joint probabil-
ity of having points at two locations at the same time. A precise
definition of the PCF can be given in terms of the intensity � and
product density ⇢ of a point process [Öztireli and Gross 2012].
The intensity �(X) of a point process X is the average number
of points in an infinitesimal volume around X . For isotropic point
processes, this is a constant value �. To define the product density,
let {Bi} denote the set of infinitesimal spheres around the points,
and {dVi} denote the volume measures of Bi. Then, we have
P (x
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)dV1 · · · dVN . In the isotropic
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the points, hence one can write �(x
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||) = �(r)
and P (r) = �(r)dxdy. The PCF is then defined as

G(r) =
�(r)
�2

. (2)

Relating PSD and PCF: The PSD and the PCF of a point distribu-
tion are related via the Fourier transform as follows:

P (k) = 1 + ⇢F (G(r)� 1)

= 1 + ⇢

Z

Rd
(G(r)� 1) exp(�ik.r)dr

where ⇢ = N/V , with V being volume of the sampling region2,
and F (.) denotes the 2-dimensional Fourier transform. Note that,
for radially symmetric or isotropic functions the above relationship
simplifies to

P (k) = 1 + 2⇡⇢H [G(r)] .

In the above equation, H[.] denotes a 1-d Hankel transform, i.e.,

H(f(k)) =

Z 1

0

kJ0(kr)f(k)dk.

where J0(.) is the Bessel function of order zero. Note that, the
Hankel transform has the following inverse property:

H�1
0 (f(r)) =

Z 1

0

rJ0(kr)f(r)dr.

Using the above property, one can show that

G(r) = 1 +

1

2⇡⇢
H [P (k)� 1] . (3)

Realizability: The two necessary mathematical conditions 3 that a
sampling pattern must satisfy to be realizable [Uche et al. 2006] are:
(a) its PSD must be non-negative, i.e., P (k) � 0, 8k, and (b) its
pair correlation function must be non-negative, i.e., G(r) � 0, 8r.

3.2 Blue Noise Distribution

Blue noise distributions are aimed at replacing visible aliasing arti-
facts with incoherent noise, and its properties are typically defined
in the spectral domain. More specifically, a blue noise power spec-
trum should satisfy the following two requirements: (a) the spec-
trum should be close to zero in the low frequency region, which
indicates the range of frequencies that can be represented with al-
most no aliasing; (b) the spectrum should be a constant in mid and
high frequency regions or contain minimal amount of oscillations
in the power spectrum to reduce the risk of aliasing. The low fre-
quency band with minimal energy is referred to as the zero region.
A variety of blue noise distributions have been considered in the lit-
erature [Heck et al. 2013], and they can be classified into two broad
categories: (a) low aliasing blue noise (e.g. Step blue noise) that
maps the aliasing artifacts to broadband noise, and (b) more flexible
blue noise families (e.g. Single Peak blue noise) that guarantee low
or zero aliasing in a larger range of low frequencies by introducing
oscillations at high frequency region. Note that, the proposed Stair
Blue Noise falls into the latter category.

Step blue noise: The power spectrum of Step blue noise is defined
as

P (k � k0) =

⇢
0 if k  k0,
1 if k > k0.

(4)

In the above equation, the zero region 0  k  k0 indicates the
range of frequencies that can be represented with no aliasing and
the flat region k > k0 guarantees that aliasing artifacts are mapped
to broadband noise, which is not visually perceptible.

Single Peak blue noise: The power spectrum of Single Peak blue
noise is defined as

P (k) = G�g ⇤ (Pg�(k � k0) + P (k � k0)) , (5)

which computes the sum of a Dirac peak of power Pg at frequency
k0 and the step function (also at k0), followed by convolution with
the Gaussian kernel G�g (width �g).

2In this paper, for all our experiments, we consider 1⇥1 sampling region
and, therefore, V = 1.

3Whether or not these two conditions are not only necessary but also suf-
ficient is still an open question (however, no counterexamples are known).
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3.3 Analysis of Single Peak Blue Noise

As discussed above, not all power spectra are realizable. Therefore,
given a parameterized family of spectra, i.e. Single Peak blue noise,
and a desired number of samples N the goal is to find the “optimal”
realizable spectrum. Intuitively, there exist three competing objec-
tives: The first is to maximize the zero region (k0); the second is
to minimize the mid-frequency power peak; and the last is to min-
imize N . For Single Peak blue noise this roughly corresponds to
trading k0 in exchange for an increase in both Pg and �g or an
increase in N . Unfortunately, the Hankel transform of the Single
Peak spectrum cannot be derived in closed form but can only be ap-
proximated numerically. As a result, optimizing for any of the four
parameters is an empirical process in which one proposes a certain
spectrum and numerically approximates the corresponding PCF to
check for realizability. The empirical nature of this approach does
not provide any guarantees on optimality and more importantly it
provides little insight into the effects of certain parameter choices.
In particular, [Heck et al. 2013] propose to first select N and k0 and
then adjust Pg and �g ensure realizability.

(a) (b)

Figure 2: Realizability of a Single Peak blue noise spectrum for a
given k0 and N : (a) for varying Pg with �g = 1 and, (b) for vary-
ing �g with Pg = 10. Spectra with min G(r) � 0 are realizable,
however, this property does not change monotonically. Counter-
intuitively, increasing either the severity of aliasing or the affected
frequency range may make a Single Peak blue noise spectrum un-
realizable.

This approach might suggest that both these parameters affect the
PCF monotonically, i.e. increasing Pg or �g leads to realizable dis-
tributions, and that they can be traded in exchange of one another,
i.e. increasing �g allows decreasing Pg and vice versa. Unfortu-
nately, this is not the case. Note that, it is sufficient to provide a sin-
gle counter example to prove that monotonically increasing noise
in the Single peak power spectra does not necessarily make it real-
izable. Unfortunately, the PCF of Single peak blue noise cannot be
derived in a closed form. Thus, next we show the counter example
numerically.

Figure 2 plots the minimum of the PCF, min G(r), for a given k0
and N with respect to Pg with a fixed �g (a) and a varying �g with
a fixed Pg (b). Surprisingly, neither curve is monotonic. There-
fore, given an unrealizable spectrum, i.e., one with min G(r) < 0,
it may not be possible to simply increase either parameter to ad-
dress the problem. Furthermore, this demonstrates that the intuitive
trade-off between the height of the frequency peak, i.e., the severity
of the aliasing, and its width, i.e., the range of frequencies affected,
does not apply in general. This rather unintuitive behavior coupled
with the empirical optimization makes the adjustment of the pa-
rameters of Single Peak blue noise difficult. Instead, the proposed
Stair Blue noise allows closed form solutions for optimizing any
of the four parameters, provides theoretical bounds on realizability
and preserves the intuitive trade-off between the height and width
of the power peak.

4 Proposed Stair Blue Noise

In this section, we define the proposed Stair Blue noise distribution,
describe its properties and finally derive theoretical bounds for the
realizability of the spectrum for all four parameters.

(a) (b)

Figure 3: Stair Blue Noise: (a) Power Spectral Density. (b) Pair
Correlation Function.

Definition: The Stair Blue noise spectrum P is defined as (see Fig-
ure 3(a))

P (k) = f(k � k1) + P0 (f(k � k0)� f(k � k1)) , (6)

with f(k � k0) =

⇢
0 if k  k0
1 if k > k0

�
,

where k0  k1 and P0 � 1.

4.1 Mathematical Tractability

One advantage of Stair blue noise compared to the Single Peak vari-
ant is that the PCF for Stair blue noise can be derived in a closed
form. Furthermore, for a large class of spectra, including virtually
all spectra of practical interest, the realizability constraint can be
expressed as a simple inequality. This provides tight bounds on
which parameter combinations lead to realizable sampling patterns
and new insight on the role that the parameters play on realizability.

Using the Hankel transform as defined in (3), we find:

G(r) = 1� 1

2⇡⇢

⇥
(1� P0)(k1)

2Jinc(rk1) + P0(k0)
2Jinc(rk0)

⇤
.

The details of this derivation can be found in Appendix A. Fig-
ure 3(b) illustrates the PCF corresponding to the Stair blue noise
pattern in Figure 3(a). Note, that Step blue noise is a special case
with P0 = 1, i.e.,

G(r) = 1� 1

2⇡⇢
(k0)

2Jinc(rk0). (7)

To design an optimal Stair blue noise distribution one needs to
balance the trade-off between a large zero region and the mid-
frequency oscillations in the PSD, while guaranteeing a realizable
spectrum. As discussed above, realizability requires P (k) � 0, 8k,
which for Stair blue noise is true by construction and G(r) � 0, 8r.
To guarantee the latter, we need to analyze minG(r) which is non-
trivial in general. However, for a large class of Stair blue noise
spectra we find that argminG(r) = 0. More specifically, with
some simple transformations we find that;

G(r) = 1� V
2⇡N

"
1� P0

P0

✓
k1
k0

◆2

Jinc(rk1) + Jinc(rk0)

#
P0k

2
0.

Dropping the constants, argmin

r
G(r) is equal to

argmin

r

 
P0 � 1

P0

✓
k1
k0

◆2

Jinc(rk1)� Jinc(rk0)

!
. (8)
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Figure 4: For tractable analysis, we restrict the Stair blue noise
family to the cases with argminG(r) = 0 (blue area). This re-
striction includes virtually all blue noise patterns of practical in-
terest.

Setting A =

P0�1
P0

⇣
k1
k0

⌘2
, we find that

argmin

r
G(r) = 0

, A Jinc(0)� Jinc(0)  A Jinc(rk1)� Jinc(rk0) 8r

, A 1
2 � 1

2  A Jinc(rk1)� J(rk0) 8r

, A
�
1
2 � Jinc(rk1)

�
 1

2 � Jinc(rk0) 8r

, A 
1
2� Jinc(rk0)
1
2� Jinc(rk1)

8r

Setting ↵ = k1/k0 and substituting for A this is equivalent to

P0  ↵2

↵2 �
1
2� Jinc(rk0)
1
2� Jinc(rk1)

. (9)

Note that, while difficult to prove analytically, we empirically find
that

1
2� Jinc(rk0)
1
2� Jinc(rk0)

has its infimum at r = 0 and its limit for r ! 0

is well defined. Consequently, we can evaluate (9) for all combi-
nations of P0 and ↵ as shown in Figure 4. The region below the
curve indicates spectra with argminG(r) = 0 and for the remain-
der of the paper we consider only this subset of spectra. Note that,
this family of Stair blue noise is defined independent of N and the
specific values of k0 and k1. In particular, this family includes vir-
tually all spectra of practical interest as both large P0 and large ↵
are likely to cause noticeable artifacts. One immediate observation
is that increasing ↵ beyond the Step blue noise case with ↵ = 1,
realizability is guaranteed for a significantly larger range of ↵ com-
pared to Single Peak blue noise (see Section 6). In practice, we are
interested in blue noise distributions which do not have a large mid-
frequency peak, and our restricted family produces patterns with a
low P0 even for a reasonably small width � = (k1 � k0). For
example, when k0 = 200 (typically achieved with sample size
4000 in 2D), we can achieve a realizable blue noise distribution
with P0 = 1.5 and k1 = 280 (↵ = 1.4). Not only is this width
� = 80 significantly larger than the kernel width that could be used
in the Single Peak case but Stair blue noise also causes none of the
low frequency artifacts unavoidable in the Single peak spectrum.

The key insight is that for our family of blue noise spectra, the
realizability constraint G(r) � 0 reduces to

min

r
G(r) = 1� V

4⇡N
((1� P0)k

2
1 + P0k

2
0) � 0, (10)
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Figure 5: Kernel Density Estimation of PCF of Stair Blue Noise
Sampling Patterns with (N = 200, k0 = 55, P0 = 1.2, � = 20).

which provides a simple and direct means to optimize the various
parameters analytically.

4.2 Optimal Stair Blue Noise

As discussed above, one challenge with the use of Single Peak blue
noise is that it is difficult to optimize the spectrum as the exact
bounds are not known and the spectrum as a function of the pa-
rameters behaves in an unintuitive manner. Instead, (10) provides
tight bounds as well as a direct insight into the effects of the various
parameters. As expected, increasing N will allow one to realize a
spectrum with arbitrary P0, k0 and k1. Furthermore, unlike Sin-
gle Peak blue noise, the trade-off between the height and width of
the mid-frequency peak is monotonic in the sense that any choice
of N , P0 and k0 will become realizable for a large enough k1 and
conversely any combination of N , k0 and k1 for a large enough P0.
More specifically, within our family of Stair blue noise one can de-
rive tight bounds for any of the four parameters as a function of the
others:

N � V
4⇡

((1� P0)k
2
1 + P0k

2
0) (11)

P0 � 4⇡N � V k2
1

V (k2
0 � k2

1)
(12)

k2
0  4⇡N � V (1� P0)k

2
1

V P0
(13)

k2
1 � 4⇡N � V P0k

2
0

V (1� P0)
. (14)

Equation (11) highlights the advantages compared to Step blue
noise whose required sample budget for a given zero region –
N � V k2

0
4⇡ – is significantly larger than what can be achieved with

even small P0 and k1 (note that P0 � 1). Furthermore, the effect of
increasing k1 is quadratic compared to the linear one of increasing
P0. This motivates to constrain the peak. This is also interesting
in comparison with Single Peak blue noise, which is very sensitive
to increases in the width and thus typically requires either higher
peaks or smaller zero-regions resulting in more noticeable artifacts
for the same sample budget.

5 Synthesis Algorithm

In this section, we describe the proposed approach for synthesizing
point sets that match the desired blue noise spectral characteristics.
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(a) (b)
Figure 6: Sample synthesis using the proposed PCF matching al-
gorithm. The target PCF is obtained using a Stair blue noise dis-
tribution with parameters: N = 200, k0 = 55, P0 = 1.2, � = 20.
(a) Least squares fitting error with non-weighted and weighted for-
mulations. (b) Estimated PCF of the synthesized samples after 50
iterations compared to the target PCF.

Similar to the approaches in [Öztireli and Gross 2012], we refor-
mulate this problem in the spatial domain by matching the corre-
sponding pair correlation function. Before we present the details of
our algorithm, we introduce an unbiased estimator for computing
the PCF of a point set.

5.1 PCF Estimation with Edge Correction

Existing approaches for PCF matching employ kernel density esti-
mators to evaluate the PCF of a point set, and these estimators are
biased due to the lack of an appropriate edge correction strategy.
This bias may arise in calculating PCF due to the fact that sample
circles or rings used in calculating point-pattern statistics may fall
partially outside the study region and will produce a biased esti-
mate of the PCF unless a correction is applied. Hence, we propose
to use an edge corrected, unbiased PCF estimator in our synthesis,
originally developed in statistical mathematics [Stoyan et al. 1993].

Let us denote the volume of the sampling region by VW and its
surface area by SW . When the sampling region is a rectangle with
length ` and width w, we have VW = ` ⇥ w and SW = 2(` +
w). Also, let SE denote the area of the hyper-sphere which is 2⇡r
in 2-dimensions. In our algorithm, we adopt the following edge
corrected kernel density estimator:

ˆG(r) =
VW

�W

VW

N
1

SE(N � 1)

NX

i=1

NX

j=1
i 6=j

k (r � |xi � xj |) (15)

where k(.) denotes the Gaussian kernel, i.e.,

k(z) =
1p
⇡�

exp

✓
� z2

2�2

◆
, (16)

and �W is an isotropic set covariance function which can be ap-
proximated as

�W = VW � SW

⇡
r. (17)

The term VW
�W

accounts for edge correction for the unboundedness
of the estimator. Figure 5 illustrates the impact of using edge cor-
rection in PCF estimation.

5.2 Sample Synthesis using PCF Matching

Our algorithm iteratively transforms an initial random input point
set, such that, its PCF matches the target PCF. In particular, we pro-
pose a non-linear weighted least squares formulation to optimize

for the desired blue noise properties. Let us denote the target PCF
by G⇤

(r). We discretized the radius r into m points {rj}mj=1
4 and

minimize the sum of the weighted squares of errors between the tar-
get PCF G⇤

(rj) and the curve-fit function (kernel density estimator
of PCF) G(rj) over m points. This scalar-valued goodness-of-fit
measure is referred to as the chi-squared error criterion and can be
posed as a non-linear weighted least squares problem as follows.

argmin

MX

j=1

✓
G(rj)�G⇤

(rj)
wj

◆2

,

where wj indicates the weight (importance) assigned to the fitting
error at radius rj . This optimization problem can be efficiently
solved using a gradient descent algorithm that in our experience
converges quickly. In the simplest cases of uniform weights the so-
lution tends to produce a higher fitting error at lower radii rj (Figure
6(a)). To address this challenge, we use a non-uniform distribution
for the weights {wj}. These weights are initialized to be uniform
and are updated in an adaptive fashion in the gradient descent iter-
ations. The weight wj at gradient descent iteration t + 1 is given
by:

wj =

1

|Gt
(rj)�G⇤

(rj)|

where Gt
(rj) is the value of the PCF at radius rj during the gradi-

ent descent iteration t.

The weighted non-linear least squares problem is solved itera-
tively using gradient descent. Starting with a random point set
X = {xi}Ni=1, we iteratively update xi in the negative gradient
direction of the objective function. At each iteration k this can be
formally stated as

xk+1
i = xk

i � �
�i

|�i|
,

where � is the step size and �i = [�

1
i ,�

2
i ] in the normalized

gradient is

�p
i =

X

i6=l

(xp
l � xp

i )

|xl � xi|

mX

j=1

G(rj)k �G⇤(rj)

wjrj

(|xl � xi|� rj) k (rj � |xi � xl|) . (18)

We reevaluate the PCF G(rj)
k of the updated point set after each

iteration using the unbiased estimator from the previous section.

While the above algorithm works well in matching realizable, i.e.,
positive target PSDs/PCFs the results for matching an unrealizable
PSD/PCF combination can be unexpected. Given negative values
in the target PCF, the algorithm converges to G(rj) = 0 as the best
approximation. However, the corresponding PSD may be signifi-
cantly different from the initial target and can contain significant
noise. In practice, it is easy to validate the PCF before starting the
synthesis.

In Figure 6, we compare the performance of the proposed weighted
least squares based PCF fitting to the unweighted formulation. The
target PCF is designed using a stair blue noise sampling pattern
with k0 = 55, P0 = 1.2, � = 20, and the PCF matching is carried
out with a sampling budget of N = 200. The variance of the Gaus-
sian kernel was set at �2

= 0.005 and the step size for the gradient
descent algorithm was fixed at 0.001. The initial point set was gen-
erated randomly in the region of size (1 ⇥ 1). It can be observed

4In this paper, for all the synthesis experiments, we consider r taking
values from 0.0001 to 0.4 with a regular sampling with spacing of 0.0001
between samples.
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(a) (b) (c)
Figure 7: Comparison of the maximum achievable k0 for a given sample budget using different blue noise sampling patterns: (a) Step, Single
Peak and Stair blue noise distributions with P0  3. Impact of the choice of Gaussian peak height (Pg) and width (�g) on maximal k0 (b)
and low-frequency oscillations ⌦L (c) for N = 1000.

that the proposed method produces a highly accurate PCF fitting
and outperforms the non-weighted case. As expected, the PCF es-
timation step is a major computational bottleneck in our synthesis
algorithm with complexity O(N2

). In practice, one can employ
special data structures as given in [Öztireli and Gross 2012] to bring
this complexity down to O(N). However, developing strategies to
accelerate PCF estimation is not the focus of the work and remains
part of our future work.

6 Experimental Results

In this section, we measure the spectral statistics of the proposed
Stair blue noise distribution, and present comparisons to Step and
Single Peak blue noise constructions. In addition, we use synthetic
functions to evaluate the reconstruction quality of synthesized sam-
ples in controlling aliasing artifacts.

6.1 Comparison of Spectral Properties

Existing, well-known sampling patterns are aimed at either extend-
ing the zero region or reducing structured aliasing. While Step blue
noise is optimal in controlling structured aliasing, generalizations
such as the Single Peak blue noise and the Stair blue noise can pro-
vide a larger zero region at the risk of creating aliasing artifacts at
mid frequencies. To assess the quality of the sampling patterns,
we analyze their spectral characteristics. Let us define the region
from 0  k  k0 to be low frequency region, the region from
k0  k  k1 to be mid frequency region and, the region from
k � k1 to be high frequency region.

First, we compare the maximum achievable k0 for Step, Single
Peak and Stair blue noise for varying sampling budget assuming
P0  3. Note that, for Single Peak blue noise, k0 is zero (theoreti-
cally) as its power spectrum is non-zero for all k due to the convo-
lution with the infinite support Gaussian kernel. Following [Heck
et al. 2013], we instead plot the size of the so called effective zero
region, keff , defined as the largest frequency such that average en-
ergy in the power spectrum up to this frequency stays below a cer-
tain constant. Formally, keff = {max k0 :

R k0

k=0
P (k)dk  ⌧}.

In all our results, we choose ⌧ to be 10�3. The best configuration of
Single Peak blue noise is obtained by an exhaustive search over the
parameters Pg and �g under the constraint P0 := maxG(r)  3.
Similarly, the best configuration of Stair blue noise is obtained by
optimizing the parameters P0 and � under the constraint P0  3

using results obtained in Section 4.2. Figure 7(a) shows that the
Stair blue noise has significantly larger zero region compared to

both Step and Single Peak blue noise, without the unavoidable low
frequency oscillations of Single Peak blue noise. This result can
also be interpreted in the following way: to achieve a certain zero
region, the Stair blue noise requires the least number of point sam-
ples compared to the Step and Single Peak blue noise. For instance,
the zero region achieved by 2000 samples of Step and Single Peak
blue noises can be achieved by only 1000 Stair blue noise samples.

Figure 7(b) demonstrates the impact of increasing peak height P0

of the Single Peak blue noise (by increasing Pg and �g as given
in (5)) on the maximum achievable k0. As expected, increasing P0

results in an increasing zero region for the Single Peak blue noise
and for very large values it approaches the maximum achievable k0
of Stair blue noise.

However, increasing the peak height P0 = maxG(r) of Single
Peak blue noise results in substantial low frequency oscillations. To
measure the amount of oscillations, ⌦L, of the power spectrum in
the low frequency range, we use the energy in the power spectrum
up to a certain frequency (or area under the curve). Formally, it can
be represented by

⌦L =

k0Z

k=0

P (k) dk. (19)

For Stair blue noise, ⌦L is zero by construction. However, as shown
in Figure 7(c), the Single Peak blue noise introduces significant
oscillations in order to approach a zero region k0 comparable to the
Stair blue noise which is likely to cause aliasing. High frequency
oscillation performance of all the sampling patterns is the same.

Next, we study the effect of increasing peak height P0 on the max-
imum achievable k0 for the Stair blue noise sampling patterns.
Though both the parameters P0 and � can be optimized simulta-
neously to explore all realizable patterns, we consider a more prac-
tical setup and fix � = 50 and vary P0 between 1 and 3. As shown
in Figure 8, the maximal achievable k0 increases substantially by
increasing P0 especially for large sample sizes at the cost of negli-
gible oscillations.

Figure 9 shows the power spectrum and pair correlation function
of a synthesized point set with N = 1000 for Step, Single Peak
and Stair blue noise distributions. As expected, Stair blue noise
has larger zero region compared to both Step and Single Peak blue
noises though at the cost of some oscillations at mid frequencies
when compared to the Step blue noise.

Figure 10 plots the power spectrum of Stair blue noise for different
configurations of P0 with N = 1000. The size of mid frequency
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Figure 8: Maximum achievable k0 with Stair blue noise for varying
P0 and a fixed � = 50.

region � is optimized to maximize k0. It can be seen from the figure
that the size of zero region increases with the peak height P0. De-
pending on the use case the designer can maximize the zero region
at the cost of negligible oscillations in the mid frequency range of
the power spectrum. For example, the power spectrum of the Stair
blue noise with P0 = 1.6 and 1.3 have larger zero region compared
to the Step blue noise yet looks similar to power spectrum of Step
blue noise (as given in Figure 9) with minimal oscillations.

In Figure 11, we compare the PSD of some common blue
noise sampling patterns. The Stair blue noise can achieve sim-
ilar size zero regions compared to FPO [Schlömer et al. 2011],
CCVT [Balzer et al. 2009] and Dart Throwing, however, with sig-
nificantly less oscillations in mid and high frequencies.

6.2 Reconstruction at Low Sampling Rates

Figure 9: Synthesized point set, power spectrum and pair correla-
tion function (top-bottom) of Step, Single Peak and Stair blue noise
distributions (left-right) for N = 1000. The proposed Stair blue
noise results in a larger zero region compared to the other two cases

.
In this subsection, we focus on undersampling, because the risk
of aliasing due to undersampling is the primary reason for using
irregular sampling instead of regular sampling. We evaluate the re-
construction performance of different sampling patterns when un-

dersampling. As a test image, we use the common zone plate test
function. For undersampling, the zone plate is preferable to more
realistic test images since it shows the response for a wide range
of frequencies and aliasing effects are not masked by image fea-
tures. Further, we report the peak signal-to-noise ratio (PSNR) as a
quantitative error measure:

PSNR = 20 log10

1

MSE

where MSE is the mean square error. For all zone plate renderings
in this paper, we have tiled toroidal sets of 4096 points over the
image-plane and used a Lanczos filter with a support of width 4 for
resampling. It can be seen from Figure 12 that Stair blue noise has
less noise in the low-frequency region, which typically contains the
most salient image information. Images sampled with Single Peak
or Step blue noise show a lot more noise in low frequencies. Our
method similarly reduces aliasing, but at a significantly lower noise
level.

7 Summary and Future Work

To address the shortcomings of existing blue noise patterns this pa-
per introduced a new family of blue noise called Stair blue noise.
Unlike Single Peak blue noise, Stair blue noise is mathematically
tractable, thereby enabling the designer to 1) gain theoretical in-
sights into the sampling pattern and, 2) perform parameter opti-
mization to obtain the optimal sampling distribution. Stair blue
noise also preserves a perfect zero-region below k0, thereby provid-
ing the user an intuitive means to trade the severity of the artifacts
against the range of frequencies affected. We demonstrated that
our approach produces realizable spectra with significantly larger
k0 as well as lesser high frequency oscillations than existing blue
noise constructions. Furthermore, we proposed a new algorithm to
synthesize point sets given a target spectrum, that produces higher
quality blue noise sampling patterns than previous techniques. Pro-
posed Stair blue noise performs better than Step and Single Peak
blue noise in image plane sampling tasks. In the future work, we
plan to employ data structures to make the proposed synthesis algo-
rithm faster. Another interesting direction of work can be to employ
techniques proposed in [Pilleboue et al. 2015] to theoretically an-
alyze the aliasing performance of the Stair blue noise and devise
Stair blue noise synthesis algorithm. Further, generation of blue
noise samples on manifolds and adaptive sampling can also be in-
vestigated.
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Appendix

A PCF of Stair Blue Noise

The PCF of the Stair blue noise defined in (6) can be derived using
the Hankel transform as follows:

G(r) = 1 +
1

2⇡⇢
(H [(f(k � k1) + P0 (f(k � k0)� f(k � k1))� 1)])

= 1 +
1

2⇡⇢

 Z 1

0
kJ0(kr)[f(k � k1)

+ P0 (f(k � k0)� f(k � k1))� 1]dk

!

= 1 +
1

2⇡⇢

 Z 1

0
kJ0(kr)[f(k � k1)� 1

+ P0 (f(k � k0)� 1� (f(k � k1)� 1))]dk

!

= 1�
1

2⇡⇢

✓
(1� P0)

Z k1

0
kJ0(kr)dk + P0

Z k0

0
kJ0(kr)dk

◆

= 1�
1

2⇡⇢

✓
(1� P0)

k1

r
J1(k1r) + P0

k0

r
J1(k0r)

◆

= 1�
1

⇢(2⇡r)
[(1� P0)k1J1(k1r) + P0k0J1(k0r)] .

Simplifying this expression provides the closed form PCF in (7).
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