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Computing solutions to linear systems is a fundamental building block of
many geometry processing algorithms. In many cases the Cholesky factor-
ization of the system matrix is computed to subsequently solve the system,
possibly for many right-hand sides, using forward and back substitution. We
demonstrate how to exploit sparsity in both the right-hand side and the set
of desired solution values to obtain significant speedups. The method is easy
to implement and potentially useful in any scenarios where linear problems
have to be solved locally. We show that this technique is useful for geometry
processing operations, in particular we consider the solution of diffusion
problems. All problems profit significantly from sparse computations in
terms of runtime, which we demonstrate by providing timings for a set of
numerical experiments.
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1 INTRODUCTION

The central operation in many geometry processing tasks is the
(repeated) solution of a sparse linear system [Botsch and Sorkine
2008; Bouaziz et al. 2012; Chao et al. 2010; Desbrun et al. 2002,
1999; Lévy et al. 2002; Sorkine and Alexa 2007]. These problems
can be efficiently solved by computing a (sparse) factorization of
the system matrix and then performing a step of forward and back
substitution. This is particularly attractive if several solves against
varying right-hand sides are necessary.

Computing a solution vector given the factorization is quite ef-
ficient if the factors are sparse, but solving for a simple regular
2D mesh with n vertices still has a time complexity of at least
O(nlogn) [George 1973]. However, many geometry processing op-
erations are local, i.e. a solution to the linear system is required only
for a subset of the mesh (e.g. for generating a parameterization of
a patch). Our main contribution lies in describing a method that
uses a global factorization to compute solutions for subsets of mesh
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Fig. 1. To parameterize a small surface patch (left) a global factorization of
the Laplacian can be utilized. For the computation of the exact solution for
patch vertices (gray vertices on the right) not all columns of the Cholesky
factor have to be considered. More specifically, only those associate with
paths in the elimination tree connecting root and patch-vertices are required
additionally (white vertices).

vertices in time that depends mostly on the size and structure of the
subset and not the whole mesh. This approach is favorable to the
common solution of setting up a new system for the subset of the
mesh and factorizing it.

In order to present our approach we first provide some back-
ground on sparse Cholesky factorizations in Section 2. Then we
explain how sparsity in the right-hand side as well as in the de-
sired solution can be exploited. Sparsity in the right-hand side leads
to sparse intermediate solutions — this is commonly exploited in
libraries for numerical linear algebra. Our contribution lies in ex-
ploiting ‘sparsity’ in the desired solution. By sparsity we mean that
only a subset of the solution vector is desired — while the solution
may still be dense, i.e. nonzero in all its elements. We explain how
this is possible without resorting to an approximation: the solution
for the desired elements is exactly the same as if all elements of
the solution were computed. An important point of our analysis
and the resulting algorithm is that the sparsity in the solution can
be exploited independently from sparsity in the right-hand side
(if any). In addition, we explain how our implementation exploits
vectorization and cache-coherence. The details of the analysis and
resulting algorithms are described in Section 3.

We first evaluate the effectiveness of the main operations at the
common example of generating a conformal parameterization with
prescribed boundary. Our approach (see Section 4) follows the now
classic idea to generate a harmonic embedding [Desbrun et al. 2002]
and requires only a single linear solve. This allows us to compare
the time required for numerical solutions based on the local patch
or using the sparse localized solve based on the pre-factored global
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system. We find that our approach provides a significant speed-up
in all practical scenarios, suggesting that also iterative approaches
to parameterization may benefit from localized sparse solves.

Next we analyze the behavior for extremely sparse vectors at the
example of discrete heat diffusion. Here, we assume that the heat
source is local (i.e. a single vertex). Then we demonstrate the gain
in efficiency if only a single value is desired, either far away or in
the vertex itself (the case of auto-diffusion, which is used for many
signatures and matching [Gebal et al. 2009; Sun et al. 2009]). Both
cases show significantly reduced computational cost compared to
standard solutions; the scenario of different locations for source
and desired heat value allow us to analyze the benefit of exploiting
the sparsity in the solution independently from the sparsity in the
right-hand side (see Section 5).

2 BACKGROUND

The central operation we are concerned with are solutions of linear
systems that are the result of discretizing differential equations over
the domain of a triangle mesh. Let the mesh be denoted M = (V, ),
with n being the number of vertices. Vertex positions are stored as

R¥>" and F as a matrix of integers Z3*!% | indexing

amatrix V €
vertices in V.

A large number of geometry processing operations involve dis-
crete differential operators. There are many alternatives on how
to derive the matrix representations of these operators [Alexa and
Wardetzky 2011; Elcott and Schréder 2006; Meyer et al. 2003; Pinkall
and Polthier 1993]. The important point is that in all constructions
the operators are built from the adjacency structure of the mesh, and
the sparsity is identical to a low order power of the adjacency matrix.
Moreover, in most cases the system is, or can be made, symmetric.
In other words, the common task is to solve a sparse symmetric
system of the form Ax = b, where x represents values attached
to the mesh elements, most commonly the vertices, in which case
A € R,

Sparse Cholesky factorization. The resulting sparse symmetric
linear system can be solved using the Cholesky factorization

A=LDL"T withL,DeR™", (1)

Here, D is a diagonal matrix, and L is a lower triangular matrix with
unit diagonal commonly called the Cholesky factor. The Cholesky
factorization has many favorable properties, for example it is un-
conditionally stable, allowing permutations for optimizing other
properties. Important in our context, a permutation can be selected
with the goal to reduce fill-in. A fill-in entry is a nonzero that ap-
pears in L but not in A. In particular, for the adjacency structures
resulting from triangle meshes it is possible in general to generate
sparse Cholesky factors using an appropriate ordering.

Elimination tree. The sparsity of the Cholesky factor is important
in our context because it leads to efficient solves. Solving a system
for x € R” given a right-hand side b € R" requires a forward
substitution (or forward solve) step to compute the auxiliary vector
y € R”

Ax=b=LDL'x=b=LDy=b ()

followed by the back substitution LTx = y.
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Now consider computing the forward solve. The elements of the
solution y are computed in order of increasing index, i.e. yo = bo/doo
is computed first, then y;, and so on.

For a sparse right-hand side b the vector y is usually also sparse
and knowing the nonzero structure of y in advance would signif-
icantly improve performance — columns in L corresponding to a
zero in y can simply be ignored.

In what follows we refer to elements as nonzero if they poten-
tially take on values different from zero, because their computation
depends on other nonzero elements. It is still possible that nonzero
elements carry a zero value due to numerical cancellation. Zero
values of this kind are commonly not exploited algorithmically.

The key observations for the nonzero structure of y are the fol-
lowing: (1) if b; is nonzero then y; is nonzero (because D has to
be full-rank), and (2) if y; is nonzero and there is a nonzero [;j,
then y; will be nonzero, as illustrated in in the inset to the right.
Consequently we can find the nonzero
structure of y by traversing the graph

of L that has an oriented edge (j, i) for Smm— R

each nonzero ;. Note that all edges

in the graph are directed from a node Yi
(2

with smaller index to a node with
larger index, reflecting the computa-
tion of elements in increasing order
of index. The traversal is started in the nodes corresponding to
the nonzeros in b, following observation (1). Then the graph is tra-
versed following the oriented edges, reflecting observation (2). The
nonzero structure of y is given by the nodes that are visited during
this traversal [Gilbert and Peierls 1988].

The graph mentioned above is a useful tool for quickly identifying
the columns in L that need to be treated during the solve. To store the
graph without compromising on the possibility to quickly identify
all dependencies a particular spanning tree of the graph is used: the
elimination tree. This tree results from keeping only one outgoing
edge for each node. In particular, in node i we pick the edge (i, j)
with the smallest index j. By retaining only one edge per node and
since all edges go from nodes with smaller index to larger index, it
is clear that in the resulting graph there is at most one path from
a node with smaller index to one with higher index. But why is
it connected? It is a specific property of the Cholesky factor that
whenever node i has outgoing edges (i, j) and (i, k) with j < k, then
node j has the outgoing edge (j, k). We refer the reader to Liu [1990]
and Davis [2006] for an explanation and proof of this property.

The elimination tree not just stores the connectivity of the graph,
it also allows identifying the dependence among nonzero elements
by starting the traversal in any of its nodes. By traversing only along
the spanning tree we are guaranteed to reach all nodes we would
find when traversing the full graph. A space and run-time efficient
representation is to simply store for each index j its parent index
7(j) in the elimination tree.

By exploiting this representation of the elimination tree, comput-
ing the nonzero pattern of y takes an amount of time proportional
to the number of nonzeros in y.

Ordering: nested dissection. An important factor in the efficiency
of computing the intermediate solution for sparse right-hand sides is
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Fig. 2. The nonzero structure of a discrete Laplacian (upper left) based
on the triangular mesh (upper right). The corresponding Cholesky factor
contains elements that were zero in the Laplacian matrix (middle), however,
because the elimination tree (lower right or inset) is nearly balanced, fill in
can be limited. A balanced elimination tree will also facilitate fast solving
times for sparse and localized sets of vertices.

the (average) length of the sequence (j, 7 (j), 7 (7 (j)), . . .) or, in other
words, the height of the elimination tree. Of much lesser importance
(in our context) is the fill-in: note that zero fill-in structure might
still have an elimination tree with worst case height. The sequence
7(j) = j + 1, for example, corresponds to a dense subdiagonal and
would imply that starting from column j all following columns are
visited, which is similar to the situation for dense matrices, so the
number of columns considererd are linear instead of logarithmic.
To limit the height of the elimination tree one can exploit a crucial
property of Cholesky factors: If a;; is the leftmost entry in row i of
the matrix A, all values [;; with k < j in the factor L are guaranteed
to be zero. For the example in Figure 2 this implies that the block
in rows 1 — 8 will not be connected to block 8 — 16 in the matrix
graph of L, therefore these blocks reside on separate subtrees in the
elimination tree. This property can be brought to use by reordering

the matrix columns and rows such that blocks are grouped together.
In figure 2 (upper right) a separator consists of nodes 17, 20, 18, 19
wich are sorted last. All nodes left and right are grouped and sorted
before the separator. Proceeding recursively produces a factorization
with balanced elimination tree.

This process is called nested dissection [George and Liu 1978]. Note
that finding the best ordering to minimize the tree height and/or to
minimize fill-in is an NP-hard problem, so heuristics must be used.
The main goal in nested dissection is to quickly find good dividers,
i.e. consisting of a small number of edges while still generating
similarly sized components, each of which can again be divided by
good dividers. We note that the graphs of the meshes encountered
in geometry processing naturally allow finding good dividers. The
reason for this is that the triangle mesh is embedded. This means,
adjacency along the surface, which is important for the differential
operators, corresponds to adjacency in the graph. This makes it
possible to find efficient dividers in the graph. Davis [2006] notes
that for many discretization of two-dimensional problems this leads
to an overall computational complexity of O (n3/2) with O(nlog n)
nonzeros in L. In Section 4 we indeed observe this to be the case for
the particular problems we consider here.

3 LOCAL SOLVES

We have seen that it is possible to reorder the matrices commonly
encountered in geometry processing such that the Cholesky factors
have a small number of fill-edges (the total number of nonzero
elements is on the order O(nlogn) if the elimination tree is fairly
balanced). The elimination tree provides an efficient implementation
of the forward and back substitution for sparse right-hand sides.
Consider a right-hand side b with a single nonzero element for
index i. The forward solve involves only visiting the elements on the
path from i in the elimination tree to the root, which is available as
the sequence (i, 7 (i), £ (7 (i)), . .. ). Choosing i = 5 in the example
(see Figure 2 and inset), one ends up with the nodes on the bold black
path which represent the only columns that have to be considered.
This is not only computationally efficient, it also means the number
of nonzero elements in the intermediate solution y is bounded by
the height of the elimination tree or, in other words, y is very sparse.
What happens if in addition to b; the element b; is nonzero? The
additional elements in y are given by the path (j, z(j), (% (j)), . . .)-
If the additional node lies on the path
of bj, e.g. j = 7 in our example, there
is no extra computational work in-
volved. For a node not on the path
the additional work depends on the
position in the tree. If the paths for
nodes i and j have many nodes in
common, e.g. for j = 1, the amount
of additional computation is very lim-
ited. This is a consequence of the
nested dissection ordering, which is
constructed such that vertices close
in the triangle graph are likely to fall
in the same subtree. More generally, the intermediate solution y is
sparse for sparse right-hand sides b if the nonzero elements in b
are close to each other. This property is also illustrated in Figure 1
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which shows the subtree of nodes necessary to perform a forward
solve for the gray vertices.

In other words, the particular geometry of many problems in
geometry processing lends itself well to the sparse solve if nested
dissection has been used for ordering.

While these connections between geometry processing and sparse
linear solves might not be obvious, they have been routinely ex-
ploited by simply calling the right library functions. In the following
we extend the possibilities for exploiting sparsity by also considering
sparsity in the desired solution vector x.

Subset solve. Even if the right-hand side b and the intermediate
vector y are sparse, the final solution x = L™ Ty is usually dense. For
example in heat diffusion with a single vertex as source, b contains
only a single nonzero entry but all vertices receive some nonzero
quantity of heat, regardless of the time-step (c.f. Section 5). However,
it turns out that any subset of the elements in the solution x can
usually be computed exactly, without computing all of the solution.

Consider performing a back substitution with an upper triangular
n-by-n system LTx =y, one row at a time. The right-hand side y is
sparse, and derives from the forward solve described in Section 2.
The backsolve accesses L column-by-column (or LT row-by-row, the
i-th step accessing the i-th column of L):

for i =ndownto 1do
Xi =Yi
for each j > i for which lj,- #0do
Xi =Xj — ljin
xi = xi/lii

At first glance, it would seem that nothing can be gained by consid-
ering only a subset of the solution vector x.

However, suppose we are interested in the solution only at a
subset of the vertices. These vertices correspond to a particular
subtree of the elimination tree (see Figure 1). By construction, all
elements in this subtree are not influenced by the value in any
other subtree. In other words, the solution for any subtree of the
root node can be computed independently. This argument applies
recursively for any subtree. In particular, suppose only a single entry
x; is desired. It suffices to compute all the components of x along
the path from node i to the root, starting from the root and moving
down towards node i. This gives a similar result as the forward solve:
starting with the nodes of desired values of x, find the reach of these
nodes to determine the components of x that must be computed.

In a preprocessing symbolic analysis phase, we traverse the elim-
ination tree from the nodes of all desired values and store the set
of visited indices. This index set represents all nodes that could
possibly influence the desired values. Visiting the necessary rows
in order yields only a subset of the solution, including the desired
nodes, and the values in this subset are correct. Note that the sym-
bolic traversal goes up the tree to the root, starting from the desired
nodes, but the numeric back substitution traverses the same nodes
in opposite order.

Exploiting the elimination tree, the symbolic analysis time for
determining which components of x are required for computing
the desired subset is proportional to the size of the output set (the
visited indices).

ACM Transactions on Graphics, Vol. 36, No. 6, Article 183. Publication date: November 2017.

Fig. 3. A surface patch parameterized using localized harmonic parameteri-
zation.

It is important that the sparsity of b and the desired subset of x
play different roles for the efficiency of the computation and can (and
should) be set independently: the sparsity of b affects the efficiency
of the forward substitution and the sparsity of the intermediate
solution y. The desired subset in the solution affects the subsets
of rows that need to be evaluated during back substitution. It is
possible, and we will exploit this feature, that the nonzeros in b are
disjoint from the set of desired values in x.

Solving for multiple right-hand sides. In geometry processing ap-
plications, geometry is often considered to be the signal. This means
we commonly need to solve the same system for the different com-
ponents of each coordinate, e.g. the x- and the y-vector in a pa-
rameterization task. In any case that requires solving for several
right-hand sides with the same sparsity (but different numerical
values) it is beneficial to perform the solves simultaneously. This
has two reasons: First, cache coherence is improved for accessing
the data structures that store the factorization. And, second, vector-
ization can be exploited for the numerical operations.

In our implementation we use templates to provide a convenient
way to provide optimized solvers for different situations. Because of
the limits of vectorization we limit the number of concurrent solves
to 8. In this scenario we observe a 2.5-fold speed-up for 8 concurrent
solves compared to 8 sequential ones.

4 POISSON PROBLEMS ON PATCHES

One of the most basic tasks in geometry processing is the param-
eterization of a surface patch. The classic technique is based on
elementary results in complex analysis, namely that every topologi-
cal disk admits a conformal mapping into a disk. The analogue for
triangle meshes is the discrete harmonic map [Eck et al. 1995]. This
method minimizes the Dirichlet energy subject to Dirichlet bound-
ary conditions, i.e. fixing boundary vertices in the plane. To compute
these mappings, the linear system £;x = b with x,b € R has to
be solved, where £, represents the cotan-Laplacian [Pinkall and
Polthier 1993]. The boundary conditions require replacing rows that
correspond to boundary vertices by canonical basis vectors and the
right-hand side b is a sparse vector containing the x and y values of
the desired positions, respectively.

We wish to use the factorization for the full mesh M to effi-
ciently compute a harmonic parameterization of a surface patch
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patch size:

o5 x 10t

3% 10*

1><104

time (ms)

.. 2 %10

number of vertices

100000 200000 300000

patch size: | 2000 10000 30000 50000
refactorize & solve | 6 42 180 386
conjugate gradients | 18 227 1209 2580

Fig. 4. Parameterizing surface patches using sparse solves depends on the
size of the full mesh. However, even for small patches on large meshes the
method still significantly outperforms conjugate gradients and refactoriza-
tion & solve techniques which do only depend on the patch size (see table,
timings in ms).

My € M. The global factorization is unaware of the patch bound-
ary dMp. This could be fixed by updating the system, which is
possible but incurs extra cost. We rather opt for Neumann boundary
conditions [Desbrun et al. 2002]. This allows us to use the Laplacian
operator matrix L for the full mesh. We suggest generating the
Neumann boundary data by laying out the boundary vertices in the
plane and computing their Laplacian coordinates - other techniques
would also work. The right-hand side value for a boundary vertex
i is then computed by summing over each triangle containing the
vertex i:

b; = Z (Vi = vj)*. (3)

(i), k) eTp

We are now interested in the solution of £x = b, evaluated at
vertices Mj, C M of the surface patch. Note that this system also
defines the positions of the vertices M \ M), outside of the surface
patch. The beauty of our approach is that their positions do not have
to be computed and have no effect on neither the solution inside
the patch nor the computational complexity of the sparse subset
solve applied to the interior of the patch.

Evaluation. We conduct two experiments to evaluate the compu-
tational efficiency of our approach relative to pertinent parameters.
We compare the performance to the two solutions suggested in the
literature, namely computing the solution inside the patch using
conjugate gradients, or generating a new system matrix for the
patch, factorizing the matrix, and computing the solution using the
sparse factorization.

We base our implementation on Eigen. Sparsity is exploited when-
ever possible. In particular, we also exploit the sparsity of the right-
hand side for solving of the locally factored system. For conjugate
gradients we use diagonal preconditioning (the default in Eigen). For

dense solve
10°
® sparse solve (our approach)
105 refactorize & solve
conjugate gradients
é 10*
o
£
1000
30% 5%
100 I”X
° ° L4 ° ° ° ¢ ¢ ‘ ° .
patch size
0 50000 100000 150000 200000

Fig. 5. For a mesh with 4 x 10° vertices patches of different size are pa-
rameterized. Despite the relatively large size of the full mesh compared to
the surface patches, sparse solves are still orders of magnitude faster then
local approaches. Because the number of columns involved in a sparse solve
depend on the pattern of the right-hand side, we show the average of 100
runs for each patch size. The constant cost for a dense solve is depicted for
reference as gray line.

reference we also include timings for forward and back substitution
without exploiting sparsity.

In the first experiment we consider patches with fixed number
of vertices and vary the mesh size. The idea is that traditional ap-
proaches would be affected only by the size of the patch, but not by
the size of the surrounding mesh. This is different in our approach,
as the height of the elimination tree and, consequently, the local
solve, depend on the size of the mesh.

We generate patches with vertex counts 2 x 103, 1 x 104, 3 x 10*
and 5 x 10* using BFS on the vertex-edge graph of the triangle mesh.
The table in Figure 4 shows the running times of the traditional
solutions, which were indeed nearly constant across all experiments.
The graph in Figure 4 shows the performance of our approach. As
expected, the runtime increases with the size of the mesh, seemingly
involving a logarithmic dependence. The local variation in runtime
is due to the varying alignment of the patches with the nested
dissection structure. In other words, if the patch happens to align
nicely with the separators used in nested dissection, the sparsity
in the right-hand side and the patch results in fewer nonzeros in
the solution and reduced cost. If the patch intersects many such
separators at a high level, the performance degrades. Importantly,
the performance of our approach is significantly better then the
traditional approaches, even in unfavorable constellations.

In the second experiment we take a fixed mesh with 4 x 10°
vertices and vary the patch size. We take a relatively large mesh, as
smaller meshes lead to smaller elimination trees and would be to the
advantage of our approach. In this scenario we consider comparably
small patches as, vice versa, larger patches are to the disadvantage
of the traditional techniques. The graph in Figure 5 shows the result
of this experiment: for all but the smallest patch sizes our approach
outperforms the traditional techniques by one or more orders of
magnitude.
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* factorization
nested dissection + factorization

time (s)

time fraction
o
(=}

10
5
number of vertices 1 vertex frm\

1x10°  2x10°  3x10°  4x10° 0.0 0.2 04 0.6 0.8 1.0

Fig. 6. Time required for Cholesky factorization and nested dissection
(Metis) reordering (left). Time ratio of local patch factorization and fac-
torization time for the full mesh over vertex fraction of the patch (right).
Time fraction quantifies how many local factorizations can be computed
until it becomes beneficial to compute and exploit a global factorization.

Unsurprisingly, the dense solve is the slowest in all experiments.
And, consistent with the literature on the numerical solution of the
2D Poisson problems, the direct solvers based on sparse factorization
outperform the iterative solver based on conjugate gradients.

Reusing the factorization of the mesh Laplacian obviously re-
quires building this factorization in a preprocess. Figure 6 illustrates
the time required for meshes of different size. For triangle meshes
reordered by nested dissection the asymptotic runtime of O (n3/?)
[Golub and Van Loan 2013, 11.1.7] can be observed (see fitted curve).
The second plot also includes time taken for nested dissection re-
ordering (using Metis [Karypis and Kumar 1998]).

In many geometry processing applications the factorization of
the full mesh is necessary anyway, and it could simply be reused for
localized solves. If only few small patches are processed it may be
faster to compute the factorizations for the subsets. The amortization
of a full factorization depends on the size of the patch and the full
mesh. We have found that the ratio of factorization times depends
only on the ratio of vertex counts of the mesh and the patch and is
independent from the absolute numbers of vertices. Figure 6 (right)
illustrates the ratio of factorization time as a function of the relative
size of the patch. For example, factorizing the Laplace matrix of a
patch consisting of roughly 20% of the vertices is 10 times faster
then factorizing the matrix for the whole mesh.

Compared to the times necessary for factorization, solving re-
quires negligible time. So if indeed the overall processing time is of
importance, one would have to estimate how many local solutions
on patches of what size are required in order to gauge the benefit of
local vs. global factorization. To keep with the previous example, if
less then 10 local geometry processing problems have to be solved
on patches consisting of 20% of the vertices in the mesh it is better to
compute local factorizations. For more then 10 problems it is better
to compute a global factorization.

Non-linear parameterization. More recent techniques for parame-
terizing patches are non-linear and typically involve iterative solu-
tions of sparse linear systems. Some popular techniques are based
on a fixed system and only modify the right-hand side throughout
the iterations: As-rigid-as-possible parameterization [Liu et al. 2008]
optimizes the per-triangle transformation to be rigid or a similarity
transformation. They report up to 10 iterations for the minimization
of their energy. Spectral-conformal parameterizations [Mullen et al.
2008] are based on extracting the Fiedler vector from a Laplacian
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system. Computing this eigenvector can be done based on inverse
iterations quite efficiently using our approach, as the Cholesky fac-
tors allow quick computation of the iterates. Inverse iteration is
known to converge extremely rapidly, with a good starting guess in
well under 5 iterations [Ipsen 1997].

Given the performance data we have shown, even for these tech-
niques it is beneficial to exploit a global pre-factorization and then
use the local sparse subset solve we provide.

5 LOCAL SOLUTIONS TO DIFFUSION PROBLEMS

Many problems in geometry processing can be approached by solv-
ing a diffusion problem. The main idea is to simulate the diffusion
process from a defined source over the geometry for a fixed time
step t. We focus on heat diffusion, which is commonly appearing in
the following discrete form in geometry processing. :

(M-tL)x=b ()

Where M represents the mass matrix and £ the cotan-Laplacian.
In many cases heat is diffused from a single point, often a single
vertex, in which case we have b = e;, where e; is the canonical basis
vector with a single one in the entry with index i. So the right-hand
side contains only a single non-zero and, as explained before, the
complexity of the first step of the solve drops from at least linear to
logarithmic in the number of nodes.

For small time steps, heat will have non-negligible values only
in a small neighborhood around the source. In this case it might
make sense to also restrict the set of values in the solution. Then the
second step of the solve depends on the part of the elimination tree
that contains the desired nodes. In our scenario they are close, and
in most cases nested dissection makes sure all nodes are contained
in a small subtree. Then, altogether, the operation of solving for the
heat values reduces from at least quadratic in the size of the mesh
to quasi-linear.

In the following we will analyze particular applications in more
detail.

The autodiffusion function. The auto-diffusion function ADF; (x)
[Gebal et al. 2009] measures the amount of heat that stays at a
source after diffusing for time ¢. The more general heat kernel
signature HKS(x) [Sun et al. 2009] combines several values of the
auto-diffusion function over time ¢. These functions are used to
generate descriptors and have a variety of applications, particularly
in shape matching.

The standard way to compute the auto-diffusion function or heat
kernel signature is based on computing a set of eigenvectors of the
discrete Laplace-Beltrami operator. However, it is clear that the value
of ADF;(v;) could also be computed by solving heat diffusion forb =
e; and considering the result in x;. If a standard approach to solving
the linear equation is used, the solution would provide all values in x.
Then computing the auto-diffusion amounts to effectively inverting
the diffusion operator, which is more expensive than computing a
few eigenvectors. Computing the HKS would mean to compute the
inverses for a set of matrices of the form M — ¢t £ with varying ¢,
which appears not to be attractive.

Using our approach, computing the value of the solution only
for x; is a best case scenario. What our approach effectively does
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is computing only the main diagonal of the inverse operator. This
can be done at a fraction of the cost of computing the full inverse.
For the HKS, we can exploit the common sparsity structure of all
operators: Note that the elimination trees in the factorizations of
M — t£ are independent of ¢. This means we can effectively solve
for the values in one vertex with varying t in parallel, by traversing
the elimination tree and computing the values based on different
numerical values for the factorizations. This approach becomes
particularly attractive if the auto-diffusion values are needed only
in a sparse subset of the vertices, because the complexity is trivially
linear in the number of desired values (whereas the computation of
eigenvectors depends on the mesh size, even if the signatures are
evaluated only on a subset of the vertices).

Computing the autodiffusion
function using our method on a
bunny mesh with 53000 vertices
(see inset) took 11 seconds while
solving the system each time us-
ing classical forward/back substi-
tution would take 3 minutes and
45 seconds. Computing 300 eigen-
functions using ARPACK to com-
pute the autodiffusion function as
described in [Gebal et al. 2009]
takes 39 seconds.

We wish to stress that comput-
ing the solution of the linear equation for only the source vertex is
fundamentally different from restricting the computation to a sub-
mesh around the vertex i [Herholz et al. 2017]. For small time steps
the results might be fairly similar, for larger ¢ values, however, heat
diffusion on a small disk like mesh around i will behave fundamen-
tally different from the global solution. The sparse solve computes
the exact results no matter what value of t is set. Moreover, the
amount of computation is exactly the same for all time steps ¢.

Pairwise heat exchange. The case of autodiffusion is optimal for
the sparse solve. All that is required is to walk down one path in
the elimination tree for the forward solve and move back up for the
back solve. In many cases we are interested in the distance or heat
exchanged by a small set of points, for example when computing
embeddings [Panozzo et al. 2013]. If we are interested in how much
heat is exchanged by two disjoint sets of points or two single points,
the obvious approach is to
compute the subtree of the —]
elimination tree with respect
to the union of both sets. This
can be quite efficient if both
sets share most of the subtree.
If this is not the case it is ben-
eficial to use different subtrees
for the forward and back solve L L E
respectively. We implemented speedup
this technique and conducted an experiment to assess its benefit. On
a mesh we randomly select pairs of points. Depending on how many
nodes in the paths traced to the root of the elimination are shared
we expect different speedups. For 10* pairs on a mesh with 2 x 10°

vertices we show a histogram of the achieved speedup (inset). In al-
most all cases runtime significantly profits from using two separate
subtrees. In a small number of cases, where points are quite close
on the mesh, setup cost for the second tree outweighs the benefit
by a small margin.

Geodesics from diffusion. Crane et al. [2013] observed that heat
diffusion can be used to obtain fairly accurate geodesic distances
on meshes. The main insight is that the direction of the gradient
field of the heat distribution induced by a point source after a small
time-step matches the gradient of the geodesic distance function up
to scale. Since the length of gradient vectors to geodesic distance is
one, the function can be approximated by integrating the normalized
gradient field.

Since the right-hand side of (4) is sparse, the forward substitution
step can be optimized using the sparse solve. Back substitution
and the solution of the second system, however, usually requires
a full solve since the results will be generally dense. However, if
distances are needed only in a small region around the source, we
can compute these values at a cost that is dominated by the size
of the neighborhood rather then the full mesh. This can be useful
especially if one is interested in computing the vertex that is closest
to a number of points, such as in constructing Voronoi diagrams.

6 DISCUSSION & CONCLUSIONS

Geometry processing applications commonly require solving sym-
metric, positive-definite linear systems Ax = b. In many situations
either the right-hand side b and/or the set of solution values of inter-
est in x corresponds to a small and localized set of vertices. We have
shown how to systematically exploit the resulting sparsity of x and
b when the Cholesky factorization of A is provided without compro-
mising on numerical accuracy. As a result of the nested dissection
reordering strategy, the speedup over a full solve can be significant
when the sparse sets correspond to spatially close vertices. Even if
this is not the case, improved solving times can usually be observed.
Due to the small overhead, our strategy will exhibit nearly identical
running times as the full solve not exploiting sparsity in the worst
case. We have demonstrated the efficiency of local solutions on
representative applications in geometry processing. For these we
find that using sparse subset solves on prefactored system matrices
can improve the runtimes by orders of magnitude.

Localization is not always straightforward. For example, fixing
a subset of arbitrary vertices (such as in many modeling scenar-
ios) requires updating the system matrix, which may not be very
efficient [Davis et al. 2016]. We are currently investigating if the
update or downdate of a matrix can be localized, thus also exploiting
locality for these types of operations.
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