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ABSTRACT

Multi-task learning aims to learn multiple tasks jointly by sharing
information among related tasks such that the generalization perfor-
mance over different tasks could be improved. Although multi-task
learning has been demonstrated to obtain performance gain in
comparison with the single task learning, the main challenge that
learning what to share with whom is still not fully resolved. In this
paper, we propose a robust clustered multi-task learning approach
that clusters tasks into several groups by learning the representative
tasks. The main assumption behind our approach is that each task
can be represented by a linear combination of some representative
tasks that can characterize all tasks. The correlation between tasks
can be indicated by the corresponding combination coefficient. By
imposing a row-sparse constraint on the correlation matrix, our
approach could select the representative tasks and encourage infor-
mation sharing among the related tasks. In addition, the [; 2-norm is
applied to the representation loss to enhance the robustness of our
approach. To solve the resulting bi-convex optimization problem,
we design an efficient optimization method based on the alternating
direction method of multipliers and accelerated proximal gradient
method. Finally, experimental results on synthetic and real-world
data sets validate the effectiveness of the proposed approach.
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1 INTRODUCTION

Multi-task learning is a topic of interest in data mining, machine
learning, natural language processing, and computer vision com-
munities since many real-world applications in these areas involve
learning multiple relevant tasks, such as entity recommendation
[11], travel time estimation [18], image captioning [34], human
action recognition [20, 38], etc. With the goal of improving gener-
alization performance across different tasks, multi-task learning
manages to learn multiple tasks simultaneously by transferring
knowledge among them [27, 33]. To be specific, multi-task learning
exploits the intrinsic relationships among multiple tasks to share
information across related ones [2, 7-9, 13, 21, 36]. For example, in
human activity recognition tasks, many activities are related and
share basic motion action [38]. Due to the comparative advantages
that are demonstrated empirically and theoretically over learning
each task independently, multi-task learning has been greatly de-
veloped in the past decades.

As a subfield of transfer learning [27], the key challenge in multi-
task learning is how to selectively transfer information among the
related tasks and prevent information transferring across unrelated
tasks meanwhile. The phenomenon that the information transfer
among unrelated tasks would degenerate the generalization per-
formance of multi-task learning, which is known as the negative
transfer [27]. The traditional methods in the literature of multi-task
learning to deal with this challenge can be divided into two main
categories. The first kind of methods assumes that all tasks are
related to each other, which can be achieved by two strategies: joint
feature selection [14, 21, 30] and multi-task feature learning with
low-rank structure [1, 2, 8, 16, 29]. On the other side, the second
kind of methods assume that all tasks can be clustered into several
groups and only the tasks within the same group are correlated and
sharing information [13, 16, 22, 36, 38, 39].

Despite its better interpretability over other methods, the joint
feature selection method has limited capacity since it fails to share
common information that is not in the original feature space. On
the other hand, the assumption that all tasks are related is not valid
in some applications, which would lead to the negative transfer
phenomenon. Another way to share information across all tasks is
to constrain the task weights to lie in a low dimensional subspace,
which is known as the low-rank methods. Due to the flexibility of
sharing common information across tasks and parsimony of the
number of efficient parameters, the low-rank methods are employed
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to learn the structures of task grouping in recent years [4, 15]. In-
stead of assuming all tasks are related, the task grouping method or
clustered multi-task learning manages to cluster tasks into several
groups and share information among tasks in the same group to
some extent [13, 16, 36, 39].

We focus on the clustered multi-task learning in this paper. Al-
though the great progress in task grouping has been made during
the past few years, there are still several major limitations in the
existing clustered multi-task learning methods. First, the number of
groups is usually not known in advance, which makes the clustered
multi-task learning methods inflexible in practical applications.
Second, a lot of task grouping methods cluster tasks into disjoint
groups. Such hard-assignment may not be true and would lead to
inefficient information sharing among tasks. Third, due to the I,
distance between tasks behind the assumption that tasks within
the same group are close to each other, the negatively correlated
tasks will be clustered into different groups, which prevents infor-
mation sharing between them. Finally, few task grouping methods
consider the robustness against the outlier tasks which do not share
information with all the other tasks.

1.1 Main Idea and Contributions

Motivated by the subset selection with structured sparsity [25, 40],
we propose a new clustered multi-task learning approach by se-
lecting representative tasks for task grouping. A subset of tasks
termed representative tasks are selected to represent all tasks with
a linear combination. The key insight of the proposed approach
is that all tasks can be characterized by representative tasks. To
be specific, we first represent each task by a linear combination
of other tasks, where the linear combination coefficients indicate
the relationship (correlation) between the corresponding tasks to
some extent. Next, a row-sparse constraint (/;,2-norm) is imposed
on the relationship matrix to encourage information sharing among
related tasks, which could select the most representative and infor-
mative tasks at the same time. Finally, to enhance the robustness
of the proposed approach against outlier tasks, the I; 2-norm is
applied to the representation loss between each task and its linear
combination of representative tasks, where /;-norm and lz-norm
are imposed on tasks and features, respectively. A recent work
relevant to ours identified representative tasks by minimizing the
weighted I, distance between each task and its representative tasks
[39]. However, it fails to fully discover the group structure since
the negatively correlated tasks are put into different groups.

The idea of representing each task with a linear combination of
the other tasks is not new [17, 22]. However, our approach differs
from them in the following two points. First, we represent each task
with a linear combination of the representative tasks by imposing
the I4,2-norm on the correlation matrix, which enables each task
only to share information with the related tasks to the right extent.
Second, we replace the squared I;-norm on the representation loss
with the accumulated /;-norm, which enhances the robustness of
our approach against outlier tasks. To the best our knowledge,
Lee et al. [17] first proposed to represent each task model by a
linear combination of other task models. This method preferred a
sparse combination by imposing /;-norm on the column of the task
correlation matrix, which might fail to provide a complete cluster
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structure of tasks [22]. Moreover, the combination coefficients are
restricted to be positive, which would prevent negatively correlated
tasks from sharing information and being clustered into the same
group. To cope with these problems, Liu and Pan [22] proposed
to relax the positive restriction such that the method can capture
both positive and negative correlations among tasks. In addition,
the correlation matrix was restricted to be block-diagonal with a
trace Lasso norm [10]. However, both the above methods define
the diagonal elements of the correlation matrix to be zeros such
that each task should be correlated with at least one of the other
tasks, which is not always true in situations that exist irrelevant
tasks. Moreover, the squared I, distance between the task model
and its linear combination are sensitive to the outlier tasks.

In summary, our approach has the following advantages:

o Instead of pre-determining the number of task groups, our
approach can learn it automatically from data.

e Each task can be clustered into different groups based on the
representative tasks.

e The common information can be transferred among nega-
tively correlated tasks.

e Our approach reduces the effect of the outlier tasks due to
the accumulated /;-norm on the representation loss.

o The objective function of our approach is an unconstrained
bi-convex optimization problem.

The rest of this paper is organized as follows. We first introduce
the proposed approach, including problem formulation, robust rep-
resentative tasks selection and robust clustered multi-task learning
with representative tasks in Section 2. Then we design an efficient
optimization method to solve the objective function of our approach
with the alternating direction method of multipliers and accelerated
proximal gradient in Section 3. Next, extensive experimental studies
on both synthetic and real-world data sets are presented in Section
4. Finally, we conclude this paper and describe some directions for
future work in Section 5.

2 THE PROPOSED APPROACH

This section introduces the proposed approach, robust clustered
multi-task learning with representative tasks (RCMTL). The key
idea is to select a subset of tasks that can represent the whole tasks
using the linear combination of them in multi-task learning, and
then all tasks can be clustered into different groups based on these
representative tasks. In the rest of this section, we first describe the
problem formulation of clustered multi-task learning, followed by
the robust representative tasks selection with structured sparsity.
Next, we incorporate the robust task grouping with representative
tasks selection into clustered multi-task learning.

2.1 Problem Formulation
Suppose we have a multi-task learning problem with m tasks, where
each task i € {1,---, m} is associated with a set of instances,

Di={(xhyh). - Lyl )} CRYXR,

and a linear function f; : fl(Xj) = W;'—Xj., where w; is the weight of
the i-th task, d is the dimensionality of data, and n; is the number
of instances in the i-th task. Denoting W = [Wy, -+ ,W,,] € Rdxm
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as the weight matrix to be estimated, the empirical risk is given by,

anz WX y]

= -
where the loss function I(-, -) is squared loss for regression problem
and logistic loss for binary classification problem. To learn the m
tasks simultaneously, we follow the well-established approach that
searches for a weight matrix W such that the following regularized

empirical risk is minimized,

min L(W) + Q(W),

where Q is the regularization term that encodes the prior knowledge
of the group structure of tasks.

2.2 Robust Representative Tasks Selection

Given m tasks, our goal is to select a subset of tasks, dubbed
representative tasks, that share the most information with other
tasks. Intuitively, the representative tasks can be considered as
the most informative tasks that other tasks are highly related
to and can be used to represent other tasks efficiently. Formally,
assuming the model parameters of the representative tasks are
Wg = [Wp,, - ,Wy, ] € R%" | the model parameter of each task
W; can be represented by the linear combination of the represen-
tative tasks, i.e. W; ~ WgC;, where ¢; = [cyj,-++,cri] " is the
combination coefficients, which indicates the correlation between
corresponding tasks and the amount of information transferred
from representative tasks to the i-th task. To select the represen-
tative tasks, we minimize the reconstruction error between the
original model parameters of tasks and reconstructed model param-
eter by representative tasks as follows,

m
min wW; — WgC; 2,
&, 2l - Wreill

1)

s.t. WR cW, |W'R| =r,

where C = [C1, -+ ,Cm] € R™™ is the coefficient matrix that
describes the correlation between tasks.

However, the optimization problem in Eq. (1) is a combinatorial
optimization problem that is difficult to solve. To mitigate this prob-
lem, we select the representative tasks from the whole tasks pool by
replacing Wg with W and imposing a row-sparsity constraint on
the linear combination matrix. In the framework of multi-task learn-
ing, tasks are related to each other in many real-world problems.
It is desirable to share useful information among the related tasks.
Therefore, we encourage only the relevant tasks to share common
information with each other by minimizing the number of non-zero
rows in task correlation matrix C. Following the previous work on
group lasso [12], we formulate the representative task selection
problem as an optimization problem on the task relationship matrix
C € R™ ™ in the following,

. TI12
min [[ow - wc) ||F ()
where [|Cllo,p = Z;’Ll 1 (”Ci,:”p) indicates the non-zero rows of
relationship matrix C. Note that I(-) is the indicator function.

The squared loss of the representation in the above formulation
is sensitive to outliers, which correspond to the outlier tasks that do
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not share information with all the other tasks in multi-task learning.
To improve the robustness against outlier tasks, we replace the
optimization problem in Eq. (2) with the following problem,

m JW-woy|, s, O

where [[M]l1,2 = 3}; IM; .|l for a matrix M. In other words, the
Il1-norm and I2-norm are imposed among the tasks and features re-
spectively. Solving this problem can obtain the representative tasks
indexed by the non-zero rows of C, where the non-zero elements
in the i-th row of C index tasks that select the i-th task as repre-
sentative tasks. Consequently, the tasks that select the common
representatives would share information.

2.3 Robust Clustered Multi-Task Learning with
Representative Tasks

Based on the above preparation, we propose a new approach by
incorporating the idea of robust representative tasks selection into
clustered multi-task learning. To be specific, these tasks that select
a common representative task are regarded as a group, and all tasks
can be clustered into different groups based on their representative
tasks. Formally, we formulate our approach as follows,
m 1 n;

min > — Zl w]xbyl) + A W2
7 =1 1 J

+Az||<w WC) ||, , +A3Cllo.p.

©

where the second regularization term controls the complexity of
each task, the third regularization term is utilized to represent all
tasks with their representative tasks, and the last regularization
term is to control the number of representative tasks. Note that
we absorb the bias parameter b; into the weight w; by defining an
additional dummy feature xé = 1 for instances in each task.

The optimization problem in Eq. (4) involves counting the num-
ber of nonzero rows of C, which is non-convex and NP-hard in
general. Following the recent theoretical progress [32] on grouped
variables, we relax the lp-norm to the convex proxy /;-norm. On the
other hand, the typical value of p € {2, oo}, we set p = 2 such that
each task can be represented by representative tasks of different
weights. Therefore, the final optimization problem becomes the
following form,

n;
DUH(w]x i) + Wi
Jj=1
+ A2 (W =WO)T|| , +2sl[Clly.2.

1

nj

min
w,C

Ms

Ul
—-

(©)

Compared with the previous work on clustered multi-task learning,
our approach learn the number of clusters from data automatically.
Each task can be clustered into different groups based on the rep-
resentative tasks. Furthermore, by representing each task with a
linear combination of representative tasks, the negatively correlated
tasks can be put into the same group and share information.

3 OPTIMIZATION METHOD

The optimization problem in Eq. (5) is not convex in terms of all
variables together, but is convex in terms of them respectively. We
customize an efficient alternating optimization to obtain the partial
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minimum of the objective function. To be specific, the [; 3 regular-
ization term is not trivial for optimization due to its non-smoothness
and mixed-norm structure, we exploit the well-developed alternat-
ing direction method of multipliers (ADMM) [6] and accelerated
proximal gradient (APG) [28] to solve it. In the rest of this section,
we first give an introduction of accelerated proximal gradient since
it is used in both steps of the alternating optimization, followed by
two procedures of the alternating optimization.

3.1 Accelerated Proximal Gradient

Due to the optimal convergence rate for the class of first-order
methods, accelerated gradient methods [23, 24] has been extensively
utilized to solve multi-task learning problems [7, 9, 35, 36] of the
following form

(6)

where 7 (W) is convex and smooth, and R(W) is convex but non-
smooth. Note that the objective function in Eq. (5) is a composite
function of a differential term ¥ (W) and a non-differential term
R(W). Denote

H\l/\i/n F (W) + R(W),

oF (V)
ov
where the first two terms are the first order Taylor expansion of

F (W) at V, and the last term is the regularization.
In the traditional gradient descent method, the solution at the
k-th iteration is obtained as follows,

WF = argmin Tygi-1, (W) + R(W) (k> 1),
w

Tv,y<W)=¢(V>+< ,W—V> +§||W—vn%,
F

where y; is a proper step size. Here, we use the well-known fast
iterative shrinkage-thresholding algorithm (FISTA) [5] to solve the
optimization problem. To be specific, at the k-th iteration, FISTA
generates the solution by computing the proximal operator [3, 21,
31] in the following,

wk = argvrvnin Ty, (W) + R(W) (k> 1), 7)
where V! = WO, VK+1 = Wk 1 ok (Wk — Wk=1) for k > 1, and y;
is scalar obtained by the linear search. In particular, yo = 1, and the
value of y; for k > 1 is set as y; = 2/ky;_; by finding the smallest
non-negative integer ji such that

FWE) < i, (WF). ®)

Note that VK*1 is a linear combination of W* and W¥~1, and the
coefficient ay is crucial to the convergence behavior of the algo-
rithm. Following the strategy in [5], we set ap = (tp_1 — 1)/tg,

wheretp = land t} = |1+ ,[4ti_1 + 1) /2fork > 1.

3.1.1  Proximal Operator. The proximal operator with respect to
W can be cast into the following optimization problem,

W = argmin = - W mew, ©)

where
WE = VE - vy 7 (VE) 1y

and VyF (VK) is the derivative of F (V) with respect to V at vk,
Taking the derivative of Eq. (9) with respect to W and setting the

1411

KDD ’19, August 4-8, 2019, Anchorage, AK, USA

Algorithm 1 Accelerated Proximal Gradient Method

Input: Data and parameters for multi-task learning problem, yo;
Output: W;

1: Initialization: W = W™, t_; =0, = 1,and k = 1

2: repeat

_ bep—1
3: A = ?;
4 Vk — Wk*l + ak(wkfl _ Wk—Z);
5 Compute VyF (VK)
6: forj=0to--- do
7 Sety = 2/yr_q;
8 Compute WK by solving the Eq. (9);
9 if F(WK) < Tye |, (WF) then
10: Yk =V
11: break;
12: end if
13: end for
14: t = (1 +41+ 4t,2H) /2;
15: k=k+1;

16: until convergence

derivative to zero, we can obtain the solution of the above optimiza-
tion problem. The main algorithm for solving the problem (6) is
summarized in Algorithm 1.

3.2 Optimizing Task Weights Matrix W

For a fixed task relationship matrix C, the objective function Eq. (5)
with respect to task weights matrix W is as follows,

m n;
min Z ni, Z (WX yh) + A IWIE + A, ||DTWT||L2 , (10
i=1 " j=1

where D = | — C. This procedure is learning multiple tasks simulta-
neously with the given group structure and can be solved by the
alternating direction method of multipliers [6]. First, we introduce
an auxiliary matrix E = WD ¢ RY%™ and obtain the following
optimization program,
m n;
mi
mie )

Do (wixhyh) + AW + A2 [ET]

o1 M
P 2 an
+ EHWD - Ellg,
s.t. WD =E,

where p is a penalty parameter. Note that Eq. (10) and Eq. (11) are
equivalent since the last term in the objective function of Eq. (11)
vanishes for any feasible solution when WD = E.

Then we adopt the Lagrange multiplier matrix A € RAXM 1
augment the equality constraint of Eq. (11) to the objective function,
which can be written as the Lagrangian function as follows,

21 (WXjo)) + MW + 22 [ET]

1
min Z—
W.EA =] i j=1 (12)

+ /2—)||WD ~E|2 +Tr (AT (WD - E)).

nj
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Algorithm 2 Robust Clustered Multi-Task Learning

Input: Data set {Xt, yi }lf’; o Regularization parameters: A1, A2, A3;
Parameters for ADMM: p;
Output: Task weights matrix W and task relationship matrix C;
1: Initialization: W° and CY;
2: repeat
3: repeat
Update the auxiliary matrix E;
Update the task weights matrix W;
Update the Lagrangian multiplier A;
until convergence.
repeat
Update the auxiliary matrix F;
Update the task relationship matrix C;
11: Update the Lagrangian multiplier I" ;
12: until convergence.
13: until the objective function of Eq. (5) converges.

4
5
6:
7
8
9

10:

Based on the above formulation, the auxiliary matrix E, the task
weights matrix W, and the Lagrangian multiplier A can be updated
by using the APG algorithm and ADMM algorithm.

3.3 Optimizing Task Relationship Matrix C

Given the task weights matrix W, the objective function with re-
spect to the task relationship matrix is as follows,

min 2 [[(W = WO)T[| ', +25/Cll.2. (13)

which can be considered as selecting representative tasks for all
tasks. Similarly, ADMM is utilized to solve this optimization pro-
gram. First, we introduce an auxiliary matrix F = W —WC € R4X™
and obtain the following optimization problem,

. P 2

A2 IFTI. . + A3]ICll12 + ZIIF — W + WCJ|2,

min 22 [[F7][, , + As1Clh2 + ZI I
s.t. F= W —WC.

where p is a penalty parameter. To deal with the equality constraint,
the most convenient way is adopting the Lagrange multiplier matrix
I € R¥m o augment the equality constraint to the objective
function, which can be written as the Lagrangian function

. P
min 22 [FT[, , + AslICllz + S IIF - W+ WCII 5
+Tr (IT(F— W +WC)).

Then, we can update the auxiliary matrix F, the task relationship
matrix C, and the Lagrangian multiplier T in the same way as in
Section 3.2. The overall procedures of the proposed approach are
summarized in Algorithm 2.

4 EXPERIMENTAL STUDIES

In this section, we study the experimental results of the proposed
approach RCMTL on both synthetic and real-world data sets. We
first introduce the experimental setting, including comparative
methods and performance evaluation criteria, and then analyze
the experimental results. Finally, the complexity and convergence
analysis of the optimization method is presented.
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Table 1: Performance of different methods w.r.t. rtMSE on

synthetic data sets in the form of ‘mean =+ std’.

Method S1 S2 S3
STL 9.1601 +£ 0.1072  7.6511 £0.1518 10.1069 + 0.1864
L12 6.4231 £ 0.0838  6.3359 + 0.2223 9.1835 £ 0.1729
RMTFL  6.3441 +0.0830  6.2954 + 0.2168 8.8231 + 0.1800
Dirty 4.9838 + 0.1407  4.7066 + 0.1757 6.9836 + 0.2730
CMTL 6.1870 £ 0.3402  5.8370 + 0.2216 8.8711 £ 0.1739
RCMTL 3.4015+0.1354 3.8406 +0.1194 6.1476 + 0.2486

4.1 Experimental Setting

To demonstrate the competitiveness of the proposed approach,
we compare the proposed approach with the following single task
learning method and the recently proposed strategies for multi-task
learning methods:

o STL: The single task learning method in which the tasks are
learned separately with l3-norm regularization.

e L12: This method assumes all tasks share a common set of
features to capture the task relatedness from multiple related
tasks [2].

o RMTFL: It assumes that the task model can be decomposed
into a shared feature part that captures task relatedness and
a group-sparse part that detects outliers [9].

e Dirty: To deal with dirty data that do not fall into a single
structure, Dirty decomposes the task model into a group
sparse component and a sparse component [14].

e CMTL: CMTL assumes the tasks exhibit a group structure
where the tasks from the same group are closer to each other
than those from a different group [36].

The implementation of all these competitive methods is released
in [37]. For all the baseline and multi-task learning methods, the
hyper-parameters are selected by grid search on the performance
of the validation set. In particular, the search ranges of the regu-
larization parameters are {2710, ... , 2°}. We employ the root mean
squared error (rMSE) to evaluate the performance of the proposed
approach for the regression problem. The final measurement for
the multi-task problem is the mean of the measurement on all tasks.
Note that better regression performance is indicated by the smaller
value of rMSE. As for the classification problem, the mean average
precision (Mean AP) is employed to measure the performance, and
a larger value of Mean AP indicates better classification perfor-
mance. For each data set, the experiments on different methods are
repeated for 10 times by splitting data set randomly, and the mean
and standard deviation of the results are reported.

4.2 Synthetic Data Sets

To validate the effectiveness of the proposed approach in terms
of task grouping, negative correlation, and robustness against out-
lier tasks, we first evaluate our approach on three synthetic data
sets. To be specific, the task is a linear regression problem. The
input data are generated from X ~ N(0,l) with feature dimen-
sionality d = 100 and the output of the i-th task is obtained by

y' = W;'—X + N(0,1.5). Each data set consists of 4 clusters and
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(a) Ground Truth

b

(b) STL (c)L12 (d) RMTFL

e .

(e) Dirty (f) CMTL (g) RCMTL

Figure 1: Illustration of the correlation matrix obtained by
different methods on S1 data set.

each cluster contains 10, 15, 10, 15 tasks, respectively. All 100 di-
mensions are divided into 4 disjoint groups and each group contains
20, 30, 20, 30 dimensions and is assigned to only one cluster. For
tasks from a particular cluster, the corresponding dimensions are
non-zero and all other dimensions are zero, which makes different
clusters orthogonal to each other. For each task, we generate 60
samples as training data, 40 samples as the validation set to tune
the regularization parameters, and 100 samples for testing.

S$1: for the i-th task in the c-th cluster, the value of each di-
mension is the sum of its cluster center W, and a task-specific
component W;, where W, ~ N (0, 3l) and w; ~ N'(0,0.21).

$2: we first randomly generate 2, 3, 2,3 correlated tasks from
N (0, 31) for 4 clusters, respectively, and then generate the rest tasks
in each cluster by a linear combination of their correlated tasks.

$3: this data set is the same as S2 except five tasks are replaced by
five outlier tasks generated from 0.5 + N (0, 3), and the dimensions
in these outlier tasks are non-zero.

The above three synthetic data sets are used to evaluate the
performance of the proposed approach in terms of task grouping,
negative correlation, and robustness against outlier tasks, respec-
tively. Table 1 presents the results of different methods on three
synthetic data sets. We observe that all multi-task learning methods
improve the performance of single task learning by learning tasks
simultaneously. To be specific, RCMTL achieves the best perfor-
mance on all data sets, which validates the effectiveness of our
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Figure 2: Illustration of the representative tasks obtained by
our approach on data sets S2 and S3.

approach. Since the variance of the noise is close to the variance of
cluster weights, the obtained data do not fall into a single structure,
which blurs the cluster structure of tasks to some extent. As a re-
sult, Dirty obtains better performance than CMTL. After corrupting
the model parameters with outlier tasks on S3, RMTFL begins to
outperform CMTL.

In addition, Fig. 1 illustrates the correlation matrix obtained by
different methods on S1. Obviously, all multi-tasking learning meth-
ods obtain more accurate cluster structures than STL. In particular,
RCMTL learns the underlying cluster structure of tasks most ac-
curately. Although Dirty obtains a result of high quality as well,
some noise is introduced to the correlation of tasks within the same
cluster, which may be attributed to the group sparse component.
Furthermore, we illustrate the representative tasks learned by our
approach on S2 and S3 in Fig. 2, which shows that the number
of obtained representative tasks is proportional to the number of
underlying representative tasks in each cluster on S2. Note that
the representative tasks are not deterministic due to the property
of linear combination. On S3, each outlier task selects itself as the
only representative task.

4.3 Real-World Data Sets

Then, we evaluate the performance of our approach on following
four real-world data sets, in which the first two data sets Isolet and
School are for regression problem and the last two data sets MHC-I
Binding and CIFAR-10 are for classification problem.

4.3.1 Regression Problem. Isolated Letter Speech Recognition:
The Isolet data set is collected from 150 subjects who spoke the
name of each letter in the English alphabet twice. Hence there are
52 samples from each subject. These speakers are divided into 5
groups such that each group consists of 30 similar speakers. The
problem of recognizing the isolated letter speech can be regarded
as a multi-task regression problem, where each group corresponds
to a task. Since 3 samples are missing, we have 1560, 1560, 1560,
1558 and 1559 instances in five tasks, respectively. Following the
setup in [19], the target values are set as the corresponding letter
labels. In the experiments, we first reduce the feature dimension
of data to 100 with PCA, and then randomly select 15%, 20% and
30% of the instances from each task as the training data, 20% of the
instances as the validation data for the hyper-parameters selection,
and the rest as the testing data.
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Table 2: Performance of different methods w.r.t. rMSE on Isolet and School data in the form of ‘mean + std’.

RMTEFL

Dirty

CMTL

RCMTL

5.6129 + 0.0962
5.3903 + 0.0557
5.2535 + 0.0577

5.7896 + 0.0585
5.5176 + 0.0632
5.3586 + 0.0414

5.3464 + 0.0400
5.2038 + 0.0424
5.1252 + 0.0397

5.2721 + 0.0647
5.0930 + 0.0542
5.0520 + 0.0710

Data set Ratio STL L12
15% 5.7979 + 0.0616 5.3797 + 0.0549
Isolet 20% 5.5206 + 0.0699 5.2664 + 0.0419
25% 5.3583 + 0.0403 5.1696 + 0.0598
10% 12.1026 +£ 0.0815 11.6623 +0.0779
School 20% 11.1131 £ 0.0678 10.8762 + 0.0907
30%  10.7599 +0.1209 10.5897 + 0.1054

11.8670 £ 0.0646
10.9902 + 0.0802
10.6698 + 0.0030

12.7683 £+ 0.2005
11.3137 £ 0.0811
10.8354 + 0.1298

11.7431 + 0.1152
11.0281 + 0.0748
10.7182 £+ 0.1099

11.6189 + 0.2440
10.8217 + 0.1612
10.6228 + 0.1577

2

4
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Figure 3: Illustration of the representative tasks obtained by the proposed approach on Isolet and School data sets.

Examination Score Prediction: The School data set [2] records
the examination scores of 15362 students from 139 secondary schools
during the three years from 1985 to 1987 in London. Following the
processing described in [2], each student is represented by 27 binary
features including school-specific and student-specific attributes.
The corresponding examination score is an integer. The problem of
predicting the examination score of the students can be viewed as a
multi-task regression problem, where each school corresponds to a
task that consists of a different number of students as the samples.
In our experiments, 10%, 20% and 25% of the instances are randomly
selected from each task as the training data, 20% of the instances
are used as the validation data for the hyper-parameters selection,
and the rest instances are served as the testing data.

Table 2 presents the results on the above two data sets. It shows
that all multi-task learning methods outperform the method of sin-
gle task learning except Dirty, which is inferior to STL on School.
The possible reason is that the School data is a single structure
and decomposing the task model into a group sparse part and a
sparse part would destroy the structure. RCMTL achieves the best
performance on School data under all setting and the comparable
performance with L12 under the third setting due to the assumption
that all tasks might share a common set of features is valid in this
data, which demonstrate the advantages of our approach. More-
over, the representative tasks obtained by the proposed approach
is illustrated in Fig. 3, which shows that 3 and 1 representative task
(indicated by the non-zero rows) are selected on Isolet data under
the first two settings, respectively. For the School data, 10 and 7
representative tasks are selected. Please zoom in the figures for
better visual effect.
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4.3.2  Classification Problem. MHC-I Binding Data Set: This data
set contains binding affinities of various peptides with different
MHC-I molecules [13]. The binary classification problem of predict-
ing whether a peptide binds a molecule can be viewed as a multi-
task classification problem, where each molecule corresponds to a
task that consists of the different number of peptides as instances.
Following the protocol utilized in [13], we perform experiments on
the 10 molecules that have less than 200 instances described by 180
features, and we obtain 1200 samples in total. In the experiments,
20% and 40% of the instances are randomly selected from each task
as the training data, 20% of the instances are used as the validation
data for the hyper-parameters selection, and the remaining data
are served as the testing data.

The CIFAR-10 Data Set: The CIFAR-10 data set consists of
60000 color images of 32 X 32 from 10 classes, each of which has
6000 images. This data set is partitioned into five training batches
of size 10000 and one testing batch of the same size. In the testing
batch, each class contains exactly 1000 images. Following [22], we
generalize this multi-class classification problem to several binary
classification tasks with one-versus-one strategy. Hence, we obtain

2
We first convert the color images into the grayscale using Luma
coding, and then reduce the dimension of data to 76 with PCA.
Only the testing batch is used as the data set in our experiments.
In each task, we randomly select 30% and 40% of the instances as
the training data, 20% of the instances as the validation data for the
hyper-parameters selection, and the rest as the testing data.

Table 3 reports the performance on both data sets over 10 trials
under two settings. It shows that our approach obtains the best
results on both data sets under both settings. In particular, RCMTL

(10) = 45 tasks in total, each of which is a binary classification task.
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Table 3: Performance of different methods w.r.t. Mean AP on MHC-I and CIFAR-10 data sets in the form of ‘mean + std’.
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RMTEFL

Dirty

CMTL

RCMTL

0.6787 + 0.0258
0.7191 £ 0.0183

0.6790 + 0.0208
0.7186 + 0.0156

0.6776 + 0.0254
0.7210 + 0.0202

0.6872 + 0.0262
0.7336 + 0.0163

Dataset Ratio STL L12
MHC-T 20%  0.6754 +0.0195 0.6804 + 0.0270
40% 0.7032+0.0104 0.7221 + 0.0098
30% 0.7006 +0.0018 0.7120 + 0.0018
CIFAR-10 40%  0.7019 +£0.0021 0.7156 + 0.0021

0.7040 + 0.0024
0.7062 + 0.0016

0.7029 + 0.0018
0.7052 + 0.0022

0.7088 + 0.0018
0.7100 + 0.0020

0.7132 + 0.0018
0.7160 + 0.0022
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Figure 4: Illustration of the representative tasks obtained by the proposed approach on MHC-I and CIFAR-10 data sets.

obtains comparable results with L12 and outperform the rest with a
relatively large gap. Unsurprisingly, the single task learning method
is worse than all methods of multi-task learning. Furthermore,
Fig. 4 illustrates the obtained representative tasks and the task
relationship matrix. We can observe that even though the number
of representative tasks is almost equivalent to the number of total
tasks, the performance on MHC-I data is still improved by our
approach. For CIFAR-10 data, three different representative tasks
(indicated by the non-zero rows) are selected under both settings.

4.4 Complexity and Convergence Analysis

For simplicity, we assume that each task has n training instances.
The computational complexity of the proposed approach is com-
posed of the following two parts:

o In the step of optimizing the task weights matrix W, the
computational cost is dominated by the computation of the
gradient of W. In particular, the total cost of this step is
O(dm(n + m)).

o In the step of optimizing the task relationship matrix C, the
most time-consuming operation is updating C with accel-
erated proximal gradient, which can be done with O(dm?)
computational time.

Therefore, the overall computational complexity of our approach is
O(dmn + dm?). On the other hand, the objective function in Eq. (5)
is not convex in terms of both variables together, the Algorithm 2
converges to the local minimum only if both the alternating steps
converge to their global minimum. However, there is no theory
currently to guarantee the convergence of ADMM for the optimiza-
tion problem in Eq. (5) [6]. As an alternative, we demonstrate the
convergence property of our approach empirically in Fig. 5, from
which we can observe that the objective function of RCMTL can
converge to the optimal value within 10 iterations in most cases.
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Figure 5: Illustration of the convergence of our approach on
two real-world data sets.

5 CONCLUSION

Based on the assumption that each task can be represented by a
linear combination of some representative tasks which can charac-
terize all tasks, we propose a robust task grouping by selecting the
representative tasks for clustered multi-task learning in this paper.
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To be specific, our approach uncovers the underlying structure of
tasks by selecting the representative tasks which share the most
information with other tasks. Based on the shared representative
tasks, related tasks are grouped into clusters that could be over-
lapped such that information can be shared among clusters to some
extent. Moreover, the accumulated /;-norm is utilized to measure
the representation loss between each task and its reconstruction
by the representative tasks, which could reduce the effect of out-
lier tasks. Experiments on both synthetic and real-world data sets
demonstrate the effectiveness of our approach in comparison with
the existing methods.

There are two interesting directions to improve the proposed ap-
proach in future work. First, in consideration of the flexible property
of low-rank structure in multi-task feature learning, we aim to per-
form our task grouping method based on the low-rank assumption.
Second, combining the group structure with joint feature selec-
tion would further improve the interpretability and generalization
performance of multi-task learning.
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A REPRODUCIBILITY

For the reproducibility of our experiments, we first present the
initialization of parameters W and C in the objective function of
the proposed approach and then detail the procedures of updating
W and C by using APG algorithm and ADMM algorithm in the
following.

A.1 Initialization

The general performance of multi-task learning algorithm relies on
the initial estimates of parameters. Following the initial procedure
described in [15], we first learn the task weights matrix with single

task learning as follows,
Wipnit = argmm Z Z W y] + ‘Mz + Az + /12||W||F

Then, we compute the singular value decomposition of Wiy €
RXM 14 obtain the left-singular vectors U € RdXd, singular values
matrix £ € R4 and right-singular vectors V. € R™*™_ The
initial values of W and C are given by W® = UX and C* = VT,
respectively.

A.2 Details of Update Procedures for (12)

The auxiliary matrix E, the task weights matrix W and the La-
grangian multiplier A in Eq. (12) are updated as follows.

A.2.1 Updating E. The auxiliary matrix E is updated by solving
the following problem,

mEin BHWD - E”% +Tr (AT (WD - E)) + A2 HET”l,z
E- WD— - ’ +

A
pllF FZHET”LZ’

which can be solved by applying the proximal operator on each
column of E separately. To be specific, for the i-th column of E, the
closed-form solution is

A
ef” = max (0,1 - A—Z) é;,
plléillz

=min —
E

(16)

where &; = [Wk D + Ak / p]i is the i-th column of the matrix
(WkD + A /p).

A.2.2  Updating W. Next, the task weights matrix W can be up-
dated by solving the following problem,

2

>

P A
mmZ Z w] Xk y} +/11||W||§+—”WD—E+_
o M 2 PIlF

which can be solved with the gradient descent method. In particular,
we employ the L-BFGS [26] for efficiency. For regression problems
with the squared loss, we can compute the gradient of the above
function as follows,
1. . .
Vw, = —XI T (XIw; — y') + 24W; + (pWD — pE + A)d;,  (17)
nj

where d; is the i-th column of matrix D. On the other hand, for
binary classification problem with the logistic loss, the gradient is
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given in the following form,
_iii il yJ (wx5)) vy,
- oMo 1+ exp y (W?Xj))

1
+ (pWD - pE+ A)d;.

+ 241 W;

(18)

A.2.3  Updating A. Finally, the Lagrangian multiplier A is updated
as follows,

Ak+1 — Ak +p (Wk+1D _ Ek+1) . (19)

The primal and dual residuals r’f“ and S]f“ are given by
A T D (20)
k+1 =p (Ek+1 Ek) , (21)

which can be used to check the convergence.

A.3 Details of Update Procedures for (15)

The auxiliary matrix F, the task relationship matrix C and the
Lagrangian multiplier I in Eq. (15) are updated as follows.

A.3.1 Updating F. The auxiliary matrix F is updated by solving
the following optimization problem,

min ZJIF — W+ WCIIZ + Tr (T (F - W + WC)) + 22 [FT]

‘F W+WC+

=min —
F

A2
+ Z2FT
o5 FL
which can be solved by applying the proximal operator on each
column of F separately. To be specific, for the i-th column of F, the
closed-form solution is
).

A
fik+l = max (O, 1- 22—
where fl- = [W —wWck - I‘k/p]i is the i-th column of the matrix

(22)
plifill2
(W - wck -1k /p).

A.3.2  Updating C. Next, the task relationship matrix C can be
updated by solving the following optimization problem,

2

+ A21IClly, 2,
F

which is consisted of a smooth component and a non-smooth com-
ponent. We leverage the well-developed proximal algorithm FISTA
to solve it efficiently.

(23)

P
min —
c 2

WC—(W—F—E)
P

A.3.3  Updating T. Finally, the Lagrangian multiplier T is updated
as follows,

rk+t =k g p (FE* - (w—wek*t)) . (24)

The primal and dual residuals I‘IZCH and 812<+1 are given by
+1 =Fk+l _ (W _ ch+l) , (25)
st =p (FF+ —FF). (26)

which are used to check the convergence of this step.
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