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(d1) Virtual world view 1 (e1) User’s HMD view

Virtual reality applications prefer real walking to provide highly immersive
presence than other locomotive methods. Mapping-based techniques are
very effective for supporting real walking in small physical workspaces while
exploring large virtual scenes. However, the existing methods for computing
real walking maps suffer from poor quality due to distortion. In this pa-
per, we present a novel divide-and-conquer method, called Smooth Assembly
Mapping (SAM), to compute real walking maps with low isometric distortion
for large-scale virtual scenes. First, the input virtual scene is decomposed
into a set of smaller local patches. Then, a group of local patches is mapped
together into a real workspace by minimizing a low isometric distortion
energy with smoothness constraints between the adjacent patches. All local
patches are mapped and assembled one by one to obtain a complete map.
Finally, a global optimization is adopted to further reduce the distortion
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(d2) Virtual world view 2
Fig. 1. We propose a divide-and-conquer method to compute a map from a substantially large virtual scene, as shown in (a) (24m X 24m), to a small real
workspace (b) (3.6m x 3.6m). (b) The real walking path of one participant to pass through the virtual scene in our real walking workspace. (c) The photo of our
real walking workspace, which is used in all experiments in this paper. We build a low-cost tracking system with four Microsoft Kinect V2s, where each Kinect
is placed at one corner of the workspace, to capture the users’ position. The virtual world views and user’s HMD views at two viewpoints are shown in the
bottom row. Note that the virtual scene is about 44 times larger than the real workspace in area, and contains some loops and curve-shaped pathways.

(e2) User’s HMD view 2

throughout the entire map. Our method easily handles teleportation tech-
nique by computing maps of individual regions and assembling them with
teleporter conformity constraints. A large number of experiments, includ-
ing formative user studies and comparisons, have shown that our method
succeeds in generating high-quality real walking maps from large-scale
virtual scenes to small real workspaces and is demonstrably superior to
state-of-the-art methods.

CCS Concepts: « Computing methodologies — Virtual Reality;

Additional Key Words and Phrases: Virtual reality, real walking, virtual
scene mapping, isometric distortion, teleportation

ACM Reference format:

Zhi-Chao Dong, Xiao-Ming Fu*, Chi Zhang, Kang Wu, and Ligang Liu*. 2017.
Smooth Assembled Mappings for Large-Scale Real Walking. ACM Trans.
Graph. 36, 6, Article 211 (November 2017), 13 pages.
https://doi.org/10.1145/3130800.3130893

1 INTRODUCTION

The rapid development of virtual reality (VR) in both hardware and
software enables an active and dynamic ability for users to freely
navigate through virtual environments (VEs). Real walking with VR
devices, such as head-mounted displays (HMDs), has been shown
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to provide a more natural user experience, in terms of presence
and immersion, than walking-in-place and joystick-based locomo-
tion [Usoh et al. 1999].

To allow users to walk through expansive VEs larger than the
physical real workspace (RW), a variety of techniques, such as redi-
rected walking, physical props, and space manipulation, etc., have
been proposed to preserve the feeling of moving naturally through
VEs while simultaneously keeping the user physically constrained
within the RW [Cheng et al. 2015; Razzaque et al. 2001; Suma et al.
2012]. However, physical props and space manipulation are not
general enough to provide navigation guidance within VEs, while
redirected walking techniques often interrupt users and require
them to reset their location with rotation gains. Although distrac-
tors are often adopted to mitigate these disruptions, they do not
completely remedy the situation.

Recently, Sun et al. [2016] proposed a mapping-based method to
compute a smooth mapping from the VE to the RW. This avoids
breaking up the flow of the user experience and allows for smooth
real walking within VEs. However, when applying the method
of [Sun et al. 2016] on a large VE it may generate substantially
distorted maps, resulting in unacceptable visual artifacts and in-
feasible walking navigation. This is because one global mapping
from a large VE to a small RW inevitably yields serious distortions,
thereby rendering it difficult to preserve distances and angles within
a VE. Therefore, computing low distance distortion mappings for
large-scale VEs remains a challenge.

Our method. To this end, we propose a novel approach, called
Smooth Assembled Mapping (SAM), in order to map large-scale VEs
into small RWs with low isometric distortion. Our method is based
on the divide-and-conquer strategy. Instead of creating a global
map between the whole VE and the RW, we create piecewise local
mappings so that each one maps a subpart of the VE into the RW.
This is achieved by decomposing the input VE into smaller local
patches. Each patch is mapped into the RW by minimizing a low
isometric distortion energy. A group of adjacent patches is then
mapped and assembled together with smoothness constraints. After
all patches are mapped, a global optimization is applied to further
reduce the isometric distortion and conform to other constraints,
including loop closure smoothness and interior obstacle avoidance.
Our SAM method easily handles the teleportation technique by
computing maps of individual regions and assembling them with the
teleporter conformity constraints. In comparison with other state-
of-the-art methods, our method generates maps from substantially
large VEs into smaller RWs with low isometric distortion, thereby
achieving better immersive experiences for VR applications. The
feasibility and practicability have been validated by a number of
experiments and formative user studies via a low-cost tracking
system, which is implemented by four Kinect V2s.

2 RELATED WORK

Real walking. Typical immersive virtual reality systems include
walking-in-place [Iwata et al. 2006; Schwaiger et al. 2007; Souman
et al. 2008] and real walking [Usoh et al. 1999]. Real walking with
head mounted displays (HMDs) provides more natural navigation
and a more immersive experience compared to walking-in-place
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and other indirect methods of VR navigation [Usoh et al. 1999]. To
support real walking in smaller RWs to experience the larger VEs,
many techniques have been proposed in the past fifteen years, such
as physical props [Cheng et al. 2015], space manipulation [Suma et al.
2011, 2012; Vasylevska and Kaufmann 2017; Vasylevska et al. 2013],
redirected walking [Razzaque et al. 2001, 2002], and the mapping-
based method [Sun et al. 2016]. Below we review the latter two
categories, i.e., redirected walking and mapping based real walking.

Redirected walking. Redirected walking techniques build upon
the principle that the brain considers visual cues to dominate the
natural movement of the human body. Therefore, it is possible to
introduce subtle differences between motions in the real world and
what is perceived in the virtual world. Translation, rotation, and cur-
vature gains are used and their thresholds are studied in [Steinicke
et al. 2008]. Based on these gains, many techniques have been pro-
posed, such as reactive methods [Field and Vamplew 2004; Hodgson
and Bachmann 2013; Hodgson et al. 2011; Peck et al. 2012; Razzaque
2005; Williams et al. 2007], and predictive algorithms [Azmandian
et al. 2014; Nescher et al. 2014; Zmuda et al. 2013]. However, these
techniques cannot guarantee that a user remains safely within the
tracked RW. Thus, a reset process, which uses rotation gain, is ap-
plied to prevent the user from leaving the RW [Peck et al. 2012;
Williams et al. 2007]; however, this seriously affects the user experi-
ence. The most commonly used algorithm for reactive methods is
Steer-To-Center (S2C), which focuses on steering the user towards
the center of the real space. We compare with the S2C in Section 5.4.

Mapping based real walking. In a recent work, Sun et al. [2016]
proposes a method of mapping between virtual and real scenes
that lowers distortion. However, it may inevitably produce large
distortion for mapping large scenes into relatively small real space.
To tackle this problem, we propose a new method that computes a
series of local mappings from parts of the virtual scene to the real
space. Our method uses a low isometric distortion scheme and then
assembles the parts into a smooth mapping.

Smooth planar mapping. There are a vast number of methods
to compute smooth locally bijective planar maps with low distor-
tion [Chen and Weber 2015; Fu et al. 2015; Levi and Weber 2016;
Poranne and Lipman 2014; Sun et al. 2016]. A general method for
generating these maps is proposed in [Poranne and Lipman 2014]
by bounding the distortion on discrete sample points. [Fu et al. 2015;
Sun et al. 2016] follows [Poranne and Lipman 2014] with different
objective functions and optimization solvers. Different from exist-
ing works, we decompose the input domain, i.e., the virtual world
floor plan, into small local patches and then map a small subset of
patches into the target domain one by one with smoothness con-
straints. As inappropriate distortion bound may lead to infeasible
results [Chen and Weber 2015; Levi and Weber 2016; Poranne and
Lipman 2014; Sun et al. 2016], we adopt a low isometric distortion
energy to compute the local maps, similar to [Fu et al. 2015].

3 PROBLEM AND FORMULATION

Inputs. We represent both VE and RW as planar floor plans, de-
noted as SV and SR, respectively. Generally, S¥ > SR or even
SV > SR In practice, we consider the reachable region, which



is a network of navigation pathways in SV. Without loss of gen-
erality, we also denote SV as all covered reachable regions, which
serves as the input VE domain.

3.1 Problem

Problem. The problem is to compute a smooth map f : SV — SR
that maps each point (u,v) € SV to a point (x,y) € S, according
to some criteria and constraints.

Instead of computing a global map from S V to SR directly, which
may result in substantially large distortion, we propose a divide-
and-conquer strategy. First, S V' is decomposed into K small patches,

ie, sV = Uf IPIY Each patch P]‘C/ can be individually mapped into
R with little distortion by a local map fj. : P]Y — SR Our goal
is to smoothly assemble all local maps {f; }

f:5V — SR,

le into a global map

Challenges. Our SAM method is to stitch all local maps f}. together
to obtain a smooth map f. However, there are two challenges in
achieving it. First, it is non-trivial to create small distance distortions
when mapping large-scale VEs into small RWs. This is substantially
critical in achieving positive user experiences when navigating VEs.
Second, two adjacent local maps should be assembled in a smooth
manner, that is, the navigation from one patch to another should be
smooth enough that the user will not perceive the change.

Methodology. Inspired by the spline theory, we represent local
maps as tensor Bézier maps (assuming that Pl‘c/ are rectangular do-
mains), which facilitates analytic computation of the smoothness
between adjacent mappings, i.e., two adjacent maps can be smoothly
assembled with linear constraints on the control points. Other con-
straints on the maps can be easily conducted as well.

3.2 Formulation
Mapping representation. We denote PV [ak, br] X [ck, di]. The

map f. : PV — SR s represented as a tensor Bézier patch as follows:

fi(u,v) = chf]Bf(u )BT (0"), (u,v) € P} 1)

i=0 j=0
where {B}'(-)}"" ) and {Bjr-"(')}i";o

functions of degrees, n and m respectively. u* =

are Bernstein polynomial basis
u—ay % _ U—Ck
be-ai> " T di—c’

and {cl ]}l 20, j=0 are (n + 1) X (m + 1) control points, which are
variables to define the map. To measure the quality of the map fj,
we consider various costs of fi. on Ny points Zj = {Zk,l}ﬁﬁ evenly
sampled in P]‘C/ [Poranne and Lipman 2014]. We setn = m = 7
to provide a trade-off of flexibility and scale for the variables and
Nj. = 3600 in our implementation.

Distortion cost. The distortion cost of fi.(zx ;) is measured by the
isometric energy as:

Wil

El(flls_Z(OJ l)2+(gj l) = (d et Ji., )2’

@

where Ji ; denotes the Jacobian of f at z ;, o are two

152
kD’ Tkl
singular values of Ji ;, and || - ||F denotes the Frobenius norm. If
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det Ji.; > 0, i.e., fi is locally bijective, E”l’S reaches the minimum

when all singular values are equal to 1, and Edll goes to infinity
when det Ji ; approaches zero, which prevents f;. from degeneracy
and inversion.

Boundary cost. . (PI‘C/ ) should lie completely inside S¥. We mea-
sure the boundary cost of fi.(zx ;) as [Escobar et al. 2003]:

4
pbnd _ 2

k.1 Z J g2 ’
j=1 dk,l+‘,(dk,l) +e€4

where di ; is the signed distance from fy (z, ) to the j*" boundary

R () ; R
edge of S (dk,l > 0if £ (zg, 1) € ST). €4 o+ ,pz te,
is a small positive number that is used
to penalize the negative distances. As

®)

shown in the right inset, when di ; <0,
the denominator becomes very small,
thus making E/lz"ld very large.

N

Overall cost. We have a cost function
to measure the quality of the local map f; from PX to SR as:
N

Z(wdls kl + wbndE )7 (4)
l 1

E(PV,SR)—

where wg;s and wp, g are weights for both terms (wg;s = 5 and
Wpnd = 1 by default).

Smoothness constraints. onto an-

other, we need to guarantee the

smoothness between them. To ver- PV

ify this, we consider two adjacent k

patches P]Z and PIV with a com-

mon boundary edge, as shown in n2 ond1 1 2

the right inset. To guarantee the C? smoothness between f}. and fj,
we have the following constraints on their control points:

k 1

n,j = Co,j°

(ch j—chy b —ar)™" =(cl ; —cf Nbr—an™,

k k k -2 1 1 1 -2
(€, j = 2Cp 1 j + €pp )bk —ar)™" =(cy ; —2¢ ; +¢o )by —ap)™™,

)
for j=0,1,---,m. The constraints in Equation (5) are linear with
respect to the control points. Thus, they can be represented as:

AC = b, (6)

C

where C is the vector of the control points.

4 ALGORITHM

4.1 Overview

Assuming that fi. on patch P]‘C/ has been obtained, we then assem-
ble the map f; on its adjacent patch PIV by minimizing (4) with
constraints (6) one by one. However, it generally lacks sufficient
freedom to fold over these local maps on each other and thus may
result in large distortion. To allow more flexibility for folding over

the local maps, we assemble a group of patches, called super-patch,
at one time.
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Fig. 2. Overview of our SAM method. (a) Input VE SV (in gradient color which is a visualization for different regions); (b) SV is decomposed into a series of
primitive patches, which are classified into regular patches (yellow), leaf patches ( pink), junction patches (blue), and pseudo-junction patches (red); (c) the
dual graph G of the patches in (b); (d) G is partitioned into a set of trees (red polygons). Each tree represents a super-patch in SV, which is a group of patches.
(e1) Mapping the first super-patch into SR (represented by the black rectangle). Left: the super-patch is initially placed; Right: then it is mapped into SR with
its junction-type leaf patches mapped into the safe region S¥ (represented by the red rectangle). (e2) Mapping the second super-patch into SE. Left: the
super-patch is initially assembled by the smoothness constraint with (e1)-right; Right: then it is mapped into S® with its junction-type leaf patches mapped
into SR. (e3) All super-patches are mapped and assembled into S®. (e4) A global optimization is performed on (e3) and the final mapping result is obtained.

See the accompanying video for the live mapping process.

An overview of our SAM algorithm is shown in Fig. 2. Given an
input SV, we decompose it into a series of primitive patches. Then,
the patches are grouped into a set of super-patches so that each
super-patch consists of a few neighboring patches. Starting from
one super-patch, we compute its map to SR. Then, we compute and
assemble the other maps one by one on its adjacent super-patches
with smoothness constraints. This is done iteratively until all maps
on super-patches have been computed and assembled. Finally, a
global optimization with constraints, such as conforming loops and
avoiding interior obstacles, is performed on the map.

4.2 Patches

Patches. Let us elaborate on our SAM method on SV where all
pathways are either horizontal or vertical with uniform width w
(more general cases will be discussed later in Section 4.8). For each
intersection of a horizontal pathway and a vertical pathway, we
cover it a w X w rectangular patch (see the blue patches in Fig. 2
(b)). We call these patches junction patches. These junction patches
partition the pathways into a series of straight road sections. For
each road section, we decompose it into a sequence of | L/w] equal-
sized patches, called regular patches, for which L is the length of
this road section (| - | denotes a floor function). Hence, SV is entirely
covered by a set of primitive rectangular patches {PV}szl,

two adjacent patches share one common edge (Fig. 2 (b)).

where

Patch graph. We denote G = (V, E), where V is the set of nodes
and E is the set of edges, as the dual graph of patches {PZ }kK=1'

Each node of G corresponds to a patch of SV and each edge of G
that joins two nodes indicates that the two corresponding neighbor
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patches coincide at one common edge. We choose one node with the
maximal valence as the root node v of G. The nodes corresponding
to the junction patches are called junction nodes. The other nodes
with valence 2 and 1 are called regular and leaf nodes, respectively.
The distance between two nodes is defined as the number of edges
on the shortest path between them. See Fig. 2 (c).

4.3  Super-patches

Pseudo junction nodes. The junction nodes divide G into a set
of edge sections. We denote y as a length threshold (y = 3 in our
implementation). If an edge section contains T’ > y edges, it is then
uniformly divided into |I'/y | subsections; each subsection contains
about y edges (either y or y + 1). The common nodes of these new
generated subsections are called pseudo junction nodes (see the red
nodes in Fig. 2 (c)).

Super-patches. We partition the graph G into a set of non-overlapping

trees, so that each of the trees represents one super-patches, as
follows. Starting with v as the tree root node, we expand an as-large-
as-possible tree 7;,. Each of of this tree’s leaf nodes is either a leaf
node of G, or a junction node (either real or pseudo) of G with a
distance to v within [y, 2y]. Note that we set a lower length bound
y for the path I from a junction-type leaf node to v to have enough
flexibility for folding over patches of T into SR. We set an upper
length bound 2y for T to avoid mapping too many patches at a time,
which may result in large distortions. The nodes in G belonging to
7, are marked as ‘visited’.

We regard each unvisited node v* in G, which is adjacent to the
leaf nodes of 77, as the root node. Then, we extract a new tree 7+
from the unvisited nodes in G. The above process of tree extraction



is conducted iteratively until all of the nodes in G are visited. At
the end, we have a partition of N trees for G, ie., G = UNT 7;. See
the trees with different polygons in Fig. 2 (d).

4.4  Mapping assembly

Safe region in SR. We define a subregion SR of SR, which is a
scale of 77 € (0, 1) of SR and centered in the middle of SR (5 = 0.6
by default). Since a junction-type leaf node of trees is connected to
other trees, we expect that its corresponding patch is mapped into
the safe region SR 50 as to provide more space around its map for
assembling the other maps.

Mapping of super-patches. For each super-patch 7;, we denote the
set of its junction-type leaf nodes as ‘7;“ and ‘7; =7\ 7;.‘:. Then,
we conduct the following energy minimization to map 7;:

min > EEL S+ Y ERLLSR), ()
{eiyh p}:’ eTH P]:’e‘7;C
st. AC=b. (7b)

Assembly of mappings. We compute mappings for all super-patches
one by one in a width-first order using the mapping of a super-patch
as constraints when computing the mapping of the adjacent super-
patches. Suppose we have already obtained the mapping of the
super-patch 7;+, and we are about to compute the mappings for all
adjacent super-patches {7}, j € J*} (J* is a set of indices). Since the
root patch of 7; is connected to 7j+, for each j € J *, we generate the
map initialization by determining the first three rows or columns of
the control points according to the smoothness constraints in Equa-
tion (5). Then, we uniformly extrapolate the other control points.
To guarantee that there is no inversion in the extrapolation, we
set a large value for the weight wg;5 = 100 in Equation (4) for the
patches in 7;c Then, we apply the minimization Equation (7) to
obtain the mapping for 7;. Similarly, we compute the mappings for
other super-patches iteratively until all super-patches are computed
and assembled. The process of the map assembly is shown in the
second row of Fig. 2.

4.5 Global optimization

After we compute and assemble the mappings for all of the super-
patches, we do a global optimization on them to further reduce the
distortion as:

Z EPY,sR), (8a)
{c, ]}

s.t. AC =b. (8b)

Constraints. There are some constraints to be considered in the
global minimization. First, if there are loops of pathways in SV, extra
smoothness constraints on adjacent patches in the loops are added
to Equation (8b). Second, for SR with interior obstacles, the map-
pings should avoid overlapping the obstacles. Like [Sun et al. 2016],
we resolve it by adding an interior obstacle penalized cost, which
is represented by a 2D Gaussian-based barrier function for each
interior obstacle, as in the cost function E(PY, S¥) in Equation (8a).
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4.6 Teleportation
Our SAM method can easily handle teleportations in VR.

Scene decomposition via teleportation. Even large-scale, complex
VEs can also be decomposed into multiple regions. Adjacent regions
are connected via teleporters. The user can navigate from one region
to another via these teleporters. This is achieved by computing a
map of each region individually and then assembling all maps by
adding the conformity constraints to the teleporters.

Suppose SV is decomposed into N, non-overlapping regions
{le}firl. We denote the teleporter connecting two adjacent regions
QIV and QIV as Ty, ;,- We associate Ty, ;, with the patch P,Z’ h (with

ll’kl) in QlV and the patch PV’ L (with control points

Vol and PV b

control points ¢

lz, kz)

in QV Apparently, P are adjacent patches in

SV As the teleporter, the patches PV ll and PV k2 are expected to
be mapped onto the same area in SR. To this end we conduct the
following constraints:

L,k b,ky _ .o
l.fj 1 cifj 2 =0, for alli,j. (9)

We define the teleportation cost at the teleporter Ty, j, as:

-

le

Etel(T Ciz}kznzl (10)

We denote T as the set of all teleporters. Note that two adjacent
regions may have multiple teleporters; thus, we first compute N;
maps for each region individually, and then assemble them together
by solving the following optimization:

min Z Z E(P)!, SR) + o1 Z E*°H(Ty. ), (11a)

k
{ei;b 1= 1pY le Ty €T
s.t.  AC=b, (11b)

where the weight w7 is set to 100 in our implementation.

Scene composition via teleportation. Our method can also easily
implement teleportation for multiple input VEs. Specifically, we can
compose the input VEs via some teleporters. First, we compute a
map for each VE individually. Then, all maps are assembled by the
optimization (11).

4.7 Numerical solver

We utilize the Newton’s method to solve optimization (7), (8), or (11).
We denote the Hessian matrix of the objective function as Hj, the
gradient matrix as G;, and the unknown control points c; at the j* h
iteration. We compute the decreasing direction §; for ¢; by solving
the following linear system:

I 2
A 0 A 0

Any indefinite Hessian (detected by the Cholesky decomposition)
should be modified to be positive-definite. We add a positive number
T to the diagonal entries of H;. We update 7 iteratively by 7;,, =
min(10'®,107;), 7o = 107> until the modified hessian is positive-
definite. Then, new control points are determined by backtracking

line search:
Cj+1 =Cj+0(j6j, (13)
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where a; is the step size to keep the locally bijective property and
decrease the energy. The initial value for each iteration is set as half
of the maximum available step size amax to maintain the locally
bijective property, which is computed according to the method
of [Smith and Schaefer 2015]. When all of the mapped sample points
do not violate the exterior boundary constraints, we include these
constraints to compute amax in order to restrict the mapped sample
points inside SR Because Adj = 0, our new control points ¢j1
satisfy Acj+1 = b, meaning that the smoothness constraints are
maintained during the optimization. We terminate the optimization
when the relative change of the whole energy is smaller than 107,

4.8 Discussions

Mapping formulation. Sun et al. [2016] represent the mapping as
a linear combination of RBFs and impose hard inequality constraints
on distortion and exterior boundaries. However, their optimization
problem is complicated and the solver is hard to proceed. Instead
we use the patch-based Bézier surfaces to represent the mappings,
which can be easily conducted with C? smoothness constraints on
the mapping. Furthermore, we convert the hard inequality con-
straints to unconstrained energies, which is easy to be optimized.
For large input VEs, such as the VE in Fig. 1, [Sun et al. 2016] cannot
work well while our SAM can generate low distortion result.

Non-uniform pathways in VE. Although we elaborate on how
our method operates in special cases, our SAM method can easily
handle general cases. Generally, the pathways in SV have different
widths. A straightforward scheme is to compute the maximum
Wmax for all widths and then cover a rectangular patch wpax X
Wmax at each intersection of a horizontal and vertical pathway.
Instead, we compute adaptive rectangular patches at the pathway
intersections according to their sizes. Then, we cover road sections
using rectangular patches with sizes that are interpolated by those
at the intersections.

For SV with curve-shaped pathways, we compute the skeletons of
all pathways and generate a quadrilateral mesh over SV where each
quad is centered on the skeleton. For quads that are not rectangles,
we parameterize them into a unit square [0, 1] X [0, 1] and represent
local maps accordingly.

Arbitrary RW. For non-rectangular SR we first compute its ori-
ented bounding box SbR. Then, we use 55 as an input RW and regard

the difference Sf \ SR as interior obstacles in the optimization.

Successive global optimization scheme. In our SAM method, the
global optimization is performed after all super-patches are assem-
bled together. For very large VEs, there too many variables in the
final global optimization that may cause very expensive computa-
tional cost. An alternative scheme is to perform a successive global
optimization (SGO), i.e, successively applying the global optimiza-
tion on existing super-patches during the assembly process. In order
to reduce the number of variables, the optimization can be per-
formed on the current super-patch and its neighbor super-patches.
The SGO scheme can reduce the computational cost and improve
the results for large-scale VEs, but does not improve much for small
VEs (see the experiments shown in Fig. 13).
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5 EXPERIMENTS AND APPLICATIONS

We have done a number of experiments to validate our SAM method
and have compared it with state-of-the-art methods (also see the
accompanying video).

5.1 Validation system

Setup. To validate our method, we built a real walking VR system
in a 6m X 5.5m seminar room in the university. The Oculus DK2
HMD, which is connected to and driven by a laptop with Intel i7-
6700HQ CPU, NVIDIA GTX1070 GPU and 16 GB of RAM, is adopted
to supply a pair of identical binocular images of the mapped VE.
Users carry the laptop and wear the HMD when they navigate the
VE by walking. The hardware is powered by an uninterruptible
power supply in a backpack. We use the same approach as [Sun
et al. 2016] to compute the inverse map of f and render the warped
VEs.

Tracking system. The user’s orientation and position are needed
to compute the inverse map of f. The orientation sensor in the
Oculus DK2 HMD provides the user’s orientation. Generally, an
extra capture system, such as the OptiTrack motion capture sys-
tem [Sun et al. 2016], is adopted to track the user’s position. Instead
of using such an expensive capture system (about $52,000), we use
four Microsoft Kinect V2 (about $150 for one Kinect) to build a
low-cost tracking system as follows. At each corner of the room,
we place a Kinect on a camera tri-
pod to make a 3.6m X 3.6m real
walking workspace, SX, as shown
in Fig. 1 (c). Each Kinect, whichis
set toward the mid-point of its op-
posite edge (see the right inset), is
connected to a laptop. The signals
of the four laptops are synchro-
nized through network sockets.

The four Kinects are kept in the same heights and are calibrated in
the same world coordinates, so that the room floor is the XOY plane
and the gravity upright is the Z axis. As the user walks around, each
Kinect returns its skeleton, and we use the neck joint of the skeleton
to represent the user’s position, which is more stable than the head
joint. Then, we uniformly average the four captured positions and
use this as the user’s position in S. If one Kinect fails to capture
the position at a certain time, we ignore it in the average.

We further smooth the user’s walking path by amending the cur-
rent position through using their previous position as a prediction.
Specifically, we denote the user’s position at time t as X; (in the
XOY plane). The averaged position captured by the Kinects at time
t + 1 is denoted as f(t+1. Then, the the user’s position at time ¢ + 1
is computed as:

X1 = X¢ + [ Xe41 = Xt 12Dy, (14)
where Dy is the normalized direction of the blended direction:

= X - X X; - X,
D; = wx At+1 t +(l—wx)t—tlat>0, (15)
(IXrr1 = Xell2 IXr = X¢-1ll2

where Xy = )/io, and wy is a weight (wx = 0.8 by default).
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(c) Rendering of the virtual world (upper row) and the user’s HDM view (lower row)
Fig. 3. Testing our SAM method on various VEs. First row: six VEs of varying sizes. Second row: the mapping results. Numbers in brackets denote maximal
distortion and average distortion. Third row: the rendering of the virtual world (upper row) and the user’s HDM view (lower row) at similar viewpoints. From
the distortion, we can see that SAM obtains low distortion mappings for these VEs, even for the maximal one S6V which is about 54 times SX in area.

T = e : : T
» : IR R S AL
(a) ploc () p=i" (¢) pe (@ poe (¢) Distance

Fig. 4. Plots of averaged locomotion fidelity, visual fidelity, nausea score, oculomotor score, and walking distance, respectively, for the user study that 30
participants are asked to walk freely in six scenes (one by one in a random order).

—

Y/ /<\\ 5.2 User study metrics
We conduct numerous user studies to evaluate our SAM method.

Participants. For each user study, we enroll 30 participants be-
tween the ages of 18 and 35. Some of the participants had used the
HMD before, while others never have the experience. Table 1 shows
details of the participants, such as their average age and deviation,
and the number of males and females, etc., in each user study.

= ) b= o)

() (b)

Fig. 5. Validation of our low-cost tracking system (shown in Fig. 1 (c)). Two
paths (shown in blue) are designed in SR and ten users are asked to walk
along them. The average walking paths of the users are shown as curves in
gradient color which are quite close to the designed paths, which illustrates

Objective metric. We adopt the isometric distortion metric used
in [Fu et al. 2015] as the objective distortion metric. For each sample
point z, its distortion is defined as 8:°° = max{c}, 1/0} 02, 1/02},
where ¢! and o7 are the two singular values of the Jocabian of the
map f at z. §15° reaches the optimal value 1 when o} = o = 1. We

that our tracking system is suitable for real walking applications.

To verify our tracking system, we design two paths in SR (Fig. 5
(a)) and ask ten users to walk along them. It can be seen that the
tracked and designed curves are very similar, and the average dis-
tance error between them is less than 5cm. Our tracking system is
cheap and easy to setup and is used for all our experiments.

uniformly sample 10002 points in each patch and denote 5539, and
Oavg as the maximal and average distortion values on the sample

points respectively.

Subjective metric. As in [Bowman et al. 2002], we use the locomo-
tion fidelity p!°¢ (out of 100) and the visual fidelity p?S (out of 100)
to measure the VR usability for the user when navigating a VE. We

ACM Transactions on Graphics, Vol. 36, No. 6, Article 211. Publication date: November 2017.
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(b) Virtual world view

(b2) |

(ad) (4.00, 1.14)

- i

Fig. 6. (al-a4) The Sf in Fig. 3 is mapped into S® with four different interior obstacles (represented by black blocks). The virtual world appearance is rendered

in (b) and the corresponding user’s HMD views are shown (b1-b4).

Exit Exit
Entrance Entrance
(al) Virtual path  (a2) Real path  (b1) Virtual path  (b2) Real path

Fig. 7. Two real paths from the entrance to the exit of scenes (a1) and
(b1), which are scenes in Fig. 6 (a3) and (a4) respectively, are shown in (a2)
and (b2), respectively. See the accompanying video for users’ real walking
without bumping into any obstacles.

loc loc

dev
for all participants in one user study. p

defined.

Furthermore, the standard post-interview-based method is used to
evaluate the motion sickness by the simulator sickness questionnaire
(SSQ) [Kennedy et al. 1993] and we record the scores of nausea
p? (out of 27) and of oculomotor p?“* (out of 21). Their average

and standard deviation are denoted as p3yy’, py&t, pavg » and pgc
respectively.

loc
avg

define p;9¢ and p’°¢ as the average and standard deviation of p

vis

avg and p3’° are similarly

avg

Task failure. Because we have not implemented collision detec-
tion, the participants are told not to cross the wall in the VE before
the experiments. For each experiment, the participants are asked
to fulfil a task in the VE via real walking, and we terminate it after
they either feel sick or walk across the wall. We denote Ny ,;; as the
number of participants who fail to fulfil this task.

5.3 Experiments

VEs of varying sizes. We test our SAM method on six different
VEs of varying sizes; the maximal one (Sg’ ) is about 54 times of S¥
in area, as shown in Fig. 3. All of the 559, and 6152 for six scenes
are close to 3.0 and 1.1, respectively (see Table 1), which means that
our SAM method obtains low distortion mappings for these VEs.

Each participant is asked to walk freely in six scenes (one by one
in a random order) within 2 minutes, and we record the walking
distance (in meters) for each task. We ask the participants to take a
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ILI'—'—'m
(a)

(b)
Fig. 8. (a) The input VE as the reachable region of Fig. 1 (a). (b) Mapping

result whose 852 = 3.10 and 53";}"

= 1.21, respectively.

break for more than half an hour after completing one task; they
carry on to the next task after the break.

All participants have successfully fulfilled all tasks, i.e., Nrg; = 0.
From their feedback we see that they had similar experiences in
these scenes. Some of them even told us that there are no differences
within these scenes. This is proved by the plots of pi*, p3 7", pavg's
and p(‘i’g‘ as shown in Fig. 4 (a)-(d), as these values are similar with
small deviations. Both the nausea and oculomotor scores are in the
comfortable range. Fig. 4 (e) shows the average and deviation of
the walking distances for different scenes. The averages are simi-
lar, which means that the mapping results generated by our SAM

method are similar for all scenes.

Obstacles in SR. We map SX in Fig. 3 into SR with four different
interior obstacles, as shown in Fig. 6. We ask five participants (four
males and one female) to carry out the task of walking from the
entrance and to find their way to the exit. All of the participants
succeeded in completing this task without bumping into any obsta-
cles. Fig. 7 shows the walking paths of two participants in both §V
and SR, respectively.

Large-scale VE.. We map a large VE (24m X 24m) into a small RW
(3.6m x 3.6m), as shown in Fig. 8. The virtual world floor plan of
the VE is shown in Fig. 1 (a). In this VE, there are curve-shaped and
non-uniform pathways, forming some loops.



(a0) 2.16m x 2.16m
1

First layer

(b2) 20.9m x 20.9m
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(b0) 2.16m x 2.16m

Second layer (b3) (492, 1.12)

Fig. 9. Example for teleportation technique on a large-scale VE with two layers. There are five regions in the first layer and five regions in the second layer.
The blue rectangles in (a0) and (b0) are used as the teleporters for connecting two layers. The adjacent red rectangles are the teleporters for connecting the

regions. The mappings of various regions are shown with distortion.

(c2) User’s HMD view 1

Large-scale VEs via teleportation. Fig. 9 shows a large-scale VE
of an exhibition hall with two layers. There are five regions in the
first layer (Fig. 9 (left)) and two regions, (al) and (a2), are symmetric
to the other two. There are five regions in the second layer (Fig. 9
(right)), and one region (b3) is symmetric to the other one. (b1) is
a curved pathway, and (b2) is a long corridor. The sizes of these
regions are shown in the Fig. 9. The blue rectangle in (a0) from the
first layer and the blue rectangle from (b0) in the second layer are
used as the teleporters to connect the two layers. The adjacent red
rectangles are the teleporters connecting the other regions.

The mapping results for regions (al) and (a2) in the first layer
and (b1), (b2), and (b3) in the second layer, with the values of 5.5,
and 5§f,g, are shown in Fig. 9. The values of 559, and 5;"5,2 show that
all mappings have low levels of distortion.

We invite five participants to freely walk through and look around
the exhibition hall. All of the participants have navigated through
some of the regions without feeling uncomfortable or sick. Fig. 10

V<
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(d2) User’s HMD view 2
Fig. 10. (b1) and (b2) show the real paths of walking through the first and second layers in (a1) and (a2), respectively. The virtual world appearances at two
viewpoints are rendered in (c1) and (d1), respectively, and the corresponding user’s HMD views are shown in (c2) and (d2), respectively.

shows the walking paths (b1) and (b2), which are composed of the
walking paths of all participants in two layers, respectively. Two
rendered views are shown in Fig. 10.

Performance. The mapping is computed offline. It takes about 7
minutes to compute the mapping for the scene Office, shown in
Fig. 11 (a), and it takes 30 minutes for the S,JY in Fig. 3.

During users’ navigation, the computation of the dynamic inverse
mapping achieves more than 100 FPS for all scenes. The rendering of
the images (with a resolution of 1182 X 1464) in the HMD is affected
by the tracking rate. As Kinect provides only 30 FPS rates for track-
ing the users’ skeletons, we extrapolate the users’ location using
their previous walking direction and then speed up the rendering
rate to about 60 FPS, which is sufficient for a quality VR experience.

Size constraint between SV and SR. The quality of the computed
map fy. highly depends on the sizes of the primitive patches PIY when

compared to SX. If a patch P]Y* is larger than S, it is impossible

ACM Transactions on Graphics, Vol. 36, No. 6, Article 211. Publication date: November 2017.
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®1) SR 175 x 175
(1.95,1.15)

®2) SK 150 x 150
(1.97,1.19)

®3) SR 120 120
(235, 1.41)

Fig. 11. (a) The input Office SV with maximal patch of 60 x 50. (b1-b3) SV
is mapped into different RWs (SR, SZR, and Sf). (c) The rendered virtual
world appearance in SV (d1-d3) The corresponding warped VEs in user’s
HMD view of (b1-b3). Numbers in brackets denote 8232 and §23°. From

max avg *
the objective metric and rendered images, we see that mapping SV to SR
and SZR are more acceptable.

(2 (b) (©

Fig. 12. (a) The VE SSV in Fig. 3 is mapped into a new RW (7.2m X 7.2m).
The rendered virtual world appearance in the original VE (b) and warped
VE (c). The viewpoint for (c) is along the red arrow in (a).

PSS A A
{ |
|
Y | f ‘ f ‘ P ‘
. A4l !
(a) (3.26,1.08)  (b) (3.14, 1.08) (c) d)
Fig. 13. We map the VE Slv in Fig. 3 using the successive global optimization

scheme (a) and our SAM method (b) respectively, part of which are shown
in (c) and (d) respectively. The results are very similar.

to map P]‘c/* into SR without small isometric distortion. Even if P]‘c/*

is smaller than S¥, the map f}~ may have large distortions due
to the smoothness constraints in the assembly. From numerous
experiments and their analysis (see the varying sizes of RWs in
Fig. 11), we have observed that if the largest width of the pathways
in SV is smaller than the size of SR within a ratio of 0.35, then our
SAM method can generate substantially acceptable mapping results
for VR applications.

Note that our method provides good mappings with lower dis-
tortion when the size ratio is small. We show an example in Fig. 12.
Compared to the mapping result of S;/ in Fig. 3, we zoom-in the
RW twice in length, achieving much smaller maximal distortion
and average distortion (1.55, 1.03). From the rendered virtual world
appearance difference between the input (Fig. 12(b)) and mapped
VEs (Fig. 12(c)), our method achieves nearly straight roads.

Successive global optimization scheme. The successive global op-
timization scheme may use less time and generate less distortion
result than our SAM method for very large-scale VEs. For other VEs,
it generates similar results as our SAM method does and causes
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(a) Virtual world floor plan (b) Real space
Fig. 14. The VE (11.88m X 23.04m) (a) and its map by our method (b). We
use it for comparing with S2C.

more time than ours because of its successive optimization manner.
For example, we apply the successive global optimization scheme on
mapping the VE SY in Fig. 3, as shown in Fig. 13 (a,c). The generated
result looks very similar to that generated by our SAM method as
shown in Fig. 13 (b,d). However, it computational time is about 2
times our SAM method.

5.4 Comparisons

Comparison to the redirected walking method. Redirected walking
allows users to navigate large-scale VEs by real walking via interac-
tively and imperceptibly rotating the VE about the user. We choose
the VE in Fig. 14 (a), which is a pathway of 52.56 meters with a
few turns, to compare our SAM method with one of the redirected
walking methods, i.e., the Steer-to-Center (S2C) technique proposed
in [Hodgson and Bachmann 2013] and implemented by [Azmandian
et al. 2016]. We conduct two user studies.

In the first user study, the task for each participant is to walk
from the entrance to the exit using our SAM method and the S2C
method, respectively. All of the participants succeeded in fulfilling
the task with our SAM method. However, five participants failed
to fulfil the task using the S2C method because they are not aware
of the sign that says “Spin In Place” at the reset location; and thus,
they went out of the RW. The average finish time with our SAM
method is 119.40 seconds with a standard deviation of 36.17, and the
average finish time with the S2C method is 221.41 seconds with a
standard deviation of 46.36. The reason why the S2C method takes
longer is that the participants are often interrupted by the ‘reset’, so
they have to stop walking and turn themselves around according
to the reset hints. On the other hand, our SAM method allows the
participants to walk through the VE without any interruptions,
making the navigation very smooth. From the subjective aspect,
our SAM method provides comparable user experiences to the S2C
method, which are verified by the subjective metrics (not much
difference between two methods), as shown in Table 1.

In the second user study, the task is to ask the participants to play
a game in the VE. The participants are chased by a scary wolf, and
they must try not to be caught by the wolf. If they are caught during
the navigation, they lose the game. Otherwise, if they succeed in
reaching the exit without being caught, they win the game. The
wolf starts from the entrance and the participant starts from a place
4m away from the entrance. The wolf moves at a constant speed
of 0.6m/s, which is much slower than the normal walking speed
of people in the real world [Browning et al. 2006; Mohler et al.
2007]. 28 participants won the game using our SAM method while
only one participant, who has extensive experience with VR, won
the game using the S2C method. Since the participants waste time
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(ad) (24.04, 1.86)

(a1) (550.71, 2.17) (a2) (46.77, 3.10) (a3) (3.87 x 10%, 22.53)

(b1) (1.95, 1.15) (b2) (1.73, 1.11) (b3) (1.95, 1.21) (b4) (155, 1.09)

(c) Virtual world view (d) [Sun et al. 2016] (e) Our method

Fig. 15. Comparison to [Sun et al. 2016] on the VE Office in Fig. 11 (a). The first row shows the mapping results using [Sun et al. 2016] and the second row
shows the results using our method. The third row shows the rendered images.

SF (70 x 70) 52R (60 x 100) S3R (60 x 100) + Center obstacle Sf (72 x 120) + Boundary obstacle

(c4) (22.34, 2.88)

(c3) (1.46 X 10°, 64.63)
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(a) Virtual world floor plan (c1) (8.09, 1.75)

(c2) (2.02 x 103, 2.93)
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(d1) (2,58, 1.19) (d2) (2.07, 1.17) (d4) (1.92, 1.15)

(e) [Sun et al. 2016]

(g) Our method

Fig. 16. Comparison to [Sun et al. 2016] on the VE Italy (a) with size of 156 x 184. The first row shows the mapping results using [Sun et al. 2016] and the
second row shows the results using our method. The third row shows the rendered images.

(f) Virtual world view

by stopping and making turns at the 'reset’ locations, they have a

greater possibility of being caught by the wolf, thus losing the game.

On the other hand, many participants walk faster than usual in the
games using our SAM method, because it provides a continuous
and smooth map for the VE. Some participants even stop to wait
for the wolf a bit when the wolf is left far behind.

Comparison to [Sun et al. 2016]. We compare our SAM method
and the global mapping method [Sun et al. 2016] (GLM method for
short) on two VEs (the scene Office in Fig. 11 (a) and the scene Italy
in Fig. 16 (a)). From the values of §:%9, and 5;32 shown in Fig. 11
and 16, our SAM produces much lower isometric distortion than

the GLM method. As the GLM method introduces large distance

ACM Transactions on Graphics, Vol. 36, No. 6, Article 211. Publication date: November 2017.
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Fig. 17. Two VR games using our method. Maze game: a typical user path
for the maze (a) is shown in (b). Grasping game: the user is asked to grasp
the floating colored boxes shown in (c).

distortions, the warped scenes may be unacceptable due to the
degenerated pathways, such as the example shown in Fig. 16 (c3).
As these narrow paths always lead to real movement failure, we
compare with [Sun et al. 2016] on Fig. 16 (c3) and (d3) by simulation
in the accompanying video.

We conduct a user study with 30 participants. We choose the scene
Office (Fig. 11 (a)) as S V and map it in SR using our SAM method
and the GLM method, respectively. Each participant is asked to walk
through the pathway from one end to the other, and the finish time
is recorded. The average finish time of our SAM method is 55.3
seconds with a standard deviation of 20.94, and the average time of
90.6 seconds with a standard deviation of 34.22 for the GLM method.
The reason why it takes longer to walk through the GLM map is that
its generated pathways are unrecognizable in many places, making
the participants feel uncomfortable when walking through.

5.5 Applications

We design two games as the applications for our SAM method,
including the maze game and the grasping game, shown in Fig. 17.

Maze game. In this game, the participants have to find their way
out of a maze scene (Sg/ from Fig. 3). As there is only one feasible
path from the entrance to the exit in the maze, the participants
may go along wrong ways and turn around when they reach dead
ends. Thirty participants are enrolled in the maze game. 28 partic-
ipants succeeded in reaching the exit of the maze, and two failed
in the game by walking across a wall. No one felt uncomfortable
or sick while playing the game. From both objective and subjective
metrics, shown in Table 1, our SAM method provides realistic and
comfortable user experiences in this game.

Grasping game. In this game, the participants are asked to grasp
as many boxes as possible in the VE (Fig. 16 (a)) within 2 minutes.
Some floating boxes are generated and randomly placed in the VE
below the height of 1.6m. The participants must move around, find
the boxes, and grasp them. Thirty participants are enrolled to play
this game. All of the participants succeeded in playing the game
without walking across a wall, and no one felt uncomfortable or
sick while playing the game. The average number of grasped boxes
was 23.17 with a standard deviation of 3.40. All of the participants
reported that they enjoyed playing this game, which means that
our SAM method provides realistic and immersive user experiences
(also see Table 1). Some participants even asked to play the game
for more times.
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6 CONCLUSION

Our proposed SAM method adopts a divide-and-conquer strategy to
generate maps from large-scale virtual scenes to small real workspace.
The success of SAM relies on two aspects: (1) new representations
for mappings and new formulations for distortion and boundary
constraints, which results in an effective solver generating better
results; (2) the divide-and-conquer strategy can adapt for very large-
scale VEs. A large number of experiments on various virtual scenes,
as well as intensive user studies, have been done to validate our
SAM methods from both subjective and objective aspects. Experi-
mental results have shown the feasibility and practicability of our
SAM method. Substantial comparisons to the redirected walking
method [Hodgson and Bachmann 2013] and the global mapping
method [Sun et al. 2016] have shown that our SAM method obtains
better user experiences when navigating VEs. We believe our SAM
method provides a general method to produce low-distortion maps
between large-scale virtual scenes and small real workspaces, pro-
viding great potential in applying VR applications for home users.

Limitation. Our method needs to decompose the input pathways
into rectangular patches. First, for the reachable region like the
region bounded by the black poly- ]
gon in the right inset, we need to Hﬂi
decompose it in small subpatches
using the red dotted lines (upper)
or to enclose it with enlarged rect- ~ ==---------+---------ss
angular patches (bottom). Our method may generate high distortion
mapping as there are many smoothness constraints on these small
patches. Maybe the global method, such as [Sun et al. 2016], can
achieve lower distortion mapping when the whole VE is small. Sec-
ond, if there are pathways in the VE with large widths (compared
to the size of the RW), the map generated by our method may have
large isometric distortions, which may cause uncomfortable experi-
ence for the users. Actually, other methods also suffer this problem.

Future work. Our research opens many directions for future stud-
ies. First, it is interesting to consider of using T-spline surfaces
to represent the mapping, which can handle more complicated in-
put reachable regions. Second, we would like to combine different
methods, such as redirected walking methods and space mapping
methods, to achieve better real walking experiences. A straightfor-
ward idea is to apply the redirected walking method in some regions,
which necessitate an absence of distortion, and apply the space map-
ping method in other regions, where users are not that sensitive to
the distortion. Some perceptual and psychological studies on the
virtual scenes might be helpful for this problem. Third, the input VE
has to be reachable regions consisting of a set of narrow pathways
and users are required to walk following the pathways. Studying
real walking in open scenes, which allow users to walk freely in VE,
is a promising research direction for future work. Last but not least,
it is worthwhile studying on applying the mapping method in AR
applications [Sousa et al. 2016]. It is feasible but challenging.
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Table 1. Statistics for user studies. We report the number of participants (“#part”), their age range, the average age dayg, the standard deviation of their ages
Agey, the number of males and females, and the number of participants who have experienced the HMD before (“#used”). We also report the statistics of the
user study results: the isometric distortion, the locomotion fidelity score, the visual fidelity , the nausea score, and the oculomotor score. A number in boldface

emphasizes the best result for comparisons.

Scene #part AgeRange @Gavg dgey Male, Female #used ‘ Siso /5;\S,g Ntail pggg / pé‘;f, pg’\fg / pé’e‘j Pivg [P’ Pavg [ Paen
Fig. 3-S1 30 [20, 28] 2353 219 21,9 21 3.14/1.08 0 81.33/9.99 81.67/13.59 1.43/1.52 2.27/2.80
Fig. 3-S2 30 [20, 28] 2353 219 21,9 21 3.00/1.10 79.27/12.81 78.90/16.93 1.57/1.96 2.43/2.27
Fig. 3-S3 30 [20, 28] 2353 219 21,9 21 3.00/1.11 0 83.93/8.53 84.53/12.01 1.13/1.25 2.00/2.52
Fig. 3-S4 30 [20, 28] 2353 219 21,9 21 2.90/1.11 0 80.17/10.42 79.73/16.66 1.43/2.01 2.47/2.92
Fig. 3-S5 30 [20, 28] 2353  2.19 21,9 21 2.87/1.13 0 81.33/11.42 80.9/15.09 1.30/1.37 2.23/2.51
Fig. 3-S6 30 [20, 28] 23.53  2.19 21,9 21 2.95/1.13 0 81.27/11.18 80.33/17.40 1.53/1.74 2.07/2.18
Fig. 14-S2C 30 [18, 26] 21.63 230 19,11 18 1.00/1.00 5 75.10/19.71  100.00/0.00 2.53/2.42 3.20/2.55
Fig. 14-ours 30 [18, 26] 21.63 230 19,11 18 2.35/1.11 0 83.57/10.23 75.9/19.13 2.00/2.24 2.80/2.98
Fig. 15-[Sun et al. 2016] 30 [19, 30] 23.77  2.50 21,9 18 550.71/2.17 (| 71.77/18.57 58.83/20.50 2.77/2.98 3.40/3.28
Fig. 15-ours 30 [19, 30] 23.77  2.50 21,9 18 2.19/1.19 0 81.37/14.10  83.5/10.92 1.87/1.89 2.00/2.39
Fig. 17-Maze 30 [20, 35] 247  3.21 22,8 10 3.00/1.11 2 79.80/13.63 76.20/16.40 1.80/1.71 2.40/2.09
Fig. 17-Grasp 30 [19, 28] 22.63  2.40 23,7 12 2.58/1.19 0 81.83/12.44 82.00/9.34 2.73/3.22 3.30/3.32

study participants for evaluating our system, and the anonymous
reviewers for their constructive suggestions and comments. This
work is supported by the National Natural Science Foundation of
China (61672482, 11626253) and the One Hundred Talent Project of
the Chinese Academy of Sciences.
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