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ABSTRACT
Graph is a standard approach tomodeling structured data. Although

many machine learning methods depend on the metric of the in-

put objects, defining an appropriate distance function on graph is

still a controversial issue. We propose a novel supervised metric

learning method for a subgraph-based distance, called interpretable
graph metric learning (IGML). IGML optimizes the distance func-

tion in such a way that a small number of important subgraphs

can be adaptively selected. This optimization is computationally in-

tractable with naive application of existing optimization algorithms.

We construct a graph mining based efficient algorithm to deal with

this computational difficulty. Important advantages of our method

are 1) guarantee of the optimality from the convex formulation,

and 2) high interpretability of results. To our knowledge, none of

the existing studies provide an interpretable subgraph-based metric

in a supervised manner. In our experiments, we empirically verify

superior or comparable prediction performance of IGML to other

existing graph classification methods which do not have clear in-

terpretability. Further, we demonstrate usefulness of IGML through

some illustrative examples of extracted subgraphs and an example

of data analysis on the learned metric space.

CCS CONCEPTS
• Computing methodologies→ Supervised learning by clas-
sification; Feature selection.
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Figure 1: Overview of our approach. (a): The subgraph-based
feature is an effective way to represent graphs, but naively
enumerating all possible subgraphs is intractable. (b): Our
method optimizes the metric on graph, in which a sparse
penalty selects a small number of discriminative subgraphs.
We propose efficient optimization algorithm by using safe
screening, working set selection, and their pruning exten-
sions on the graph mining tree.

1 INTRODUCTION
The growing diversity of data science applications increases im-

portance of the structured data analysis, in which it is difficult to

create usual numerical vector representations of data. A standard

approach to modeling structured data is to use graph. For example,

in domains such as chemo- and bio-informatics, a large amount of

graph structured data is becoming prevalent. In this paper, we par-

ticularly focus on the case in which a data instance is represented

as a pair of a graph and an associated class label.

Although many machine learning methods explicitly/implicitly

depend on how to measure difference between input objects, defin-

ing an appropriate distance metric on graph is still a controversial

issue in the community. A widely accepted approach is graph kernel
[12, 40]. This approach makes it possible to apply machine learning

methods to graph data without having explicit vector representa-

tions. Another popular approach would be to use neural network

[2, 24] by which suitable representation is expected to be learned

in the network and then we can avoid explicitly defining metric.

However, in those existing approaches, it is difficult to explicitly

extract significant sub-structures, i.e., subgraphs, for prediction
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though identifying them should be quite informative. For example,

finding a subgraph in molecular graph which has strong effect on

toxicity would be insightful. See Section 3 for further details of

existing work.

We propose a supervised method which obtains a metric of graph

by which both of high predictive performance and interpretabil-

ity can be achieved. Our method, called interpretable graph metric
learning (IGML), combines an idea ofmetric learning [41] with a sub-
graph representation of graph in which each graph is represented

through a set of subgraphs contained in it. Let ϕH (G) be a feature of
the graph G, which is monotonically non-decreasing with respect

to the frequency of subgraph H contained in G (e.g., frequency

itself). We consider the squared distance between two graphs G

and G ′
: dm (G,G ′) B

∑
H ∈Gmi(H ) (ϕH (G) − ϕH (G ′))2 ,where G is

a set of all connected graphs, andmi(H ) is a weight for the subgraph

H . Although it is known that the subgraph approach has strong

representation capability of graph (e.g., [12]), naive calculation is

obviously infeasible except when the weight parameters has some

special structure.

We formulate IGML as a supervised learning problem of the

distance function dm (G,G ′) with a sparse penalty onmi(H ). The

resulting optimization problem is computationally infeasible at

a glance because the number of the weight parameters is equal

to the number of possible subgraphs which is usually intractable.

We overcome this difficulty by introducing safe screening [13] and

working set selection [9] approach. Both of these approaches can

drastically reduce the number of variables which we need to opti-

mize, and further, both of them can be combined with a pruning
strategy on the tree traverse of graph mining. These optimization

tricks are inspired by two recent papers [23] and [22] which are safe

screening- and working set- based pruning for a linear prediction

model with the LASSO penalty. By combining these two techniques,

we construct a path-wise optimization method which can obtain

the sparse solution of the weight parametermi(H ) without directly

enumerating all of possible subgraphs.

To our knowledge, none of the existing studies can provide an

interpretable subgraph-based metric in a supervised manner. The

overview of our approach is illustrated in Figure 1. Advantages of

IGML can be summarized as follows

• Since the problem is formulated as a convex optimization, the

global optimal can be found by the standard gradient-based

optimization.

• The safe screening- and working set- based optimization

algorithm makes our problem practically tractable without

sacrificing the optimality.

• We can identify a small number of important subgraphs

which discriminate different classes. This means that the

resulting metric is easy to compute and highly interpretable,

and thus useful for a variety of subsequent data analysis. For

example, applying nearest neighbor classification or decision

tree on the learned space would be effective.

In our experiments, we empirically verify superior or comparable

prediction performance of IGML to other existing graph classifica-

tion methods which do not have interpretability. We further show

some examples of extracted subgraphs and data analysis on the

learned metric space.

2 PROPOSED METHOD: INTERPRETABLE
GRAPH METRIC LEARNING (IGML)

Here, we describe our proposed graph metric learning method,

called interpretable graph metric learning (IGML). In Section 2.1,

we first show the convex optimization formulation of the learn-

ing problem. Next, properties of the optimal solution is analyzed

in Section 2.2, based on which we derive several techniques for

accelerating the optimization process in Section 2.3. Section 2.4

summarizes the entire computational procedure, and Section 2.5

describes post-processing on learned metric. The proofs for all the

lemma and the theorems are in appendix.

2.1 Problem Formulation
Let G be a set of all connected graphs, for each of which vertices and

edges can be labeled. If H ∈ G is an induced connected subgraph

of G ∈ G, we write H ⊑ G. If G and G ′
are isomorphic as labeled

graphs, we write G ′ ≃ G ′
. Then, the frequency of the subgraph

H contained in G is written as |{G ′ | G ′ ≃ H ,G ′ ⊑ G}|. As a

representation of a graph G, we consider the following subgraph-
based feature representation:

ϕH (G) = д
(
|{G ′ | G ′ ≃ H ,G ′ ⊑ G}|

)
, for H ∈ G,

where д is some monotonically non-decreasing function such as the

identity function д(x) = x or the indicator function д(x) = 1x>0
which takes 1 if x > 0 otherwise 0. It is widely known that the

subgraph-based feature is an effective way to represent graphs.

For example, д(x) = x allows to distinguish all non-isomorphic

graphs [12]. However, this feature space is practically infeasible to

calculate because the possible number of subgraphs is quite huge.

In this paper, we focus on the problem of how to measure the

distance between two graphs which is essential for a variety of

machine learning methods. We consider the following weighted

squared distance between two graphs:

dm (G,G ′) B
∑
H ∈G

mi(H )

(
ϕH (G) − ϕH (G ′)

)
2

, (1)

where i(H ) is the index of the subgraph H for a weight parameter

mi(H ) ≥ 0. To obtain an effective and computable distance met-

ric, we adaptively estimatemi(H ) so that only a small number of

important subgraphs have non-zeromi(H ).

Suppose that the training dataset {(Gi ,yi )}i ∈[n] consists of n
pairs of a graphGi and a class label yi , where [n] B {1, . . . ,n}. Let
xi ∈ Rp be the feature vector defined by concatenating ϕH (Gi ) for

all H ∈ G included in the training dataset. Then, we see

dm (xi ,x j ) = (xi − x j )
⊤
diag(m)(xi − x j ) =m

⊤ci j ,

where m ∈ R
p
+ is a vector of mi(H ), and ci j ∈ Rp is defined as

ci j B (xi − x j ) ◦ (xi − x j ) by using the element-wise product ◦.

Let Si ⊆ [n] be a subset of indices which are in the same class

as xi , and Di ⊆ [n] be a subset of indices which are in different

classes from xi . For both of these sets, we select K most similar

inputs to xi by using some default metric (e.g., using graph kernel).

As a loss function for xi , we consider

ℓi (m;L,U ) B
∑
l ∈Di

ℓL(m
⊤cil ) +

∑
j ∈Si

ℓ−U (−m⊤ci j ),
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where L,U ∈ R+ are the constant parameters satisfyingU ≤ L, and
ℓt (x) = [t − x]2+ is the standard squared hinge loss function with

the threshold t ∈ R. This loss function is a variant of the pairwise

loss function which is widely used in metric learning [7]. The first

term in the loss function gives a penalty if xi and xl are closer than
L for l ∈ Di , and the second term gives a penalty if xi and x j are
distant than U for j ∈ Si .

Let R(m) = ∥m∥1 +
η
2
∥m∥2

2
= m⊤1 + η

2
∥m∥2

2
be an elastic-net

type sparsity inducing penalty, where η ≥ 0 is a non-negative pa-

rameter. We define our proposed IGML as the following regularized

loss minimization problem:

min

m≥0
Pλ(m) B

∑
i ∈[n]

ℓi (m;L,U ) + λR(m),
(2)

where λ > 0 is the regularization parameter. The solution of this

problem can provide discriminative and interpretable metric, but

the optimization problem is computationally intractable because of

the huge dimensionality p ofm. To construct an efficient algorithm,

we first see some analytical properties of the optimal solution of

this problem.

2.2 Analytical Properties of Optimal Solution
Let α ∈ R2nK+ , in which dual variables αil and αi j for i ∈ [n], l ∈
Di and j ∈ Si are concatenated. The dual problem of the primal

problem (2) can be written as follows (see appendix A for detail):

max

α ≥0
Dλ(α ) B −

1

4

∥α ∥2
2
+ t⊤α −

λη

2

∥mλ(α )∥2
2
, (3)

where

mλ(α ) B
1

λη
[Cα − λ1]+, (4)

t B [L, . . . , L,−U , . . . ,−U ]⊤ ∈ R2nK andC B [. . . ,cil , . . . ,−ci j , . . .] ∈

Rp×2nK . Then, from the optimality condition, we obtain the follow-

ing relationship between primal and dual variables:

αil = −ℓ′L(m
⊤cil ), αi j = −ℓ′−U (m⊤ci j ), (5)

where, ℓ′t (x) = −2[t − x]+ is the derivative of ℓt . When the regular-

ization parameter λ is larger than certain λmax, the optimal solution

ism = 0. Then, the optimal dual variables are αil = −ℓ′L(0) and

αi j = −ℓ′
−U (0). By substituting these equations into (4), we can

obtain λmax as

λmax = max

k
Ck ,:α . (6)

In subsequent sections, we build an efficient algorithm by con-

fining the region in which optimalm must exist. The following

theorem provides a hyper-sphere in which optimal dual variable

α⋆
must lie:

Theorem 2.1 (DGB). For any pair of m ≥ 0 and α ≥ 0, the
optimal dual variable α⋆ must satisfy

∥α − α⋆∥2
2
≤ 4(Pλ(m) − Dλ(α )).

This bound is called duality gap bound (DGB), and the parameters

m and α used to construct the bound is called reference solution.
If the optimal solution for λ0 is available as a reference solu-

tion to construct the bound for λ1, the following bound, called

regularization path bound (RPB), can be obtained:

Theorem 2.2 (RPB). Let α⋆
0
be the optimal solution for λ0, and

α⋆
1
be the optimal solution for λ1.



α⋆

1
−
λ0 + λ1
2λ0

α⋆
0





2
2

≤





λ0 − λ1
2λ0

α⋆
0





2
2

.

However, RPB requires the exact solution, which is difficult in prac-

tice because of numerical errors. Relaxed RPB (RRPB) extends RPB

so that it can incorporate the approximate solution as a reference

solution:

Theorem 2.3 (RRPB). Assuming thatα0 satisfies ∥α0−α⋆
0
∥2 ≤ ϵ .

The optimal solution α⋆
1
for λ1 must satisfy



α⋆

1
−
λ0 + λ1
2λ0

α0






2

≤





λ0 − λ1
2λ0

α0






2

+
(λ0 + λ1

2λ0
+

|λ0 − λ1 |

2λ0

)
ϵ .

For example, ϵ can be obtained by using DGB (Theorem 2.1).

Similar bounds to these bounds derived here are previously con-

sidered for the triplet screening of metric learning on usual numer-

ical data [44]. We here extend a similar idea for deriving subgraph

screening.

2.3 Safe Screening and Working Set Selection
with Pruning Strategy

For making the optimization problem tractable, we work with only

a small subset of features during the optimization process. Let

F ⊆ [p] be a subset of features. By fixingmi = 0 for i < F , we

define sub-problems of the original primal Pλ and dualDλ problems

as follows

min

mF ≥0
P F
λ (mF)B

∑
i ∈[n]

[
∑
l ∈Di

ℓL(m
⊤
F
cil F)+

∑
j ∈Si

ℓ−U (−m⊤
F
ci j F)]

+ λR(mF) (7)

max

α ≥0
DF
λ (α ) B −

1

4

∥α ∥2
2
+ t⊤α −

λη

2

∥mλ(α )F ∥
2

2
, (8)

wheremF , ci jF , andmλ(α )F are sub-vectors specified by F . If

the size of F is reasonably small, these sub-problems are computa-

tionally much easier than the original problems.

In this section, we introduce several criteria which determine

whether the feature k is included in F by using techniques called

safe screening [13] and working set selection [9]. A general form of

our criteria can be written as

Ck ,:q + r ∥Ck ,;∥2 ≤ T , (9)

where q ∈ R2nK+ , r ≥ 0, and T ∈ R are constants which take differ-

ent values depending on the type of the criterion. If this inequality

holds for k , we exclude the k-th feature from F . An important prop-

erty of our approach is that although our algorithm only solves

these small sub-problems, we can guarantee the optimality of the

final solution as we see later.

However, selecting F itself is computationally quite expensive

since the evaluation of (9) needsO(n) computations for each k . Our
key idea is to utilize the tree structure of graphs for determining F .

Figure 2 shows an example of the tree, which can be constructed by

graph mining algorithms such as gSpan [42]. Suppose that the k-th
node corresponds to the k-th dimension of x (Note that here the

node index is not the order of the visit). If a graph corresponding

to the k-th node is a subgraph of the k ′-th node, the node k ′ is a
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Figure 2: Schematic illustration of tree and feature.

descendant of k which is denoted as k ′ ⊇ k . Then, the following
monotonic relation is immediately derived from the monotonicity

of ϕH :

xi ,k ′ ≤ xi ,k if k ′ ⊇ k . (10)

Based on this property, the following lemma enables us to prune a

node during the tree traverse:

Lemma 2.1. Let

Prune(k |q, r )B
∑
i∈[n]

∑
l∈Di

qil max{xi ,k , xl ,k }
2

+ r
√ ∑
i∈[n]

[
∑
l∈Di

max{xi ,k , xl ,k }4 +
∑
j∈Si

max{xi ,k , x j ,k }4]

be a pruning criterion. Then, if the inequality

Prune(k |q, r ) ≤ T , (11)

holds, for any descendant node k ′ ⊇ k , the following inequality holds

Ck ′,:q + r ∥Ck ′,;∥2 ≤ T ,

where q ∈ R2nK+ and r ≥ 0 are arbitrary constant vector and scalar
variable.

This lemma indicates that if the condition (11) is satisfied, we can

determine that all the descendant nodes are not included in F .

Next Sections 2.3.1, 2.3.2 and 2.3.3, we introduce different types of

pruning strategies based on this lemma.

2.3.1 Safe Screening (SS) and Safe Pruning (SP). Theorem 2.1 and

2.3 identify the region, in which optimal solution exists, by using a

current feasible solution α . Based on those regions, the following

safe screening (SS) rule can be directly derived:

Theorem 2.4 (SS Rule). If the optimal solution α⋆ exists in the
bound B = {α | ∥α − q∥2

2
≤ r2}, the following rule holds

Ck ,:q + r ∥Ck ,:∥2 ≤ λ ⇒m⋆
k = 0. (12)

Proof. From (4), when Ck ,:α
⋆ ≤ λ, we see m⋆

k = 0. Then,

maxα ∈B Ck ,:α ≤ λ ⇒ m⋆
k = 0.By solving this problem analyti-

cally, we obtain SS Rule. □

Theorem 2.4 indicates that we can eliminate unnecessary features

by evaluating the condition shown in (12). An important property

of this rule is that it guarantees optimality, meaning that the sub-

problems (7) and (8) have the exactly same optimal solution to the

original problem if F is defined through this rule. However, it is still

necessary to evaluate the rule for all p features which is currently

intractable. To avoid this problem, we derive a pruning strategy on

the graph mining tree, which we call safe pruning (SP) rule:

Theorem 2.5 (SP Rule). If the optimal solutionα⋆ is in the bound
B = {α | ∥α − q∥2

2
≤ r2,q ≥ 0}, the following rule holds

Prune(k |q, r ) ≤ λ ⇒m⋆
k ′ = 0. for ∀k ′ ⊇ k . (13)

This theorem is direct consequence of lemma 2.1. If this condition

holds for a node k during the tree traverse, a subtree below that

node can be pruned. This means that we can eliminate unnecessary

subgraphs safely even without enumerating it.

2.3.2 Range-Based Safe Screening (RSS) & Range-Based Safe Prun-
ing (RSP). SS and SP are rules for a fixed λ. The range-based ex-

tension identifies an interval of λ in which SS/SP is guaranteed to

be satisfied. This is particularly useful for the path-wise optimiza-
tion or regularization path calculation in which we need to solve

the problem with a sequence of λ. We assume that the sequence

is sorted with the descending order because usually optimization

algorithms start from the trivial solutionm = 0. Let λ = λ1 ≤ λ0.
By combining RRPB with the rule (12), we obtain the following

theorem:

Theorem 2.6 (Range-Based Safe Screening (RSS)). For any k ,
the following rule holds

λa ≤ λ ≤ λ0 ⇒m⋆
k = 0, (14)

where λa B
λ0(2ϵ ∥Ck ,: ∥2+∥α0 ∥2 ∥Ck ,: ∥2+Ck ,:α0)

2λ0+∥α0 ∥2 ∥Ck ,: ∥2−Ck ,:α0

.

For SP, the range-based rule can also be derived from (13):

Theorem 2.7 (Range-Based Safe Pruning (RSP)). For any k ′ ⊇
k , the following pruning rule holds:

λ′a B
λ0(2ϵb + ∥α0∥2b + a)

2λ0 + ∥α0∥2b − a
≤ λ ≤ λ0 ⇒m⋆

k ′ = 0, (15)

where a B
∑
i ∈[n]

∑
l ∈Di α0il max{xl ,k , xi ,k }

2, and

b B
√∑

i ∈[n][
∑
l ∈Di max{xi ,k , xl ,k }

4 +
∑
j ∈Si max{xi ,k , x j ,k }

4].

After once we calculate λa and λ′a of (14) and (15) for some λ,
we can store them at each node of the tree. Then, those λa and

λ′a can be used for the next tree traverse with different λ′. If the
condition (14) or (15) is satisfied, the node can be skipped (RSS) or

pruned (RSP). Otherwise, we update λa and λ′a by using the current

reference solution.

2.3.3 Working Set Selection (WS) &Working Set Pruning (WP). Safe
rules are quite strong rules in a sense that they can remove features

completely, and thus sometimes they are too conservative to fully

accelerate the optimization. On the other hand, working set selection
is a widely accepted heuristic approach to selecting a subset of

features, called working set. Working set method optimizes the

problem only with respect to selected working set features. Then,

if the optimality condition for the original problem is not satisfied,

the working set is selected again and the optimization on the new

working set re-starts. This process iterates until the optimality on

the original problem is achieved.

Besides safe rules, we further employ this heuristic approach

based on the following criterion:

Ck ,:α ≤ λ. (16)
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If this inequality is satisfied, the k-th dimension is predicted as

m⋆
k = 0. In other words, the working set is defined by

W B {k | Ck ,:α > λ}.

Althoughm⋆
i = 0 for i <W is not directly guaranteed, the conver-

gence can be guaranteed by the following way:

Theorem 2.8 (Convergence of WS). Assuming that there is a
solver for the sub-problem (7) (or equivalently (8)) which returns the
optimal solution for given F . Working set method, which iterates op-
timizing the sub-problem with F =W and updatingW alternately,
returns the optimal solution of the original problem with finite steps.

However, here again, the inequality (16) needs to be evaluated for

all features which is computationally intractable.

The same pruning strategy as SS/SP can be incorporated into

working set selection. The criterion (16) is also a special case of (9),

and lemma 2.1 indicates that if the following inequality

PruneWP(k) B Prune(k |α , 0) ≤ λ,

holds, any k ′ ⊇ k is not included in the working set.

Note that for working set method, we may need to update W

multiple times unlike safe screening approaches as we see in theo-

rem 2.8. Instead of that, working set method usually can exclude a

larger number of features compared with safe screening approaches

(more rigorous discussion for the tightness of the selection rules is

possible but we omit here due to the space limitation). We build an

algorithmwhich combines safe screening and working set approach

described so far.

2.4 Computations
2.4.1 Training with Path-wise Optimization. We employ path-wise
optimization [11] in which the optimization starts from λ = λmax

and gradually decreases λ while optimizingm. As we see in (6),

λmax is defined by the maximum of the inner product Ck ,:α . This

value can also be found by the tree search with pruning. Suppose

that we calculateCk ,:α while traversing the tree, and
ˆλmax is the

current maximum value during the traverse. Using lemma 2.1, we

can derive the pruning rule

Prune(k |α , 0) ≤ ˆλmax.

If this condition holds, descendant nodes of k can not be the maxi-

mum, and thus we can identify λmax without calculatingCk ,:α for

all candidate features.

Algorithm 1 shows the outer loop of our path-wise optimization.

TRAVERSE and SOLVE function in Algorithm 1 are shown in Algo-

rithm 2 and 3, respectively. Algorithm 1 first calculates λmax which

is the minimum λ at which the optimal solution ism⋆ = 0 (line

3). The outer loop in line 5-14 is the process of decreasing λ with

the decreasing rate R. The TRAVERSE function in line 7 determines

the subset of features F by traversing tree with safe screening and

working set selection. The inner loop (line 9-13) alternately solves

the optimization problem with the current F and updates F , until

the duality gap becomes less than the given threshold eps.

Algorithm 2 shows the TRAVERSE function, which recursively

visits the tree node to determine F . The variable node.pruning
contains λ′a of RSP, and if the RSP condition (15) is satisfied (line

3), the function returns the current F (the node is pruned). The

Algorithm 1: Path-wise Optimization

1 function PathwiseOptimization(R,T , freq,MaxIter, eps)

2 m0 = 0, α0 = [2L, . . . , 2L, 0, . . . , 0], ϵ = 0

3 λ0 = λmax = maxk Ck ,:α0 ▷ Compute λmax

4 Initialize root node as root.children = empty, root.screening =

∞, and root.pruning = ∞

5 for t = 1, 2, . . . ,T do
6 λt = Rλt−1
7 F = Traverse(λt−1, λt , αt−1, ϵ , root, true) ▷ get

working set & update range of λ
8 mt =mt−1

9 repeat
10 mt , αt , P = Solve(λt ,mt , F, freq,MaxIter, eps)

11 F = Traverse(null, λt , αt , null, root, false)
▷ update working set

12 gap = P − DF

λt
(αt )

13 until gap

P ≤ eps ▷ check optimality

14 ϵ = 2

√
gap

15 return {mt }
t=T
t=0

variable node.screening contains λa of RSS, and if the RSS con-

dition (14) is satisfied (line 5), this node can be skipped and the

function goes to the next node. If these two conditions are not

satisfied, the function performs 1) updating node.pruning and

node.screening if update is true, and 2) evaluating the condi-

tions of RSP and WP (line 10), and RSS and WS (line 14). At line

17-18, gSpan expands children of the current node, and for each

child node, the TRAVERSE function is called recursively.

Algorithm 3 shows a solver for the primal problem with the

subset of features F . Although we here employ a simple projected

gradient algorithm, any optimization algorithm can be used in this

process. In line 7-10, the SS rule is evaluated at every freq iterations.

Note that this SS is only for sub-problems (7) and (8) created by

current F (not for the original problems).

2.4.2 Enumerating Subgraphs for Test Data. To obtain a feature

vector for test data, we only need to enumerate subgraphs which

havemk , 0. When gSpan is used as a mining algorithm, a unique

code, called minimum DFS code, is assigned to each node. If a DFS

code for a node is (a1,a2, . . . ,an ), a child node is represented as

(a1,a2, . . . ,an,an+1). This enables us to prune a node which does

not generate subgraphs with mk , 0. Suppose that a subgraph

(a1,a2,a3) = (x,y, z) has to be enumerated, and the currently we

are in the node (a1) = (x). Then, a child with (a1,a2) = (x,y) should
be traversed, but a child with (a1,a2) = (x,w) can not generate

(x,y, z) and then we can stop the traverse of this node.

2.5 Post-processing
2.5.1 Learning Mahalanobis Distance for Selected Subgraphs. In-
stead ofm, the following Mahalanobis distance can be considered

dM (xi ,x j ) = (xi − x j )
⊤M(xi − x j ), (17)

where M is a positive definite matrix. Directly optimizing M re-

quiresO(p2) primal variables and semi-definite constraint, and then

the problem is computationally quite expensive even for relatively
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Algorithm 2: Traverse gSpan with RSS&RSP+WS&WP

1 function Traverse(λ0, λ, α0, ϵ , node, update)
2 F = {}, k = node.feature

3 if node.pruning ≤ λ then ▷ RSP Rule
4 return F

5 else if node.screening ≤ λ then ▷ RSS Rule
6 do nothing

7 else ▷ Update the range of λ if update = true

8 if update = true then
9 node.pruning =

λ0(2ϵb+∥α0 ∥2b+a)
2λ0+∥α0 ∥2b−a

▷ Eq.(15)

10 if node.pruning ≤ λ or PruneWP(k ) ≤ λ then
11 return F

12 if update = true then

13 node.screening=
λ0(2ϵ ∥Ck ,: ∥2+∥α0 ∥2 ∥Ck ,: ∥2+Ck ,:α0)

2λ0+∥α0 ∥2 ∥Ck ,: ∥2−Ck ,:α0

▷ Eq.(14)

14 if node.screening > λ and Ck ,:α0 > λ then
15 F = F ∪ {k }

16 createChildren(node)

17 for child = node.children do
18 F = F ∪ Traverse(λ0, λ, α0, ϵ , child, update)

19 return F

20 function createChildren(node)

21 if node.children = empty then
22 Set node.children by gSpan

23 for child = node.children do
24 child.children = empty, child.screening = child.pruning =∞

Algorithm 3: Gradient descent with dynamic screening

1 function Solve(λ,m, F, freq,MaxIter, eps) ▷ Solve primal

problem PF

λ , which considered for only feature set F

2 for iter = 0, 1, . . . ,MaxIter do
3 Compute α by (5)

4 gap = PF

λ (m) − DF

λ (α )

5 if gap

PF
λ (m)

≤ eps then ▷ convergence

6 returnm, α , PF

λ (m)

7 if mod(iter, freq) = 0 then
8 for k ∈ F do ▷ perform dynamic screening
9 if Ck ,:α + 2

√
gap∥Ck ,: ∥2 ≤ λ then ▷ SS by DGB

10 F = F − {k }

11 m = [m − γ ∇PF

λ (m)]+ ▷ update m (γ : step-size)

12 returnm, α , PF

λ (m)

small p. Thus, in this paper, as an optional post-processing, we con-

sider optimizing the Mahalanobis distance (17) for a small number

of subgraphs selected by the optimizedm. Let H ⊆ G be a set of

subgraphsmi(H ) > 0 for H ∈ H , and zi be a h B |H | dimensional

feature vector consisting of ϕH (Gi ) for H ∈ H . ForM ∈ Rh×h , we
consider the following metric learning problem:

min

M ⪰O

∑
i ∈[n]

[
∑
l ∈Di

ℓL(dM (zi , zl )) +
∑
j ∈Si

ℓ−U (−dM (zi , zj ))] + λR(M),

where R : Rh×h → R is a regularization term for M for which

a typical setting is R(M) = trM +
η
2
∥M ∥2F , where tr is the trace

of a matrix. This metric can be more discriminative because it is

optimized to the training data with the higher degree of freedom.

2.5.2 Vector Representation of Graph. An explicit vector repre-

sentation of an input graph can be obtained by using optimized

m:

x ′
i =

√
m ◦ xi (18)

Unlike the original xi , the new representation x ′
i is computationally

tractable because of the sparsity ofm, and also this space should be

highly discriminative. This property is beneficial for further analysis

of the graph data. We show an example of applying decision tree

on the learned space in our later experiment.

In the case of the general Mahalanobis distance shown in Sec-

tion 2.5.1, we can obtain further transformation. Let M = VΛV⊤

be the eigenvalue decomposition of the learnedM . When we use

the regularization term R(M) = trM +
η
2
∥M ∥2F , a part of the eigen-

values of M can be shrunk to 0 because trM is equal to the sum

of the eigenvalues. If M has h′ < h non-zero eigenvalues, Λ can

be written as a h′ × h′ diagonal matrix, and V is a h × h′ matrix in

which each column is the eigenvector of the non-zero eigenvalue.

Then, a representation of graph is

√
ΛV⊤zi . (19)

This can be considered as a supervised dimensionality reduction

from h to h′ dimensional space. Although each dimension is no

longer corresponding to a subgraph in this representation, the in-

terpretation is still clear because each dimension of the transformed

vector is just a linear combination of zi .

3 RELATEDWORK
The most closely related approach with IGML would be subgraph-

based graph kernels. Graphlet kernel [33] creates a kernel through

small subgraphs having only about 3-5 vertices, called graphlet.

Neighborhood subgraph pairwise distance kernel [6] selects pairs

of subgraphs from a graph, and counts the number of identical

pairs with another graph. Subgraph matching kernel [18] identifies

common subgraphs based on cliques in the product graph of two

graphs. Based on these approaches, subgraph-based feature vectors

can be extracted. However, since these approaches are unsupervised,

it is impossible to eliminate subgraphs which are unnecessary for

classification. As a result, all candidate subgraphs must be once

enumerated before applying a learning method unlike IGML.

There are many other kernels including shortest path- [4], ran-

domwalk- [36, 40, 46], and spectrum- [15–17, 39] based approaches.

Weisfeiler-Lehman (WL) kernel [31, 32], which is based on graph

isomorphism test, is a popular and empirically successful kernel,

and thus many studies have utilized it as a part of procedures

[24, 27, 43, 45]. These approaches are again unsupervised, and it is

quite difficult to interpret results from the perspective of substruc-

tures of a graph. Although several kernels deal with continuous

attributes on vertices [10, 21, 29, 35], we only focus on the cases

where vertex labels are discrete because of its high interpretability.

Since obtaining a good metric is an essential problem in data

analysis, metric learning has been extensively studied so far as

reviewed in [20]. However, due to computational difficulty, metric
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learning for graph data has not been widely studied. A few studies

considered edit distance approaches. For example, [3] is a method

of learning a similarity function through an edit distance in a su-

pervised manner. Another approach is that [25] probabilistically

formulates the editing process of the graph, and estimates the pa-

rameters by using labeled data. However, these approaches also can

not provide any clear interpretation of resulting metric in a sense

of subgraph.

Deep neural network (DNN) is also a standard approach to graph

data analysis. Deep graph kernel [43] incorporates neural language

modeling in which decomposed sub-structures of a graph is re-

garded as a sentence. PATCHY-SAN [27] and DGCNN [27] convert

a graph to a tensor by usingWL-Kernel and convolute it, and several

other studies also have combined popular convolution techniques

with the graph data [2, 34, 38]. These approaches are supervised,

but obviously interpretability of these DNN is quite low. Attention
enhances interpretability of deep learning, but extracting important

subgraph is difficult because the attention for graph [19] only pro-

vides the significance of the vertex transition on a graph. Another

related DNN approach would be the representation learning. For

example, sub2vec [1] and graph2vec [24] can embed graph data

into a continuous space, but they are unsupervised and it is dif-

ficult to extract substructures that characterize different classes.

There are other fingerprint learning methods for graph by neural

networks (e.g., [8]) in which the contribution from each node can

be evaluated for each dimension of fingerprint. Although it is pos-

sible to highlight sub-structures for the given input graph, it does

not directly produce important subgraphs for prediction (in other

words, it does not create a feature space spanned by subgraphs as

illustrated in Figure 1).

Supervised pattern mining [5, 28, 37] can be used for a similar

purpose to our problem setting because it enumerates patterns

(including graph) based on some discriminative score. However,

these approaches usually 1) employ the greedy strategy to add a

pattern by which global optimality can not be guaranteed, and 2)

does not optimize metric or representation. A few other studies

[23, 30] consider optimizing a linear model on the subgraph feature

with the LASSO penalty by using graph mining, but these are

specific to the parameter optimization of the specific linear model.

4 EXPERIMENTS
We evaluate performance of IGML using the benchmark datasets

shown in Table 2. These datasets can be obtained from [14]. We did

not use edge label because implementations of compared methods

can not deal with edge label, and the maximum connected graph is

used if the graph is not connected. #maxvertices in the table is the

size (number of vertices) of the maximum subgraph considered in

IGML. The setsSi andDi are selected as ten nearest neighborhoods

of xi (K = |Si | = |Di | = 10) by using WL-Kernel, respectively. A

sequence of the regularization coefficients are created by equally

spaced 100 grid points on the logarithmic scale between λmax and

0.01λmax. The gSpan search tree (in which minimum support is set

as 0) is usually traversed only just after λ changes. In the working-

set method, after convergence, it is necessary to traverse the tree

again in order to confirm the overall optimality. If the termination

condition is not satisfied, optimization with a newworking set must
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Figure 3: (a): The size of F , and (b): the number of visited
nodes. Both are evaluated at the first traverse of each λ for
which the index is shown as the horizontal axis. The dataset
is AIDS.

be performed. The termination condition for the optimization is

that the relative duality gap is less than 10
−6
. In this experiment,

we used д(x) = 1x>0 in ϕH (G). The dataset is randomly divided in

such a way that the ratio of partitioning is train : validation : test =

0.6 : 0.2 : 0.2, and our experimental result is an average value of 10

times.

4.1 Evaluating Computational Efficiency
In this section, we confirm the effect of proposed pruning methods.

We evaluated four settings, i.e., safe feature screening “SS&SP”, its

range based extention “RSS&RSP”, working set selection “WS&WP”,

and the combination “WS&WP+RSS&RSP”. Each method performs

dynamic screening with DGB at every update ofm. We here used

the AIDS dataset, in which #maxvertices=30. In this dataset, when

we fully traverse the gSpan tree without safe screening/working

set selection, the number of tree nodes was more than 9.126 × 10
7

(at which our implementation with gSpan stopped because of out

of memory).

Figure 3 (a) shows the size of F after the first traverse at each

λ, and the number of non-zeromk after the optimization is also

shown as a baseline. We first see that the both approaches reduced

the number of features drastically. Even for the largest case, at

which about 200 of features finally selected bymk , only less than a

thousand of features were remained. We see that WS&WP shows a

much smaller values than SS&SP. Instead, WS&WP may need to

perform the entire tree search again because it can not guarantee

the sufficiency of current F while SS&SP does not need to search

the tree again because it guarantees that F must contain allmk , 0.

The number of visited nodes in the first traverse at each λ is

shown in Figure 3 (b). We see that #visited nodes of SS&SP is largest

than the others, but it is less than about 27000 (27000/9.126× 10
7 ≈

0.0003). Comparing SS&SP and WS&WP, we see that WS&WP

pruned a larger number of nodes. On the other hand, #visited nodes

of RSS&RSP is less than 6000. The difference between SS&SP and

RSS&RSP indicates that a larger number of nodes can be skipped

by range based method. Therefore, by combining the node skip by

RSS&RSP and stronger pruning of WS&WP, #visited nodes was

further reduced.

The total time in the path-wise optimization is shown in Table 1.

RSS&RSP were fast in the traversing time, andWS&WPwere fast in

the solving time. In total, RSS&RSP+WS&WPwas fastest. The result
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Table 1: Total time in the path-wise optimization (sec).

Method \ Process Traverse Solve Total

SS&SP 25.9±4.0
86.7±14.1

112.7±16.5

RSS&RSP 7.7±1.6 94.4±15.1

WS&WP 39.1±3.7
55.055.055.0±12.1

94.1±11.6

WS&WP+RSS&RSP 7.47.47.4±1.1 62.562.562.5±12.3

indicates that our method only took about 1 minute for solving the

optimization problem with more than 9.126 × 10
7
variables.

4.2 Predictive Accuracy Comparison
In this section, we compare the prediction accuracy of IGML with

Graphlet-Kernel (GK)[33], Shortest-Path Kernel (SPK)[4], Random-

Walk Kernel (RW)[40], Weisfeiler-Lehman Kernel (WL)[32], and

Deep Graph Convolutional Neural Network (DGCNN)[45]. We

use the implementation available at URLs
1
for graph kernels and

DGCNN, respectively. The prediction of the kernel method and

IGML is made by the k-nearest neighbor (k-nn). The values of k
in the k-nn is k = 1, 3, 5, 7, ..., 49 and hyperparameters of each

method are selected by using validation data, and prediction accu-

racy is evaluated on test data. The graphlet size in GK is fixed to

3. The parameter λRW in RW is set by the recommended λRW =
maxi ∈Z:10i<1/d2 10

i
where d is the maximum degree. The loop pa-

rameterh ofWL is selected from 0, 1, 2, ..., 10 by using the validation

data. In DGCNN, the number of hidden unit and its sort-pooling

are also selected by the validation data, each of which is from

64, 128, 256 and from 40%, 60%, 80%, respectively.

The micro-F1 score for each dataset is shown in Table 2. “IGML

(Diag)” is IGML with the weighted squared distance (1), and “IGML

(Diag→Full)” indicates that the post-processing with the Maha-

lanobis distance (17) was performed.We first focus on “IGML (Diag)”

which shows the best score on the six of the nine datasets except for

“IGML (Diag→Full)”. Among those six datasets, “IGML (Diag→Full)”

further improves the accuracy for the four datasets. The second

best would be WL which shows superior performance to the other

methods except for the proposed method on six of nine datasets.

DGCNN shows high accuracy with DBLP_v1, which has a large

number of samples, while for the other data, accuracy was not high.

4.3 Illustrative Examples
Figure 4 shows an illustrative example of IGML on Mutagenicity

dataset, in which mutagenicity are predicted from a graph repre-

sentation of molecules. Figure 4 (a) is a graphical representation of

subgraphs, each of which has a weight shown in (b). For example,

we can clearly see that the subgraph #2 is estimated as an important

sub-structure to discriminate different classes. Figure 4 (c) shows a

heatmap of the transformation matrix

√
ΛV⊤

optimized for these

thirteen features, in which three non-zero eigenvalues exist. For ex-

ample, we see that two subgraphs #10 and #12 have similar columns

in the heatmap. This indicates that these two similar subgraphs

(#10 contains #12) are shrunk to almost same representation by the

effect of the regularization term R(M).

As another example of graph data analysis on the learned repre-

sentation, we applied the decision tree algorithm to the obtained

1
http://mlcb.is.tuebingen.mpg.de/Mitarbeiter/Nino/Graphkernels/, https://github.com/

muhanzhang/pytorch_DGCNN
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samples which satisfies all the preceding conditions.

feature (18) on Mutagenicity dataset. Although there is a study con-

structing the decision tree directly for graph data [26], it needs a

severe restriction on the pattern to be considered for computational

reasons. On the other hand, since (18) is a simple vector representa-

tion with reasonable dimension, it is quit easy to apply the decision

tree algorithm. Due to space limitation, we select two paths from

the obtained decision tree as shown in Figure 5. For example, in the

path (a), if a given graph contains “O =N ”, and does not contain

“H−O−C−C=C−C−H”, and contains “N−C=C−C=C<
C
C ”, the

given graph is predicted as y = 0 with probability 140/146. Both

of two rules clearly separate two classes, and it would be highly

insightful because we can trace the process of the decision based

on the subgraphs.

5 CONCLUSIONS
We proposed an interpretable metric learning method for graph

data, called interpretable graph metric learning (IGML). To avoid

computational difficulty, we build an optimization algorithm which

combines safe screening, working set selection, and their pruning

extensions.We empirically evaluated the performance of IGML com-

pared with existing graph classification methods. Although IGML

was an only method which has clear interpretability, it showed supe-

rior or comparable prediction performance to other state-of-the-art
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Table 2: Comparison of micro-F1 score. OOM means out of memory. “>1week” indicates that it did not finish within a week.
“±” is a standard deviation. Every dataset has two classes.

Method \ Dataset AIDS BZR DD DHFR FRANKENSTEIN Mutagenicity NCI1 COX2 DBLP_v1

#samples 2000 405 1178 467 4337 4337 4110 467 19456

#maxvertices 30 15 30 15 15 10 15 30 30

GK 0.985±0.006 0.815±0.034 0.632±0.021 0.688±0.037 0.603±0.012 0.747±0.017 0.703±0.011 0.782±0.045 OOM

SPK 0.994±0.003 0.842±0.039 >1week 0.737±0.040 0.640±0.012 0.719±0.014 0.722±0.012 0.774±0.034 0.784±0.012

RW 0.9980.9980.998±0.002 0.811±0.025 OOM 0.659±0.032 0.616±0.013 0.679±0.018 0.649±0.017 0.770±0.038 OOM

WL 0.995±0.003 0.854±0.039 0.769±0.027 0.780±0.045 0.694±0.017 0.768±0.012 0.772±0.015 0.7900.7900.790±0.040 0.814±0.014

DGCNN 0.985±0.005 0.791±0.020 0.773±0.023 0.678±0.030 0.615±0.016 0.705±0.018 0.706±0.016 0.764±0.039 0.9270.9270.927±0.003
IGML (Diag) 0.976±0.006 0.8600.8600.860±0.030 0.778±0.026 0.7970.7970.797±0.035 0.696±0.014 0.783±0.016 0.775±0.012 0.777±0.037 0.860±0.005

IGML (Diag→Full) 0.977±0.008 0.830±0.029 0.7830.7830.783±0.022 0.794±0.042 0.6990.6990.699±0.013 0.7900.7900.790±0.023 0.7820.7820.782±0.014 0.773±0.038 0.856±0.005

methods. Further, usefulness of IGML was also shown through

some illustrative examples.
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Appendix

A DUAL PROBLEM
The primal problem (2) can be re-written as

min

m,z

∑
i ∈[n]

[
∑
l ∈Di

ℓL(zil ) +
∑
j ∈Si

ℓ−U (zi j )] + λR(m)

s.t.m ≥ 0, zil =m
⊤cil , zi j = −m⊤ci j .

The Lagrange function L is

L(m, z,α , β) B
∑
i ∈[n]

[
∑
l ∈Di

ℓL(zil ) +
∑
j ∈Si

ℓ−U (zi j )] + λR(m)

+
∑
i ∈[n]

[
∑
l ∈Di

αil (zil −m⊤cil ) +
∑
j ∈Si

αi j (zi j +m
⊤ci j )] − β⊤m,

where α ∈ R2nK and β ∈ R
p
+ are Lagrange multipliers. The dual

function Dλ is then

Dλ(α , β) B inf

m,z
L(m, z,α , β). (20)

In the definition of dual function (20), in order to minimize L with

respect tom, by partially differentiating L, we obtain

∇mL = λ(1+ηm)+
∑
i ∈[n]

[−
∑
l ∈Di

αilcil +
∑
j ∈Si

αi jci j ]−β = 0. (21)

The convex conjugate function of ℓt is

ℓ∗t (−αi j ) = sup

zi j
{(−αi j )zi j − ℓt (zi j )}, (22)

which can be written as

ℓ∗t (x∗) =
1

4

x2∗ + tx∗, (x∗ ≤ 0). (23)

From equations (21), (22) and (23), the dual fuction can be written

as

Dλ(α , β)

= −
∑
i ∈[n]

[
∑
l ∈Di

ℓ∗L(−αil ) +
∑
j ∈Si

ℓ∗−U (−αi j )] −
λη

2

∥mλ(α , β)∥
2

2

= −
1

4

∥α ∥2
2
+ t⊤α −

λη

2

∥mλ(α , β)∥
2

2
.

where

mλ(α , β) B
1

λη

β +
∑
i ∈[n]

(
∑
l ∈Di

αilcil −
∑
j ∈Si

αi jci j ) − λ1


=
1

λη
[β +Cα − λ1].

Therefore, although dual problem can be written as

max

α ≥0,β ≥0
D(α , β),

by maximizing D(α , β) with respect to β , we obtain more simple

dual problem (3).

We obtain αi j = −ℓ′t (zi j ), used in (5), from derivative of L with

respect to zi j .

B PROOF OF LEMMA 2.1
From equation (10), the value of (xi ,k ′ − x j ,k ′)

2
is bounded as fol-

lows:

(xi ,k ′ − x j ,k ′)
2 ≤ max

0≤xi ,k′ ≤xi ,k ,0≤x j ,k′ ≤x j ,k
(xi ,k ′ − x j ,k ′)

2

= max{xi ,k , x j ,k }
2.

Using this inequality, the inner productCk ′,:q is also bounded:

Ck ′,:q =
∑
i ∈[n]

[ ∑
l ∈Di

qil (xi ,k ′ − xl ,k ′)
2 −

∑
j ∈Si

qi j (xi ,k ′ − x j ,k ′)
2

]
≤

∑
i ∈[n]

∑
l ∈Di

qil max{xi ,k , xl ,k }
2.

Similarly, the norm ∥Ck ′,:∥2 is bounded:

∥Ck ′,:∥2 =

√ ∑
i ∈[n]

[
∑
l ∈Di

(xi ,k ′ − xl ,k ′)
4 +

∑
j ∈Si

(xi ,k ′ − x j ,k ′)
4]

≤

√ ∑
i ∈[n]

[
∑
l ∈Di

max{xi ,k , xl ,k }
4 +

∑
j ∈Si

max{xi ,k , x j ,k }
4].

Therefore,Ck ′,:q + r ∥Ck ′,;∥2 is bounded by Prune(k |q, r ).

C PROOF OF THEOREM 2.1 (DGB)
From 1/2-strong convexity of −Dλ(α ), for any α ≥ 0 and α⋆ ≥ 0,
we see

Dλ(α ) ≤ Dλ(α
⋆) + ∇Dλ(α

⋆)⊤(α − α⋆) −
1

4

∥α − α⋆∥2
2
. (24)

Applying weak duality Pλ(m) ≥ Dλ(α
⋆) and the optimality condi-

tion of the dual problem ∇Dλ(α
⋆)⊤(α −α⋆) ≤ 0 to (24), we obtain

DGB.

D PROOF OF THEOREM 2.2 (RPB)
From the optimality condition on dual problem (3),

∇αDλ0 (α
⋆
0
)⊤(

λ0
λ1

α⋆
1
− α⋆

0
) ≤ 0, (25)

∇αDλ1 (α
⋆
1
)⊤(

λ1
λ0

α⋆
0
− α⋆

1
) ≤ 0. (26)

Here, the gradient vector at optimal solution is

∇Dλi (α
⋆
i ) = −

1

2

α⋆
i + t −C⊤mλi (α

⋆
i )

= −
1

2

α⋆
i + t −C⊤m⋆

i ,

thus, by substituting this equation into (25) and (26),

(−
1

2

α⋆
0
+ t −C⊤m⋆

0
)⊤(

λ0
λ1

α⋆
1
− α⋆

0
) ≤ 0, (27)

(−
1

2

α⋆
1
+ t −C⊤m⋆

1
)⊤(

λ1
λ0

α⋆
0
− α⋆

1
) ≤ 0. (28)

From λ1 × (27) + λ0 × (28),

(−
1

2

[α⋆
0
− α⋆

1
] −C⊤[m⋆

0
−m⋆

1
])⊤(λ0α

⋆
1
− λ1α

⋆
0
) ≤ 0. (29)

From equation (21),

Cαi = λiηmi + λi1 − βi . (30)

By substituting equation (30) into equation (29),

−
1

2

[α⋆
0
− α⋆

1
]⊤(λ0α

⋆
1
− λ1α

⋆
0
)

− [m⋆
0
−m⋆

1
]⊤(λ0λ1η[m1 −m0] − λ0β

⋆
1
+ λ1β

⋆
0
) ≤ 0.
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Algorithm 4: General Working-Set Method

1 initialize x0 ∈ D

2 for t = 1, 2, ... until converged do
3 Wt = {j | hj (xt−1) ≥ 0}

4 xt = argminx ∈D f (x) s.t. hj (x) ≤ 0,∀j ∈ Wt

Transforming this inequality based on completing the square with

the complementary conditionm⋆
i
⊤β⋆i = 0 andm⋆

1

⊤β⋆
0
,m⋆

0

⊤β⋆
1
≥

0, we obtain



α⋆
1
−
λ0 + λ1
2λ0

α⋆
0





2
2

+ 2λ1η∥m
⋆
0
−m⋆

1
∥2
2
≤





λ0 − λ1
2λ0

α⋆
0





2
2

.

By using ∥m⋆
0
−m⋆

1
∥2
2
≥ 0 to this inequality, we obtain RPB.

E PROOF OF THEOREM 2.3 (RRPB)
Considering a hypersphere that expands the RPB radius by

λ0+λ1
2λ0

ϵ

and replaces the RPB center with
λ0+λ1
2λ0

α0, we obtain



α⋆
1
−
λ0 + λ1
2λ0

α0






2

≤
|λ0 − λ1 |

2λ0



α⋆
0




2
+
λ0 + λ1
2λ0

ϵ .

Since ϵ is defined by ∥α⋆
0
− α0∥2 ≤ ϵ , this sphere covers any RPB

made by α⋆
0
which satisfies ∥α⋆

0
− α0∥2 ≤ ϵ . Using the reverse

triangle inequality

∥α⋆
0
∥2 − ∥α0∥2 ≤ ∥α⋆

0
− α0∥2 ≤ ϵ,

the following is obtained.



α⋆
1
−
λ0 + λ1
2λ0

α0






2

≤
|λ0 − λ1 |

2λ0
(∥α0∥2 + ϵ) +

λ0 + λ1
2λ0

ϵ .

By arranging this, RRPB is obtained.

F SKETCH OF PROOF FOR THEOREM 2.6
(RSS) AND 2.7 (RSP)

When λ1 = λ is set in RRPB, the center and the radius of the bound

B = {α | ∥α − q∥2
2
≤ r2} are q = λ0+λ

2λ0
α0 and r =




 λ0−λ
2λ0

α0





2

+(
λ0+λ
2λ0
+

|λ0−λ |
2λ0

)
ϵ . Substituting these q and r into (12) and (13),

respectively, and arranging them, we can obtain the range in which

screening and pruning condition hold.

G PROOF OF THEOREM 2.8 (CONVERGENCE
OF WS)

By introducing new variable s , the dual problem (3) can be written

as

max

α ≥0,s ≥0
−
1

4

∥α ∥2 + t⊤α −
1

2λη
∥s∥2

s.t. Cα − λ1 − s ≤ 0.

We prove the convergence of working-set method on more general

convex problem as follows:

x⋆ B arg min

x ∈D
f (x) s.t. hi (x) ≤ 0,∀i ∈ [n], (31)

where f (x) is γ -strong convex function (γ > 0). Here, as shown in

Algorithm 4, working set is defined by Wt = {j | hj (xt−1) ≥ 0}

at every iteration. Then, the updated working set includes all the

violated constraints and the constraints on the boundary. We show

that Algorithm 4 finishes with finite T -step and returns optimal

solution xT = x⋆.

Proof. Since f is γ -strong convex from the assumption, the

following inequality holds.

f (xt+1) ≥ f (xt ) + ∇f (xt )
⊤(xt+1 − xt ) +

γ

2

∥xt+1 − xt ∥
2. (32)

At the step t , the problem can be written as follows using only the

active constraint at the optimal solution xt .

xt = arg min

x ∈D
f (x) s.t. hi (x) ≤ 0,∀i ∈ Wt

= arg min

x ∈D
f (x) s.t. hi (x) ≤ 0,∀i ∈ {j ∈ Wt | hj (xt ) = 0}

(33)

From the definition of Wt , the working set Wt+1 must contain

all the active constraints {j ∈ Wt | hj (xt ) = 0} at the step t and
can contain other constraints which are not included in Wt . This

means that xt+1 must be in the feasible region of the optimization

problem at the step t (33):

F B
{
x ∈ D | hi (x) ≤ 0,∀i ∈ {j ∈ Wt | hj (xt ) = 0}

}
Therefore, from the optimality condition of optimization problem

(33),

∇f (xt )
⊤(xt+1 − xt ) ≥ 0,xt+1 ∈ F . (34)

From inequality (32) and inequality (34), we obtain

f (xt+1) ≥ f (xt ) +
γ

2

∥xt+1 − xt ∥
2.

If xt is not optimal, there exists at least one violated constraint

hj′(xt ) > 0 for some j ′ because otherwise xt is optimal. Then, we

seext+1 , xt becausext+1 should satisfy the constrainthj′(xt ) ≤ 0.

If xt , xt+1, by using ∥xt+1 − xt ∥2 > 0,

f (xt+1) ≥ f (xt ) +
γ

2

∥xt+1 − xt ∥
2 > f (xt ).

Thus, the objective function always strictly increases (f (xt ) <
f (xt+1)). This indicates that the algorithm never encounters the

same working set Wt as the set of other iterations t ′ , t . For
any step t , the optimal value f (xt ) with a subset of the original

constraints Wt must be smaller than or equal to the optimal value

f (x⋆) of original problem (31) having all constraints. Therefore,

f (xt ) ≤ f (x⋆) is satisfied, and we obtain f (xT ) = f (x⋆) at some

finite step T . □
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