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Certifiable Robustness and Robust Training for
Graph Convolutional Networks

Daniel Ziigner

ABSTRACT

Recent works show that Graph Neural Networks (GNNs) are highly
non-robust with respect to adversarial attacks on both the graph
structure and the node attributes, making their outcomes unreliable.
We propose the first method for certifiable (non-)robustness of
graph convolutional networks with respect to perturbations of the
node attributes!. We consider the case of binary node attributes
(e.g. bag-of-words) and perturbations that are Ly-bounded. If a node
has been certified with our method, it is guaranteed to be robust
under any possible perturbation given the attack model. Likewise,
we can certify non-robustness. Finally, we propose a robust semi-
supervised training procedure that treats the labeled and unlabeled
nodes jointly. As shown in our experimental evaluation, our method
significantly improves the robustness of the GNN with only minimal
effect on the predictive accuracy.
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1 INTRODUCTION

Graph data is the core for many high impact applications rang-
ing from the analysis of social networks, over gene interaction
networks, to interlinked document collections. One of the most
frequently applied tasks on graph data is node classification: given
a single large (attributed) graph and the class labels of a few nodes,
the goal is to predict the labels of the remaining nodes. Applica-
tions include the classification of proteins in interaction graphs
[9], prediction of customer types in e-commerce networks [6], or
the assignment of scientific papers from a citation network into
topics [12]. While there exist many classical approaches to node
classification [2, 15], recently graph neural networks (GNNs), also
called graph convolutional networks, have gained much attention
and improved the state of the art in node classification [5, 7, 12, 13].

However, there is one big catch: Recently it has been shown that
such approaches are vulnerable to adversarial attacks [4, 21, 22]:
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Even only slight deliberate perturbations of the nodes’ features
or the graph structure can lead to completely wrong predictions.
Such negative results significantly hinder the applicability of these
models. The results become unreliable and such problems open the
door for attackers that can exploit these vulnerabilities.

So far, no effective mechanisms are available, which (i) prevent
that small changes to the data lead to completely different predic-
tions in a GNN, or (ii) that can verify whether a given GNN is robust
w.r.t. specific perturbation model. This is critical, since especially
in domains where graph-based learning is used (e.g. the Web) ad-
versaries are omnipresent, e.g., manipulating online reviews and
product websites [11]. One of the core challenges is that in a GNN
anode’s prediction is also affected when perturbing other nodes in
the graph — making the space of possible perturbations large. How
to make sure that small changes to the input data do not have a
dramatic effect to a GNN?

In this work, we shed light on this problem by proposing the
first method for provable robustness of GNNs. More precisely, we
focus on graph convolutional networks and potential perturbations
of the node attributes, where we provide:

1) Certificates: Given a trained GNN, we can give robustness cer-
tificates that state that a node is robust w.r.t. a certain space of
perturbations. If the certificate holds, it is guaranteed that no per-
turbation (in the considered space) exists which will change the
node’s prediction. Furthermore, we also provide non-robustness
certificates that, when they hold, state whether a node is not
robust; realized by providing an adversarial example.

2) Robust Training: We proposes a learning principle that improves
the robustness of the GNN (i.e. making it less sensitive to pertur-
bations) while still ensuring high accuracy for node classification.
Specifically, we exploit the semi-supervised nature of the GNN
learning task, thus, taking also the unlabeled nodes into account.

In contrast to existing works on provable robustness for classical
neural networks/robust training (e.g. [10, 18, 20]), we tackle various
additional challenges: Being the first work for graphs, we have to
deal with perturbations of multiple instances simultaneously. For
this, we introduce a novel space of perturbations where the pertur-
bation budget is constrained locally and globally. Moreover, since
the considered data domains are often discrete/binary attributes,
we tackle challenging Ly constraints on the perturbations. Lastly,
we exploit a crucial aspect of semi-supervised learning by taking
also the unlabeled nodes into account for robust training.

The key idea we will exploit in our work is to estimate the worst-
case change in the predictions obtained by the GNN under the
space of perturbations. If the worst possible change is small, the
GNN is robust. Since, however, this worst-case cannot be computed
efficiently, we provide bounds on this value, providing conservative
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estimates. More technically, we derive relaxations of the GNN and
the perturbations space, enabling efficient computation.

Besides the two core technical contributions mentioned above,
we further perform extensive experiments:

3) Experiments: We show on various graph datasets that GNNs
trained in the traditional way are not robust, i.e. only few of
the nodes can be certified to be robust, respectively many are
certifiably non-robust even with small perturbation budgets. In
contrast, using our robust training we can dramatically improve
robustness increasing it by in some cases by factor of four.

Overall, using our method, significantly improves the reliability of
GNN, thus, being highly beneficial when, e.g., using them in real
production systems or scientific applications.

2 RELATED WORK

The sensitivity of machine learning models w.r.t. adversarial pertur-
bations has been studied extensively [8] . Only recently, however,
researchers have started to investigate adversarial attacks on graph
neural networks [4, 21, 22] and node embeddings [1]. All of these
works focus on generating adversarial examples. In contrast, we
provide the first work to certify and improve the robustness of
GNN . As shown in [21], both perturbations to the node attributes
as well as the graph structure are harmful. In this work, we fo-
cus on perturbations of the node attributes and we leave structure
perturbations for future work.

For ‘classical’ neural networks various heuristic approaches have
been proposed to improve the the robustness to adversarial exam-
ples [17]. However, such heuristics are often broken by new attack
methods, leading to an arms race. As an alternative, recent works
have considered certifiable robustness [3, 10, 18, 20] providing guar-
antees that no perturbation w.r.t. a specific perturbation space will
change an instance’s prediction.

For this work, specifically the class of methods based on convex
relaxations are of relevance [18, 20]. They construct a convex re-
laxation for computing a lower bound on the worst-case margin
achievable over all possible perturbations. This bound serves as a
certificate of robustness. Solving such convex optimization prob-
lems can often been done efficiently, and by exploiting duality it
enables to even train a robust model [20]. As already mentioned,
our work differs significantly from the existing methods since (i)
it considers the novel GNN domain with its relational dependen-
cies, (ii) it handles a discrete/binary data domain, while existing
works have only handled continuous data; thus also leading to
very different constraints on the perturbations, and (iii) we propose
a novel robust training procedure which specifically exploits the
semi-supervised learning setting of GNNS, i.e. using the unlabeled
nodes as well.

3 PRELIMINARIES

We consider the task of (semi-supervised) node classification in
a single large graph having binary node features. Let G = (A, X)
be an attributed graph, where A € {0, 1}N*N is the adjacency
matrix and X € {0, 1}N*D represents the nodes’ features. W.l.o.g.
we assume the node-ids to be V = {1,...,N}. Given a subset
Vi, € V of labeled nodes, with class labels from C = {1, 2,...,K},
the goal of node classification is to learn a function f : V — C
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which maps each node v € V to one class in C. In this work, we
focus on node classification employing graph neural networks. In
particular, we consider graph convolutional networks where the
latent representations H (D at layer [ are of the form

HY = 6 (A“‘”HU—”W“—U + b(’—1>) forl=2,..,L (1)

where H()) = X and with activation functions given by

o) () = softmax (), o ()=ReLU(-) forl=2,..,L—1.

The output HSJLC) denotes the probability of assigning node v to

class c. The A(l) are the message passing matrices that define how
the activations are propagated in the network. In GCN [12], for
example, A(l) =..= A<L_1) = b%/&bfé, where A = A + IngN
and ﬁ,-i =2 A,-j. The W() and b(") are the trainable weights of
the graph neural network, usually simply learned by minimizing
the cross-entropy loss on the given labeled training nodes Vy.
Notations: We denote with Nj(t) the I-hop neighborhood of a
node t, i.e. all nodes which are reachable with [ hops (or less) from
node t, including the node t itself. Given a matrix X, we denote its
positive part with [ X ]+ = max(X, 0) where the max is applied entry-
wise. Similarly, the negative part is [X]- = —min(X,0), which
are non-negative numbers. All matrix norms ||X||, used in the
paper are meant to be entry-wise, i.e. flattening X to a vector and
applying the corresponding vector norm. We denote with R the

I
dimensionality of the latent space in layer [, i.e. HY) € RNXAY Xi:
denotes the i-th row of a matrix X and X;; its j-th column.

4 CERTIFYING ROBUSTNESS FOR GRAPH
CONVOLUTIONAL NETWORKS

Our first goal is to derive an efficient principle for robustness cer-
tificates. That is, given an already trained GNN and a specific node
t under consideration (called target node), our goal is to provide a
certificate which guarantees that the prediction made for node t will
not change even if the data gets perturbed (given a specific pertur-
bation budget). That is, if the certificate is provided, the prediction
for this node is robust under any admissible perturbations. Unlike
existing works, we cannot restrict perturbations to the instance
itself due to the relational dependencies.

However, we can exploit one key insight: for a GNN with L
layers, the output HE:L) of node ¢ depends only on the nodes in its
L — 1 hop neighborhood N7 _;(t). Therefore, instead of operating
with Eq. (1), we can ‘slice’ the matrices X and A(l) at each step to
only contain the entries that are required to compute the output
for the target node ¢.2 This step drastically improves scalability
- reducing not only the size of the neural network but also the
potential perturbations we have to consider later on. We define the
matrix slices for a given target ¢ as follows:

(D _ A0
A= AN O N0

where the set indexing corresponds to slicing the rows and columns

forl=1,...L-1, X=Xpn, 1) (2

of a matrix, i.e. A Na(£), Ny () contains the rows corresponding to the

2Note that the shapes of W and b do not change.
3To avoid clutter in the notation, since our method certifies robustness with respect to
a specific node ¢, we omit explicitly mentioning the target node ¢ in the following.
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two-hop neighbors of node ¢ and the columns corresponding to its
one-hop neighbors. As it becomes clear, for increasing [ (i.e. depth

in the network), the slices of A(l) become smaller, and at the final
step we only need the target node’s one-hop neighbors.
Overall, we only need to consider the following sliced GNN:

AY = AY gU-ny -1 p-1)

Hfllj) = max {I:ISJ),O}

forl=2,...,L 3)

forl=2,..,L-1 (4)

and H) = X. Here, we replaced the ReLU activation by its ana-
lytical form, and we denoted with H D the input before applying
the ReLU, and with H() the corresponding output. Note that the
matrices are getting smaller in size — with H & actually reducing
to a vector that represents the predicted log probabilities (logits)
for node t only. Note that we also omitted the softmax activation

function in the final layer L since for the final classification decision
it is sufficient to consider the largest value of H (L). Overall, we
denote the output of this sliced GNN as fet(X, A) = A" ¢ rK.
Here 0 is the set of all parameters, i.e. 0 = WO, pO)}.

4.1 Robustness Certificates for GNNs

Given this set-up, we are now ready to define our actual task: We
aim to verify whether no admissible perturbation changes the pre-
diction of the target node t. Formally we aim to solve:

PrROBLEM 1. Given a graph G, a target node t, and an GNN with
parameters 0. Let y* denote the class of node t (e.g. given by the
ground truth or predicted). The worst case margin between classes y*
and y achievable under some set Xg, Q(X) of admissible perturbations
to the node attributes is given by

m'(y*,y) := minimize f}(X,A),- - f3(X.A)y (5)
X

subject to X € Xq’Q()'()

Ifm!(y*,y) > 0 for ally + y*, the GNN is certifiably robust w.r.t.
node t and X4, .

If the minimum in Eq. (5) is positive, it means that there exists no
adversarial example (within our defined admissible perturbations)
that leads to the classifier changing its prediction to the other class
y — i.e. the logits of class y* are always larger than the one of y.

Setting reasonable constraints to adversarial attacks is important
to obtain certificates that reflect realistic attacks. Works for classical
neural networks have constrained the adversarial examples to lie
on a small e-ball around the original sample measured by, e.g., the
infinity-norm or L2-norm [3, 18, 20], often e.g. € < 0.1 This is
clearly not practical in our binary setting as an € < 1 would mean
that no attribute can be changed. To allow reasonable perturbations
in a binary/discrete setting one has to allow much larger changes
than the e-balls considered so far.

Therefore, motivated by the existing works on adversarial attacks
to graphs [21], we consider a more realistic scenario: We define the
set of admissible perturbations by limiting the number of changes to
the original attributes - i.e. we assume a perturbation budget Q € N
and measure the Ly norm in the change to X. It is important to note
that in a graph setting an adversary can attack the target node by
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also changing the node attributes of its L — 1 hop neighborhood.
Thus, Q acts as a global perturbation budget.

However, since changing many attributes for a single node might
not be desired, we also allow to limit the number of perturbations
locally - i.e. for each node in the L — 1 hop neighborhood we can
consider a budget of ¢ € N. Overall, in this work we consider
admissible perturbations of the form:

Xq o) ={X|Xnjc QU AIX-XIb <0 ©

A ”Xn _Xn:”O < an (S NL—I} .

Challenges: There are two major obstacles preventing us from
efficiently finding the minimum in Eq. (5). First, our data domain is
discrete, making optimization often intractable. Second, our func-
tion (i.e. the GNN) fet is nonconvex due to the nonlinear activation
functions in the neural network. But there is hope: As we will show,
we can efficiently find lower bounds on the minimum of the orig-
inal problem by performing specific relaxations of (i) the neural
network, and (ii) the data domain. This means that if the lower
bound is positive, we are certain that our classifier is robust w.r.t.
the set of admissible perturbations. Remarkably, we will even see
that our relaxation has an optimal solution which is integral. That
is, we obtain an optimal solution (i.e. perturbation) which is binary
— thus, we can effectively handle the discrete data domain.

4.2 Convex Relaxations

To make the objective function in Eq. (5) convex, we have to find
a convex relaxation of the ReLU activation function. While there
are many ways to achieve this, we follow the approach of [20] in
this work. The core idea is (i) to treat the matrices H® and I:I(')
in Egs. (3,4) no longer as deterministic but as variables one can
optimize over (besides optimizing over X). In this view, Egs. (3.4)
become constraints the variables have to fulfill. Then, (ii) we relax
the non-linear ReLU constraint of Eq. (4) by a set of convex ones.

In detail: Consider Eq. (4). Here, H (nIJ) denotes the input to the
ReLU activation function. Let us assume we have given some lower
bounds R(nlj) and upper bounds Sﬁll]) on this input based on the pos-
sible perturbations (in Section 4.5 we will discuss how to find these
bounds). We denote with I (D the set of all tuples (n, j) in layer
I for which the lower and upper bounds differ in their sign, i.e.
R(nl]) <0< SSJ) We denote with Lil) and 7" the tuples where both
bounds are non-negative and non-positive, respectively.

Consider the case 7): We relax Eq. (4) using a convex envelope:

o) > A B >0
O (s _g®) <s® (A0 _gDY it (n i e 10
HY) (s\) - ’D) < s0) (1, - &) iy e 10

The idea is illustrated in the figure

on the right. Note that Hfll]) is no

longer the deterministic output of

the ReLU given its input but it is a

variable. For a given input, the vari-

able is constrained to lie on a vertical [
line above the input and below the
upper line of the envelope.

H

v m’

=<}
w0 -
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Accordingly, but more simply, for the cases 7. JEI) and 7 we get:

O]

1 A . . 1 I . .
Hi,j?anj 1f(n,])€f£) Hilj)zo 1f(n,])€I_(l)

which are actually not relaxations but exact conditions. Overall,
Eq. (4) has now been replaced by a set of linear (i.e. convex) con-
straints. Together with the linear constraints of Eq. (3) they deter-

mine the set of admissible H(") and H ) we can optimize over. We
denote the collection of these matrices that fulfill these constraints

by Zg, Q(X) Note that this set depends on X since HY = X
Overall, our problem becomes:
! (y*, y) := minimize H(y ) I:I(yL) =A% ™)
x,H0,AY
subject to X € X, o(X), [HO, A" € Z, 0(X)

Here we introduced the constant vector ¢ = ey — ey, which is 1
at position y*, —1 at y, and 0 else. This notation clearly shows that
the objective function is a simple linear function.

COROLLARY 4.1. The minimum in Eq. (7) is a lower bound on the
minimum of the problem in Eq. (5), i.e. m* (y*,y) < m*(y*, y).

PROOF. Let X be the perturbation obtained by Problem 1, and
[HO, H 3 )] the resulting exact representations based on Eq. (3)+(4).

3¢ )] q’Q(X). Since Eq. (7) optimizes
over the full set Zq,Q(X ) its minimum can not be larger. o

By construction, [H O A

From Corollary 4.1 it follows that if m?(y*, y) > 0 for all y # y*,
the GNN is robust at node ¢. Directly solving Eq. (7), however, is
still intractable due to the discrete data domain.

As one core contribution, we will show that we can find the
optimal solution in a tractable way. We proceed in two steps: (i) We
first find a suitable continuous, convex relaxation of the discrete
domain of possible adversarial examples. (ii) We show that the
relaxed problem has an optimal solution which is integral; thus, by
our specific construction the solution is binary.

More precisely, we relax the set Xq,Q(X ) to:

Ko = {X| Xy e 0. AIX =K1 <0 )

A X = Xl < q Vn € Npa}

Note that the entries of X are now continuous between 0 and 1,
and we have replaced the Ly norm with the L; norm. This leads to:

M (y*,y) = minimize H(y) ﬁ(yL) — o % ©)

X, HO.H 70
1 e 2, 0%)

It is worth mentioning that Eq. (9) is a linear problem since besides
the linear objective function also all constraints are linear. We
provide the explicit form of this linear program in the appendix.
Accordlngly, Eq. (9) can be solved optimally in a tractable way. Since

Xg, Q(X) > Xy, Q(X) we trivially have ! (y*,y) < m!(y*,y). But
even more, we obtain:

subject to X € /\A’q,Q(}'() s [H('),

THEOREM 4.2. The minimum in Eq. (7) is equal to the minimum
in Eq. (9), i.e. M (y*,y) = m'(y*, ).
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We will proof this theorem later (see Sec. 4.4) since it requires
some further results. In summary, using Theorem 4.2, we can indeed
handle the discrete data domain/discrete perturbations exactly and
tractably by simply solving Eq. (9) instead of Eq. (7).

4.3 Efficient Lower Bounds via the Dual

In order to provide a robustness guarantee w.r.t. the perturbations
on X, we have to find the minimum of the linear program in Eq. (9)
to ensure that we have covered the worst case. While it is possible
to solve linear programs ‘efficiently’ using highly optimized linear
program solvers, the potentially large number of variables in a GNN
makes this approach rather slow. As an alternative, we can consider
the dual of the linear program [20]. There, any dual-feasible solution
is a lower bound on the minimum of the primal problem. That is, if
we find any dual-feasible solution for which the objective function
of the dual is positive, we know that the minimum of the primal
problem has to be positive as well, guaranteeing robustness of the
GNN w.r.t. any perturbation in the set.

THEOREM 4.3. The dual of Eq. (9) is equivalent to:

imi ¢ (X, e, Q. n, ) 10
maximize %Q( ¢, Qnp (10)
subject to
ol e [0,1]|NL*’|Xh(l) forl=L-1,..,2,
ne R%HR pPER>
where
sORrM L-1
_TnjTnj (l+1) _ Ta(l+) ()
9q,0(- )_Z Z S(l) R(l) [‘D ]+ Zl b
=2 (n,j)el® =1

=T [XTD| - ¥l - g Y an -0 p
n

and
o) = —ceRrk

D = ADT gU+DW DT ¢ RINL-1xAD forl=L-1,...,1

0 if (n, j) e 7V

o) _ ] ®nj if (n,j) € 7V
" Swi & O[eD]  epr oo (D)
s [#], - [#5] reer
nj nj
forl=L-1,..,2

¥,s =max{A,g — (n + p),0}
Ana' = [&5112]4— . (1 _Xnd) + [i)(nl;]_ 'Xnd

The proof is given in the appendix. Note that parts of the dual
problem in Theorem 4.3 have a similar form to the problem in [20].
For instance, we can interpret this dual problem as a backward pass
on a GNN, where the D and ®D are the hidden representations
of the respective nodes in the graph. Crucially different, however,
is the propagation in the dual problem with the message passing
matrices A coming from the GNN formulation where neighboring
nodes influence each other. Furthermore, our novel perturbation
constraints from Eq. (8) lead to the dual variables 5 and p, which
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have their origin in the local (q) and global (Q) constraints, respec-
tively. Note that, in principle, our framework allows for different
budgets g per node. The term ¥ has its origin in the constraint
}N(n j € [0, 1].

While on the first look, the above dual problem seems rather com-
plicated, its specific form makes it amenable for easy optimization.
The variables Q, 1, p have only simple, element-wise constraints
(e.g. clipping between [0, 1]). All other terms are just deterministic
assignments. Thus, straightforward optimization using (projected)
gradient ascent in combination with any modern automatic differ-
entiation framework (e.g. TensorFlow, PyTorch) is possible.

Furthermore, while in the above dual we need to optimize over
n and p, it turns out that we can simplify it even further: for any
feasible Q, we get an optimal closed-form solution for 7, p.

THEOREM 4.4. Given the dual problem from Theorem 4.3 and any
dual-feasible value for Q. For each noden € N_1, let S, be the set
of dimensions d corresponding to the q largest values from the vector
Anp: (ties broken arbitrarily). Further, denote with o, = mingeg, Apq
the smallest of these values. The optimal p that maximizes the dual
is the Q-th largest value from [Anqlpen, . des,- For later use we
denote with S the set of tuples (n, d) corresponding to these Q-largest
values. Moreover, the optimal 1, is , = max {0, 0, — p}.

The proof is given in the appendix. Using Theo. 4.4, we obtain
an even more compact dual where we only have to optimize over
Q. Importantly, the calculations done in Theo. 4.4 are also available
in many modern automatic differentiation frameworks (i.e. we can
back-propagate through them). Thus, we still get very efficient (and
easy to implement) optimization.

Default value: As mentioned before, it is not required to solve
the dual problem optimally. Any dual-feasible solution leads to a
lower bound on the original problem. Specifically, we can also just
evaluate the function g; o onee given a single instantiation for Q.
This makes the computation of robustness certificates extremely
fast. For example, adopting the result of [20], instead of optimizing
over Q we can set it to

) _ oD o) _ phy-
Q1 =5, (S, ~R,) 1 (11)

which is dual-feasible, and still obtain strong robustness certificates.
In our experimental section, we compare the results obtained using
this default value to results for optimizing over Q. Note that using
Theo. 4.4 we always ensure to use the optimal 7, p w.r.t. Q.

4.4 Primal Solutions and Certificates

Based on the above results, we can now prove the following:

COROLLARY 4.5. Eq. (9) is an integral linear program with respect
to the variables X.

The proof is given in the appendix. Using this result, it is now
straightforward to prove Theo. 4.2 from the beginning.

Proor. Since Eq. (9) has an optimal (thus, feasible) solution
where X is integral, we have X ¢ Xq’Q(X) and, thus, X has to
be binary to be integral. Since in this case the L; constraints are
equivalent to the Ly constraints, it follows that X e X, Q(X ). Thus,
this optimal solution of Eq. 9 is feasible for Eq. 7 as well. Together
with ! (y*,y) < m!(y*,y) it follows that ! (y*, y) = m' (y*,y). O

250

KDD ’19, August 4-8, 2019, Anchorage, AK, USA

In the proof of Corollary 4.5, we have seen that in the optimal
solution, the set {(n,d) € So | A,q > 0} =: P indicates those
elements which are perturbed. That is, we constructed the worst-
case perturbation. Clearly, this mechanism can also be used even if
Q (and, thus, A) is not optimal: simply perturbing the elements in
P. In this case, of course, the primal solution might not be optimal
and we cannot use it for a robustness certificate. However, since the
resulting perturbation is primal feasible (regarding the set X o (X)),
we can use it for our non-robustness certificate: After constructing
the perturbation X based on P, we pass it through the exact GNN,
i.e. we evaluate Eq. (5). If the value is negative, we found a harmful
perturbation, certifying non-robustness.

In summary: By considering the dual program, we obtain ro-
bustness certificates if the obtained (dual) values are positive for
every y # y*. In contrast, by constructing the primal feasible pertur-
bation using P, we obtain non-robustness certificates if the obtained
(exact, primal) values are negative for one y # y*. For some nodes,
neither of these certificates can be given. We analyze this aspect in
more detail in our experiments.

4.5 Activation Bounds

One crucial component of our method, the computation of the
bounds R and $() on the activations in the relaxed GNN, remains
to be defined. Again, existing bounds for classical neural networks
are not applicable since they neither consider Ly constraints nor do
they take neighboring instances into account. Obtaining good upper
and lower bounds is crucial to obtain robustness certificates, as
tighter bounds lead to lower relaxation error of the GNN activations.

While in Sec. 4.3, we relax the discreteness condition of the node
attributes X in the linear program, it turns out that for the bounds
the binary nature of the data can be exploited. More precisely, for
every node m € N1_,(t), we compute the upper bound 552 in the
second layer for latent dimension j as

i )
Sfrzl; = sum_top_Q ([Amnsfzzj)i]nENl(m),ie{l’_._,q}) +H,, (12)
5512;1 = i-th_largest ((1 —Xp) O [“/:5'1)]+ L X O [WEI)]_)

Here, i-th_largest(-) denotes the selection of the i-th largest element
from the corresponding vector, and sum_top_Q(-) the sum of the Q
largest elements from the corresponding list. The first term of the
sum in Eq. (12) is an upper bound on the change/increase in the first
hidden layer’s activations of node m and hidden dimension j for any
admissible perturbation on the attributes X. The second term are
the hidden activations obtained for the (un-perturbed) input X, i.e.

ngzl; = A(I)XW(D + b In sum we have an upper bound on the

hidden activations in the first hidden layer for the perturbed input

X. Note that, reflecting the interdependence of nodes in the graph,

the bounds of a node m depend on the attributes of its neighbors n.
Likewise for the lower bound we use:

2 (1) 52 (2)
R(m'), = - sum_top_Q ([AmnRij)i]neNl(m),ie{l,.,.,q})+Hmj (13)
izglzj)i = i-th_largest (X,,: 1o} [W:E'I)L +(1-Xn)0 [Wé_l)]_)

We need to compute the bounds for each node in the L — 2 hop
neighborhood of the target, i.e. for a GNN with a single hidden

layer (L = 3) we have R®), §®?) ¢ RM (xR
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COROLLARY 4.6. Egs. (12) and (13) are valid, and the tightest pos-
sible, lower/upper bounds w.r.t. the set of admissible perturbations.

The proof is in the appendix. For the remaining layers, since the
input to them is no longer binary, we adapt the bounds proposed
n [18]. Generalized to the GNN we therefore obtain:

RO = A(l—l) (R(z—1) [W(I—l)] _g-n [W(z—n] )
N _

s — 407D (sa—l) [Wu—l)] )] [W(z_l)] )
forl=3,...,L—1. " B

Intuitively, for the upper bounds we assume that the activations
in the previous layer take their respective upper bound wherever
we have positive weights, and their lower bounds whenever we
have negative weights (and the lower bounds are analogous to this).
While there exist more computationally involved algorithms to
compute more accurate bounds [20], we leave adaptation of such
bounds to the graph domain for future work.

It is important to note that all bounds can be computed highly
efficiently and one can even back-propagate through them — im-
portant aspects for the robust training (Sec. 5). Specifically, one can
compute Egs. (12) and (13) for all m € V (!) and all j together in time
O(h® - (N - D +E - q)) where E is the number of edges in the graph.

~(2) o .
Note that an: can be computed in time O(D) by unordered partial

sorting; overall leading to the complexity O(N - h(®) - D). Likewise
the sum of top Q elements can be computed in time O(Ni(m) - q)
forevery1 <j < h® andm € V, together leading to O(E - q - K@),

5 ROBUST TRAINING OF GNNS

While being able to certify robustness of a given GNN by itself is
extremely valuable for being able to trust the model’s output in
real-world applications, it is also highly desirable to train classifiers
that are (certifiably) robust to adversarial attacks. In this section we
show how to use our findings from before to train robust GNNs.
Recall that the value of the dual g can be interpreted as a lower
bound on the margin between the two considered classes. As a

shortcut, we denote Withpg(y, Q(')) = [—g;’Q (X, ck, Qk)] | <k<K
the K-dimensional vector containing the (negative) dual objective
function values for any class k compared to the given class y, i.e.
ck = ey — eg. That is, node t with class yj is certifiably robust if
pé < 0 for all entries (except the entry at y; which is always 0).
Here, 0 denotes the parameters of the GNN.

First consider the training objective typically used to train GNNs

for node classification:

. Loy A 4%
mlmemlze Z L (fg (X, A), yt) 4
teVy

(14)

where L is the cross entropy function (operating on the logits) and
Vr the set of labeled nodes in the graph. y; denotes the (known)
class label of node t.

To improve robustness, in [20] (for classical neural networks) it
has been proposed to instead optimize

> L{phwiem).ui)

teVy

minimize

(15)
0, {Qt,k}

teVp, 1<k<K
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which is an upper bound on the worst-case loss achievable. Note
that we can omit optimizing over Q by setting it to Eq. (11). We
refer to the loss function in Eq. (15) as robust cross entropy loss.
One common issue with deep learning models is overconfidence
[14], i.e. the models predicting effectively a probability of 1 for one
and 0 for the other classes. Applied to Eq. (15), this means that
the vector p’ is pushed to contain very large negative numbers:
the predictions will not only be robust but also very certain even
under the worst perturbation. To facilitate true robustness and not
false certainty in our model’s predictions, we therefore propose an
alternative robust loss that we refer to as robust hinge loss:

.ﬁM (p,y*) = Z max {0, pg + M}.
k#y*

(16)

This loss is positive if —pgk = g;Q (X ok, Qk) < M; and zero
otherwise. Put simply: If the loss is zero, the node t is certifiably
robust — in this case even guaranteeing a margin of at least M to
the decision boundary. Importantly, realizing even larger margins
(for the worst-case) is not ‘rewarded’.

We combine the robust hinge loss with standard cross entropy to
obtain the following robust optimization problem

win 3 Luppei- 2ui) ¢ LK AL). a7
teVy

Note that the cross entropy term is operating on the exact, non-
relaxed GNN, which is a strong advantage over the robust cross
entropy loss that only uses the relaxed GNN. Thus, we are using
the exact GNN model for the node predictions, while the relaxed
GNN is only used to ensure robustness. Effectively, if all nodes are
robust, the term s M becomes zero, thus, reducing to the standard
cross-entropy loss on the exact GNN (with robustness guarantee).

Robustness in the semi-supervised setting: While Eq. (17) im-
proves the robustness regarding the labeled nodes, we do not con-
sider the given unlabeled nodes. How to handle the semi-supervised
setting which is prevalent in the graph domain, ensuring also ro-
bustness for the unlabeled nodes? Note that for the unlabeled nodes,
we do not necessarily want robustness certificates with a very large
margin (i.e. strongly negative pg) since the classifier’s prediction
may be wrong in the first place; this would mean that we encour-
age the classifier to make very certain predictions even when the
predictions are wrong. Instead, we want to reflect in our model that
some unlabeled nodes might be close to the decision boundary and
not make overconfident predictions in these cases.

Our robust hinge loss provides a natural way to incorporate these
goals. By setting a smaller margin M, for the unlabeled nodes, we
can train our classifier to be robust, but does not encourage worst-
case logit differences larger than the specified My. Importantly, this
does not mean that the classifier will be less certain in general, since
the cross entropy term is unchanged and if the classifier is already
robust, the robust hinge loss is 0. Overall:

min > Lm, (pé(y?,Qt"),y?) +£(f§(X,A),y’£) (18)
U teVy

w0 L (phn @)

tG(V\(VL
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Figure 1: Certificates for a GNN trained
with standard training on Cora-ML.

where §j; = arg maxy fgt(XA)k is the predicted label for node t.
Note again that the unlabeled nodes are used for robustness pur-
poses only — making it very different to the principle of self-training
(see below). Overall, Eq. (18) aims to correctly classify all labeled
nodes using the exact GNN, while making sure that every node has
at least a margin of M, from the decision boundary even under
worst-case perturbations.

Eq. (18) can be optimized as is. In practice, however, we proceed
as follows: We first train the GNN on the labeled nodes using Eq. (17)
until convergence. Then we train on all nodes using Eq. (18) until
convergence.

Discussion: Note that the above idea is not applicable to the
robust cross entropy loss from Eq. (15). One might argue that one
could use a GNN trained using Eq. (15) to compute predictions for
all (or some of the) unlabeled nodes. Then, treating these predictions
as the correct (soft-)labels for the nodes and recursively apply the
training. This has two undesired effects: If the prediction is very
uncertain (i.e. the soft-labels are flat), Eq. (15) tries to find a GNN
where the worst-case margin exactly matches these uncertain labels
(since this minimizes the cross-entropy). The GNN will be forced to
keep the prediction uncertain for such instances even if it could do
better. On the other hand, if the prediction is very certain (i.e. very
peaky), Eq. (15) tries to make sure that even in the worst-case the
prediction has such high certainty — thus being overconfident in the
prediction (which might even be wrong in the first place). Indeed,
this case mimics the idea of self-training: In self-training, we first
train our model on the labeled nodes. Subsequently, we use the
predicted classes of (some of) the unlabeled nodes, pretending these
are their true labels; and continue training with them as well. Self-
training, however, serves an orthogonal purpose and, in principle,
can be used with any of the above models.

Summary: When training the GNN, the lower and upper activa-
tion bounds are treated as a function of 0, i.e. they are updated ac-
cordingly. While this can be done efficiently as discussed in Sec. 4.5,
it is still the least efficient part of our model and future work might
consider incremental computations. Overall, since the dual pro-
gram in Theorem 4.3 and the upper/lower activations bounds are
differentiable, we can train a robust GNN with gradient descent
and standard deep learning libraries. Note again that by setting Q
to its default value, we actually only have to optimize over 6 - like
in standard training. Furthermore, computing pg for the default
parameters has roughly the same cost as evaluating a usual (sliced)
GNN K many times, i.e. it is very efficient.

Figure 2: Neighborhood purity cor-
relates with robustness.
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Figure 3: Robustness of nodes vs.
their degree.

6 EXPERIMENTAL EVALUATION

Our experimental contributions are twofold. (i) We evaluate the
robustness of traditionally trained GNNs using, and thus analyz-
ing, our certification method. (if) We show that our robust training
procedure can dramatically improve GNNs’ robustness while sacri-
ficing only minimal accuracy on the unlabeled nodes.

We evaluate our method on the widely used and publicly avail-
able datasets Cora-ML (N=2,995, E=8,416, D=2,879, K=7) [16], CITE-
SEER (N=3,312, E=4,715, D=3,703, K=6) [19], and PuBMED (N=19,717,
E=44,324, D=500, K=3) [19]. For every dataset, we allow local (i.e.
per-node) changes to the node attributes amounting to 1% of the
attribute dimension, i.e. ¢ = 0.01D. Q is analyzed in detail in the
experiments reflecting different perturbation spaces.

We refer to the traditional training of GNNs as Cross Entropy
(short CE), to the robust variant of cross entropy as Robust Cross
Entropy (RCE), and to our hinge loss variants as Robust Hinge Loss
(RH) and Robust Hinge Loss with Unlabeled (RH-U), where the latter
enforces a margin loss also on the unlabeled nodes. We set Mj,
i.e. the margin on the training nodes to log(0.9/0.1) and M; to
log(0.6/0.4) for the unlabeled nodes (RH-U only). This means that
we train the GNN to (correctly) classify the labeled nodes with
output probability of 90% in the worst case, and the unlabeled nodes
with 60%, reflecting that we do not want our model to be overcon-
fident on the unlabeled nodes. Please note that we do not need to
compare against graph adversarial attack models such as [21] since
our method gives provable guarantees on the robustness.

While our method can be used for any GNN of the form in
Eq. (1), we study the well-established GCN [12], which has shown
to outperform many more complicated models. Following [12], we
consider GCNs with one hidden layer (i.e. L = 3), and choose a
latent dimensionality of 32. We split the datasets into 10% labeled
and 90% unlabeled nodes. See the appendix for further details.

6.1 Certificates: Robustness of GNNs

We first start to investigate our (non-)robustness certificates by ana-
lyzing GNNs trained using standard cross entropy training. Figure 1
shows the main result: for varying Q we report the percentage of
nodes (train+test) which are certifiable robust/non-robust on Cora-
ML. We can make two important observations: (i) Our certificates
are often very tight. That is, the white area (nodes for which we
cannot give any — robustness or non-robustness — certificate) is
rather small. Indeed, for any given Q, at most 30% of the nodes can-
not be certified across all datasets and despite no robust training,
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Figure 4: Robust training (Cora-ML).
Dashed lines are w/o robust training.

highlighting the tightness of our bounds and relaxations and the
effectiveness of our certification method. (ii) GNNs trained tradi-
tionally are only certifiably robust up to very small perturbations.
At Q = 12, less than 55% of the nodes are certifiably robust on
Cora-ML. In case of CITESEER even less than 20% (Table 1; training:
CE). Even worse, at this point already two thirds (for CITESEER) and
a quarter (Cora-ML) of the nodes are certifiably non-robust (i.e. we
can find adversarial examples), confirming the issues reported in
[21]. PuBMED behaves similarly (as we will see later, e.g., in Table 1).
In our experiments, the labeled nodes are on average more robust
than the unlabeled nodes, which is not surprising given that the
classifier was not trained using the labels of the latter.

We also investigate what contributes to certain nodes being more
robust than others. In Figure 2 we see that neighborhood purity (i.e.
the share of nodes in a respective node’s two-hop neighborhood
that is assigned the same class by the classifier) plays an important
role. On Cora-ML, almost all nodes that are certifiably robust above
Q > 50 have a neighborhood purity of at least 80%. When analyzing
the degree (Figure 3), it seems that nodes with a medium degree are
most robust. While counterintuitive at first, having many neighbors
also means a large surface for adversarial attacks. Nodes with low
degree, in contrast, might be affected more strongly since each node
in its neighborhood has a larger influence.

Tightness of lower bounds:
Next, we aim to analyze how tight
our dual lower bounds are, which
we needed to obtain efficient cer-
tification. For this, we analyze
(i) the value of g4 () we ob-
tain from our dual solution (either
when optimizing over Q are using
the default value), compared to (ii)
the value of the primal solution
we obtain using our construction
from Sec. 4.4. The smaller the difference, the better. As seen in
Figure 7, when optimizing over , for most of the nodes the gap is
0. Thus, indeed we can often find the exact minimum of the primal
via the dual. As expected, when using the default value for Q the
difference between dual and primal is larger. Still, for most nodes
the difference is small. Indeed, and more importantly, when consid-
ering the actual certificates (wWhere we only need to verify whether
the dual is positive; its actual value is not important), the difference
between optimizing Q and its default value become negligible: on
Cora-ML, the average maximal Q for which we can certify robust-
ness drops by 0.54; CITESEER 0.18; PUBMED 2.3. This highlights that

= ) opt.
Default €

Density

| | |

0 5 10
Dual-Primal Difference

Figure 7: Difference of

Primal and Dual Bound.

Certificate w.r.t Q

Figure 5: Robust training (CITESEER).
Dashed lines are w/o robust training.
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Figure 6: RH-U is most successful for
robustness at Q = 12 (Cora-ML).

we can use the default values of Q to very efficiently certify many
or even all nodes in a GNN. In all remaining experiments we, thus,
only operate with this default choice.

6.2 Robust Training of GNNs

Next, we analyze our robust training procedure. If not mentioned
otherwise, we use our robust hinge-loss including the unlabeled
nodes RH-U and we robustify the models with Q = 12 since for
this value more than 50% of nodes across our datasets were not
certifiably robust (when using standard training).

Figure 4 and 5 show again the percentage of certified nodes
w.r.t. a certain Q — now when using a robustly trained GCN. With
dotted lines, we have plotted the curves one obtains for the standard
(non-robust) training — e.g. the dotted lines in Fig. 4 are the ones
already seen in Fig. 1. As it becomes clear, with robust training, we
can dramatically increase the number of nodes which are robust.
Almost every node is robust when considering the Q for which
the model has been trained for. E.g. for CITESEER, our method is
able to quadruple the number of certifiable nodes for Q = 12. Put
simply: When performing an adversarial attack with Q < 12 on this
model, it cannot do any harm! Moreover the share of nodes that
can be certified for any given Q has increased significantly (even
though we have not trained the model for Q > 12). Most remarkably,
nodes for which we certified non-robustness before become now
certifiably robust (the blue region above the gray lines).

Accuracy: The increased robustness comes at almost no loss in
classification accuracy as Table 1 shows. There we report the results
for all datasets and all training principles. The last two columns
show the accuracy obtained for node classification (for train and
test nodes separately). In some cases, our robust classifiers even
outperform the non-robust one on the unlabeled nodes. Interest-
ingly, for PUBMED we see that the accuracy on the labeled nodes
drops to the accuracy on the unlabeled nodes. This indicates that
our method can even improve generalization.

Training principles: Comparing the different robust training
procedures (also given in more detail in Figure 6), we see that RH-U
achieves significantly higher robustness when considering Q = 12.
This is shown by the third-last column in the table, where the
percentage of nodes which are certifiably robust for Q = 12 (i.e. the
Q the models have been robustified for) is shown. The third column
shows the largest Q for which a node is still certifiably robust
(averaged over all nodes). As shown, for all training principles the
average exceeds the value of 12.

Effect of training with Q: If we strongly increase the Q for
which the classifier is trained for, we only observe a small drop in
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Sy
Dataset Training Avg. Max % Robust Acc. Acc. %
Qrobust Q=12 (labeled) (unlabeled) @1\ Iy —
= CE 6.77 0.17 1.00 0.67 R R RN o)
2 RCE 18.62 0.58 0.99 0.69 = RH-U-Labeled i
£ Rru 1551 0.54 0.99 0.68 0 | Gerabered
©  RHU 18.48 0.76 0.99 0.68 Z I I I i i
g  CE 16.36 0.54 1.00 0.83 0 250 500 750 1000
% RCE 38.58 0.77 1.00 0.83 Figure 8: ;;?;:;i “‘;atlons.
&  RH 32.49 0.74 1.00 0.83 gure & § dynamics.
©  RHU 35.58 0.91 1.00 0.83 #100 =
~n CE 5.82 0.15 0.99 0.86 2 — = 012
S RCE 50.68 0.62 0.88 0.84 p — RILU O — 24
£ RH 4856 0.62 0.90 0.85 5 50 — — RH.U Q — 48
~  RHU 47.56 0.63 0.90 0.86 3 i i \
Table 1: Robust training results. Our robust training methods significantly im- z P
prove the robustness of GNNs while not sacrificing accuracy. Robust training ® 05 ; ; I
was done for Q = 12. Results are averaged over five random data splits. 0 12 24 48

the classification accuracy. E.g., training accuracy drops from 99% to
87% when going from Q = 12 to 48, while test accuracy stays almost
unchanged (68% vs. 66%) on CITESEER. We attribute this to the fact
that the GNN still uses the normal CE loss in addition to our robust
hinge loss during training. Figure 9 shows the results for Cora where
we trained three models with different Q. To clarify: We have to
distinguish between the Q used for training a model (mentioned in
the legend) and the Q we are computing certificates for (the x-axis).
We see: (i) Clearly, all trainings lead to significantly more robust
models. Though, the larger Q, the harder it gets. (ii) Importantly,
each model is the ‘winner in robustness’ when considering the Q
for which the model has been trained for.

Training Dynamics: Lastly, we analyze the behavior when
training a GCN using either standard training or robust training
with RH-U. In Figure 8 we monitor the worst-case margin (averaged
over a minibatch of nodes; separately for the labeled and unlabeled
nodes) obtained in each training iteration. As seen, with RH-U the
worst-case margin increases to the specified values M;/Ms - i.e.
making them robust. In contrast, for standard training the worst-
case margin decreases. Specifically the unlabeled nodes (which ac-
count to 90% of all nodes) are not robust.

Overall, all experiments show that our robust training is highly
effective: robustness is increased while the accuracy is still high.

7 CONCLUSION

We proposed the first work on certifying robustness of GNNs, con-
sidering perturbations of the node attributes under a challenging
Ly perturbation budget and tackling the discrete data domain. By
relaxing the GNN and considering the dual, we realized an efficient
computation of our certificates — simultaneously our experiments
have shown that our certificates are tight since for most nodes a
certificate can be given. We have shown that traditional training
of GNNss leads to non-robust models that can easily be fooled. In
contrast, using our novel (semi-supervised) robust training the re-
sulting GNNs are shown to be much more robust. All this is achieved
with only a minor effect on the classification accuracy. As future
work we aim to consider perturbations of the graph structure.
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Figure 9: Robust training, diff. Q
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8 APPENDIX

Implementation Details: We perform the robust training using
stochastic gradient descent with mini-batches and Adam Optimizer.
For this we randomly sample in each iteration 20 nodes from the
labeled nodes (for RH-U from all nodes) and compute the nodes’
twohop neighbors. We then slice the adjacency and attribute matri-
ces appropriately and compute the lower/upper activation bounds
for all nodes in the batch. We use dropout of 0.5, Ly regularization
with strength 1le — 5, learning rate of 0.001. We use Tensorflow 1.12
and train on NVIDIA GTX 1080 Ti.

8.1 Proofs
We reformulate the problem in Eq. (9) as the linear program below.
minimize cTH( )subject to (19)
X, HOAY
ATV 2 AVHOWD b0 122, L = @) e RN
HO <1 L e RN
H,(:j) >0 = ¢~ e RM-x<hY
Hr(11]) < an + énj = y+ € RNL"Xh(l)
HY) > X = iy =y~ e RN
Zénj <q VneNp_ zqeRNL*I
J
Z &nj < Q =pelR
n’j
H)) =0l=2. L-1(@njeI!
1 l . 1
Hf(ij) EU),I—Z —1,(n,])€f£)
H(l.) >0,l=2,....,L-1,(n,j) e IV D ¢ RNL-xhD
H(l) AV =2, -1 er® =0 cpM-rxh?

3 4 ) =S ),

I=2,...,L —1,(n,j)e[<l)

2D ¢ RNL—IXh(l)

Note that X = H(l); moreover the Hr(llj) =0 and Hfllj) = ﬁ(l) can

be simply eliminated from the optimization. A, y, and 7 are only
defined for (n, j)€ 7 (!); we keep the matrix notation for simplicity.

Proor oF THEOREM 4.3. Applying standard duality construction,
the (non-simplified!) dual problem of the above linear program is

L-1 L-1
max Z Z ASJ)SSJ)RSJ) Z 1T@U+Dp(M)
1=2 (n,j)e1® =1

+ Zan [Yr;j - YrJLrj] -
n"j

et —q Z Nn—Qp subject to
n
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L _ 0 _ - j !
oD = _¢ q)nj_ forl—2,...L,(n,])€f_()
o) = A(I)TCD(IH)W(I)T, forl=2,...L(n,j) € Lfl)
1 1 1 .
1) = AniSy) ) forl=2,...L(nj) el
ADT Uy OT Z 30 [s(l) - R(l)]

S ORU) forl=2,...L(nj)e 1"

A<1)T<I>(2)W(1)T =et -yt -y (20)

PHIn = Vs + Yy YR (21)

e ytyTnp =0

As done in [20] we can exploit complementarity of the ReLU con-

(D

+
AT e,

straints corresponding to H®D > 0and HY > A" to eliminate 7,

1, and A from the problem. For this we write
[sw _ R(!)] oD - [ A<1>T¢(1+1)W<I)T] - [&)(l)]
+ +

MU O [ A<I>T¢<l+1)w<m]i - [‘i’(l)],

where we have defined &) := A(I)TCD(”I)W(I)T. Given the non-
negativity of the dual-variables, it becomes apparent that ™ and
;1(1) “share” the negative part of & Thus, we define new variables

Q(l) € [0, 1] such that ,u(nlj) = Q(l) [&)(l)] . Combining this with the
constraint <I>( ) = =An JSUJ? ( ) we can rephrase to get

W) _ W) ol e)]

AU R(I) |
20 = [q,m
nd

Similarly, by complementarity of the constraints, we know that
only one of g;;j and € and only one of y f andy, j can be positive.

() _ py7!
: (Snj - Rn_,)

From Eq. (20) we can therefore see that ¢ and y,}; need to “share”
the positive part of the left hand side in Eq. (20) (since all variables
are > 0); similarly ¢, ; y and Vnj share the negative part. We denote
this (unknown) share by a new variable 8, € [0, 1] and get

£ (1 - (1
ny = By [85] vy = (1= Bup) [ 80)],
- - (1 - - (1
Enj = ﬁn] [4)51}]7 N nj = (1 - ﬂn]) [(I)Elj)]7
Putting this into Eq. (21) we can now see that
Mn+pz (L= Papldl)| VI<n<Npp1<j<h,

from which we can get

P+ Nn
> 17
fur = 1B

Pnj 20 Vn,j (22)
to replace the constraint in Eq. (21). Now we can simplify the fol-
lowing term from the dual objective

—pj = -&’S?X nj + P ®y) Xnj = B [(i)(nl; ]

. - _,t
X vy =i +

— ApjPnj where

Anj = [&)(1? (1= Xpa) + [chjj?L X -
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In the definition of Aj; we essentially have a case distinction: if <i>(nl])
is positive, we know that increasing the value of the corresponding
primal variable X,,; will improve the primal objective. If X ,,4 is
already 1, however, we set the value of Ap; to zero by multiplying

by 1 — X,,4 (similarly for the case when &)SJ) is negative). This

effectively enforces the 0 < X < 1 constraint on the perturbations.
Plugging all terms defined above into our dual objective we get
max

(D) p()
SpiR [ (1+1)]
1=2 (n,j)eI®

njoonj
~Te [XT60] - 180 plh-q- D mn-Q-p
n

L-1 L-1

Z 1T+Dp0)

50— R0 -

Notice that Tr [XTi)(U] =2n2j tiDannj. Since A > 0and >0
we could safely write ||A © f||;. By observing that A > 0 for all
entries we see that to maximize the objective, we will set § to
a value as small as is admissible. This means we can replace Eq.

(22) with f§ = max{l— A(’J)"l

0} Thus, we have now eliminated

all dual variables except Q, p, and 7. Finally, we define ¥,; :=
Apjfnj = max {Anj —(n +p), 0}, which finalizes the proof. O

PROOF OF THEOREM 4.4. Given a fixed Q, the dual function g; 0
reduces to —||¥|l1 —q- X, n — Q - p + const with the term ¥4 =
max {A,q — (nn + p), 0} and A, 4 constant. Noticing that ¥,,; > 0,
we see that maximizing the dual is equivalent to minimizing

min h(p,nn) = ) max {Ang = (Mn + p), 0} +q - Znn+Q p
n,d

Observe that we can equivalently rephrase this as

W(p.nnsU)= ) Una+q- ), in+Q-p
n,d n

mln
Ps>Mns U,a20

st.Upg 2 Dpg —Mn —p

Here we have replaced max{A,4—(nn+p), 0} in h(p, n,) with anew
variable U,y with the constraints U,y > 0and U,y > A,y —nn—p
(foreach1 < n < Nj_1,1 < d < kD). Since we are minimizing,
the optimal values w.r.t. h’(p, nn, U) and h(p, n,) will be the same.

Finding the minimum of A’(-) is a linear program. Thus, we can
again form its dual (denoting the dual variables as a,,4):

nax g "(ana) = ZA d%nd

Zand<Q Zands‘]vn
d

An optimal solution of this dual can be seen and computed easily.
Since all A,,4 are nonnegative, we simply set those a,,4 to 1 corre-
sponding to the largest values of A, ; — additionally taking the two
other constraints into account: The third constraint tells us that
the row sums of the o matrix can be at most g, hence we can only
set the a4 corresponding to the ¢ largest A,,; to 1 for each row
to maximize the objective. The second constraint means that we
can set at most Q entries @, 4 to 1. So among the set of all ¢ largest
A, 4 of the rows we select again the Q largest A, ; and set their

s.t.apg <1,
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corresponding a,,4 to 1%. Observe that this is precisely the selection
process described in the main text for Thm. 4.4. That is, an optimal
solution of the dual can be found by setting a,q = 1 & (n,d) € Sp.

We now prove that the variables p and 5, as described in the
main text (along with U,y = max{A,4 — nn — p,0}) correspond to
an optimal solution of their respective problem. For this we show
that the Karush-Kuhn-Tucker (KKT) conditions hold - using the
above constructed solution for a,,4. (1) Dual and primal feasibility
hold by construction. (2) Next, we check complementary slackness

nd(Bpg = Mn—p = Upg) =0 (23)
If @,,4 > 0 it must hold that the second term is 0. In this case we
know that A,y > nn + p and thus U,y = A,q — nn — p, which
means the term is always 0. When the second term in Eq. (23) is
nonzero, ,4; must be 0. This is given since when A,; < n, +
p + U,y it is smaller than the smallest A, 4 for which a,,4 is set
to 1 and therefore a5 = 0. (3) Finally we show that VyL(6,a) =
Vo Xn,d Und+q-Xn Mn+Q-p+Xn,d And(Dnd—nn—p—Upq) = 0for
0 = {Uyg, N, p}. Consider first p: V,L(0,a) = Q = ¥, g @pg =0
since we set exactly Q many a4 to 1 (and the rest to 0); i, follows
analogously. Vg, L(0, @) = Iy, ,50(1 — @,q) = 0 holds since when
Ang = 0,A,q—nn—p < 0 which means that U, ; must be 0 because
of its constraints. Thus, all KKT conditions hold. m]

ProoF oF COROLLARY 4.5. Assume we are given the optimal val-
ues for Q. We can then compute the optimal values of p and 7 as
described in Theorem 4.4. Recall from the proof of Thm. 4.3 that the
A,,4 denote the improvement in the primal function objective when
changing the attribute X g- As shown in the proof of Thm. 4.4 with
the optimal @,,; we exactly choose the values A,,; that lead to the
largest improvement of the objective function — and we trivially
observed a4 = 1 for those elements. Thus, an optimal solution can
be obtained by perturbing the attribute entries X 4 from the set
P:={(n,d)|ayg = 1,Apq > 0}, ie. setting them to 1 — X ,4. Thus,
by construction we found an optimal solution which is integral,
making the original linear program integral w.r.t. the attributes X,, 4.
By construction of a4 the set P = {(n,d) € Sg | Apq > 0}. O

PRrRoOOF OF COROLLARY 4.6. Using Eq. (3), the (un-perturbed) H ( )

is A(l) W(l) b(l) Yn2d A(l) W(l) b(l) which is s1mply
a linear sum in X n d Clearly, for maximizing H (@ )

mj>
perturb X, if (A (j) is positive and X ;4 = 0) or

one should only

AV chj.) is

negative and X ,,4 = 1). Thus, the maximal increase of H (ml based

on X 4 one can achieve is A( ) W(g) if the first condition holds,

—Ag,ll)n . W(l) if the second holds, and 0 else. This can compactly
i+ (WL, (1= Xg) + WD)
matches the terms in Eq. (12). To obtain the maximal overall in-

be written as A, X pq) » which

crease in H 51?, and, thus, an upper bound, one simply picks the
largest elements that still adhere to the budget constraints (Q,q). Ob-
viously, since this is an admissible perturbation, this upper bound
is tight. The proof for the lower bound is accordingly. O

‘Wlo.g. we assume Q < |Np_1| - q here; otherwise we simply select all of the g
largest A, 4 per row (which is equivalent to choosing Q = [Np—1]| - @)
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