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ABSTRACT
In this paper, we make an extension of K-means for the clustering

of multiple means. The popular K-means clustering uses only one

center to model each class of data. However, the assumption on

the shape of the clusters prohibits it to capture the non-convex

patterns. Moreover, many categories consist of multiple subclasses

which obviously cannot be represented by a single prototype. We

propose a K-Multiple-Means (KMM) method to group the data

points with multiple sub-cluster means into specified k clusters.

Unlike the methods which use the agglomerative strategies, the

proposedmethod formalizes the multiple-means clustering problem

as an optimization problem and updates the partitions ofm sub-

cluster means and k clusters by an alternating optimization strategy.

Notably, the partition of the original data with multiple-means

representation is modeled as a bipartite graph partitioning problem

with the constrained Laplacian rank. We also show the theoretical

analysis of the connection between our method and the K-means

clustering. Meanwhile, KMM is linear scaled with respect to n.
Experimental results on several synthetic and well-known real-

world data sets are conducted to show the effectiveness of the

proposed algorithm.

CCS CONCEPTS
•Theory of computation→Unsupervised learning and clus-
tering;
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1 INTRODUCTION
Clustering is one of the most fundamental topics in data min-

ing. Given a set of unlabeled objects, the task of clustering is

to group the objects so that the objects with high similarity are

grouped into the same group. An enormous variety of clustering

algorithms [8, 18, 23, 25, 27, 31, 33] have been proposed over the

past few decades. One of the most popular clustering algorithms

is K-means [23], which aims to find a partition of the data into k
clusters such that the sum of the squared errors (SSE) of each point

to the mean of the corresponding cluster is minimized. K-means

uses an alternating minimization method to iteratively update the

data assignments and the means of k clusters until the assignments

no longer change. In many real situations, issues such as over-

lapping intensities of different categories affect the performance

of the algorithm. One variant of K-means is Fuzzy C-means [30],

which computes the fuzzy membership of the data points to each

cluster rather than a hard one. The Fuzzy C-means algorithm is

more robust for ambiguity than K-means. The K-means-type (hard

or fuzzy) algorithms have attracted a lot of attention in the com-

munity of data scientists and many impressive results have been

reported [1, 2, 4, 6, 10, 16, 17, 29, 34].

Despite the simpleness and efficiency, the squared error crite-

rion of the K-means-type algorithms tends to work well in hyper-

spherical clusters, which prohibits the algorithms to capture the

non-convex patterns. Moreover, in many applications, each cat-

egory consists of multiple subclasses which obviously cannot be

represented by a single prototype. One option is to use the nonlinear

clustering methods, such as kernel-based clustering and spectral

clustering [9, 12, 24, 27, 39].The kernel clustering methods map

the data into some feature space for a linear partition. Similarly,

the spectral clustering methods dose a low-dimension embedding

of the similarity matrix of data points [33]. Those methods aim

to produce nonlinear separating hyper-surfaces between clusters

whereas the design of the appropriate kernel or the construction of

the data graph is not easy for every partition problem [5, 28].

Another line of research focuses on multiple prototypes (also

known as class centers or class means) representation [15, 20, 22,

32, 35, 36]. Having more than one representative prototypes per

cluster allows those algorithm to adjust well to the geometry of

non-spherical shapes. In general, the multi-prototype clustering

algorithms first split the data into many small subclasses and then

iteratively merge them into a given number of clusters by some
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similarity measures. However, most of those algorithms use ag-

glomerative strategies which often encounter difficulties regarding

the selection of merge or split points. Wang et al. proposed a Multi-

Exemplar Affinity Propagation (MEAP) algorithm to model the

category of more complex structure. However, this algorithm uses

a user-defined similarity matrix to calculate the messages, and the

clustering results depend on the quality of the input matrix.

A notable technique in partitioning clustering literature is Con-

strained Laplacian Rank (CLR) [28]. The CLRmethod learns a graph

with exactly k connected components such that the optimal clus-

tering results can be achieved simultaneously. Inspired by the pre-

vious work on the multiple prototypes representation and graph

construction, we propose a K-Multiple-Means method to group

the data points with multiple sub-cluster means into specified k
clusters. The proposed method formalizes the problem as an op-

timization problem and solves it by an alternating optimization

strategy. Mainly, our method models the partition problem of data

points with multiple-mean representation into a bipartite graph

partitioning problemwith the constrained Laplacian rank. In each it-

eration, the similarities between the data points and the sub-cluster

means are updated following with the partition of the bipartite

graph, and then the means of sub-clusters are relocated. The main

contributions of this paper can be summarized as follows:

• We propose a multiple-means extension of K-means, i.e.

K-Multiple-Means to solve the clustering problem of data

points with multiple-means. Our approach models the clus-

tering problem into a bipartite graph partitioning problem

with the constrained Laplacian rank so that the problem can

be formalized as an optimization problem.

• An efficient alternating optimization strategy with complex-

ity analysis to solve the K-Multiple-Means is provided.

• We show the theoretical analysis of the connection between

our method and K-means clustering.

• Experimental results show that KMM achieve better perfor-

mance than the existing multiple-means methods.

The remainder of this paper is organized as follows: Section 2

briefly introduces the related works. In Section 3, we describe the

proposed K-Multiple-Means methods and the theory analysis on the

connection between our approach and the K-means clustering. The

optimization of it is developed in Section 4. Section 5 reports the

experimental results, respectively. Section 6 concludes this paper.

Notations: Throughout the paper, all the matrices are denoted

by uppercase letters. For matrix A, the i-th row (with transpose)

and the (i, j)-th element ofA are denoted by ai and ai j , respectively;

the transpose of A is denoted by AT andTr (A) denotes the trace of
A. The L2-norm of vectorv is denoted by ∥v ∥

2
, the Frobenius norm

of matrix A is denoted by ∥A∥F . An identity matrix is denoted by I ,
and 1 denotes a column vector with all the elements are one. For

vector v and matrix A, v ≥ 0 and A ≥ 0 mean all the elements of v
and A are equal to or larger than zero.

2 RELATEDWORKS
2.1 K-means-type Algorithms
Denote the data matrix by X = [x1, . . . , xn ]

T ∈ Rn×d , the K-means-

type algorithms [4, 23] try to find an optimal partition of dataset

into k clusters that minimize the following objective function

f (U ,V ) =

n∑
i=1

k∑
l=1

uril ∥xi −vl ∥
2

2

s .t . U ≥ 0,U 1 = 1,

(1)

whereU ∈ Rn×k ,V ∈ Rk×d . The membership degree of uil denotes
the grade of membership of the i-th point in the l-th cluster; vl
denotes the mean (center) of the l-th cluster, and r ∈ [1,+∞) is the

fuzzy index. An alternating optimization strategy is used to solve

the problem with iteratively updating the partition and the means

of clusters.

For r > 1, if xi , vl for all i and l ,U ,V are updated by

ûil =
1∑k

j=1(
∥xi−vl ∥22
∥xi−vj ∥

2

2

)
2

r−1

, 1 ≤ i ≤ n, 1 ≤ l ≤ k

v̂l =

∑n
i=1 u

r
ilxi∑n

i=1 u
r
il
, 1 ≤ l ≤ k

(2)

respectively.

The iterative procedure will stop when maxil {|u
t+1
il − util |} ≤ ϵ ,

where t denotes the iteration step and ϵ is a termination criterion

between 0 and 1. The fuzzy K-means algorithm produces a fuzzy

partition matrix U . The point xi is assigned to the l-th cluster if

uil =max
1≤j≤k {ui j }.

For r = 1, it can be shown that the fuzzy K-means becomes the

classical K-means.

The iterative procedure will stop when the means do not change.

2.2 Multi-Prototypes Clustering Algorithms

Original single-prototype multi-prototypes

Figure 1: The illustration of the difference between single-
prototype representation and multi-prototypes representa-
tion. Each point is assigned to its nearest prototype (yellow
"⋆").

The squared error criterion of the K-means-type algorithms

tends to work well in hyper-spherical clusters, which prohibits

the algorithms to capture the non-convex patterns. One simple

but effective alternative is the multi-prototypes representation,

which models a cluster via multiple prototypes. Figure 1 shows

an illustrative example of the difference between single-prototype
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Table 1: Comparison of the Multi-Prototypes Clustering Algorithms

Split Stage Merge Stage

Tao [32] Hierarchical subtractive clustering

The centers will be assigned to the same cluster when the

density of the regions between the two centers is greater

than 1/4 of the density of the two sub-clusters.

Liu et al. [20] Squared-error clustering

The prototypes who coexist in a high-density region are

grouped into one cluster.

Luo et al. [22] Minimum spanning tree

1) The prototypes whose distance is smaller than the user-

specified threshold are roughly merged.

2) Further merge step will be conducted based on the data

distribution between two clusters prototypes.

Ben et al. [3]

1) Fuzzy C-means

2) Iteratively 2-partition the subclus-

ters based on the intra-cluster non-

consistency value

The subclusters with the largest inter-cluster overlap are

iteratively merged until a pre-determined cluster number

is achieved.

Liang et al. [19]

1) Fast Global Fuzzy K-means

2) Best-M Plot

The grouping multicenter (GMC) algorithms based on the

degree of overlap between two clusters is used to group the

cluster centers to represent k clusters.

representation and multi-prototypes representation. Since multi-

prototypes are used to represent clusters, the non-spherical clusters

can be correctly detected.

Thework on clustering based onmulti-prototypes representation

is relative less. Most multi-prototypes clustering algorithms [3, 19,

20, 22, 32] consist of a splitting stage and a merging stage based

on agglomerative strategies. A comparison of 5 multi-prototypes

clustering algorithms is presented in Table 1.

Whether it is a fuzzy clustering algorithm or a hard clustering

algorithm, the key to obtaining a specified number of clusters is

to judge the connection relationships between multiple centers.

And it is easy to know that the degree of overlap between two

sub-clusters belonging to the same cluster is likely to be significant.

It is not enough clustering only based on the distances between

multi-prototypes, but also considering the data distribution of each

sub-cluster. Most of those algorithms use agglomerative strategies

often encounter difficulties regarding the selection of merge or

split points. The previous analysis shows that the design of ideal

partitioning strategies for data points and multi-prototypes should

be based on the following assumptions:

• Each object is allowed to have memberships in its neighbor-

ing sub-clusters rather than having a distinct membership

in one single sub-cluster.

• The partition is based on both the distribution of multi-

prototypes and the distribution of data points.

• The algorithm can update the assignment iteratively, no

matter it is the sub-cluster assignment for each data point

or the cluster assignment for each prototype.

In the next section, we will propose a more reasonable clustering

approach based on multi-prototypes representation.

3 K-MULTIPLE-MEANS
Denote A = [a1,a2, . . . ,am ]T ∈ Rm×d

as the prototype matrix.

For the i-th data point xi , the j-th prototype aj can be connected

to xi as a neighboring prototype with probability si j . Usually, the

smaller the distance



xi − aj


2
2
between xi and aj is, the greater

the corresponding connection probability si j is. So the assignment

problem of n data points’ neighboring prototypes based on the

weighted squared error criterion can be written as

min

S

n∑
i=1

m∑
j=1

si j


xi − aj



2
2
+ γ ∥S ∥2F

s .t . S ≥ 0, S1 = 1,

(3)

where si j is the (i, j)-th element of matrix S . The second term in

problem (3) is a regularization term. The regularization parameter

γ is used to control the sparsity of the connection of data points to

multi-prototypes. Whenγ = 0, the problem (3) has a trivial solution,

only the nearest prototype can be connected to xi with probability

si j = 1 and all the other prototypes cannot be connected to xi ,
which means that the partition is a hard partition. When γ is large

enough, all m prototypes can be connected to xi with the same

probability
1

m .

Figure 2: An example of the assignment of neighboring pro-
totypes. Each data point is connected with two nearest pro-
totypes. The width of the line indicates the connection prob-
ability of each data point to the corresponding prototype.

For each data point xi , the assignment of neighbors is indepen-

dent. So we can update the assignment of neighboring prototypes

individually for each xi . Denote d
x
i j =



xi − aj


2
2
and denote dxi as
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a vector with the j-th element as dxi j (same for si ), the assignment

of neighboring prototypes for xi can be written in vector form as

min

si





si − dxi
2γ





2
2

s .t . si ≥ 0, sTi 1 = 1.

(4)

This problem can be solved with a closed form solution [27].

Following [27], denote dthi1 ,d
th
i2 , . . . ,d

th
im as the distance ofm pro-

totypes to i-th data point ordered from small to large. γ can be

set to γ = 1

n

n∑
i=1

(
˜k
2
dth
i , ˜k+1

− 1

2

˜k∑
j=1

dthi j

)
, which is controlled by the

number of neighbor prototypes
˜k . Thus the probability that the

j̃-th nearest prototype closest to i-th data point is connected to it is

si j̃ =
d th
i , ˜k+1

−d th
i j̃

˜kd th
i , ˜k+1

−
∑ ˜k
j=1 d

th
i j̃

, where j̃ ≤ ˜k . When j̃ > ˜k , si j̃ = 0.

When S is updated, each prototype can be relocated to the mean

of all data points assigned to it respectively. For j-th prototype, aj
can be updated by

aj =

∑n
i=1 si jxi∑n
i=1 si j

. (5)

This process can be iteratively performed by Eq.(6) to obtain an

optimal multiple-mean neighbor assignment until the assignment

is not updated.

min

A,S

n∑
i=1

m∑
j=1

si j


xi − aj



2
2
+ γ ∥S ∥2F

s .t . S ≥ 0, S1 = 1,A ∈ Rm×d .

(6)

An example of the assignment of neighboring prototypes is

presented in Figure 2. In most cases, the neighbor assignment with

Eq.(6) connectsn data points andm prototypes as just one connected

component. In order to achieve the ideal neighbors assignment, a

new appropriate constraint should be imposed on the objective

function. Denote the constraint that S has exactly k connected

components by S ∈ Ω, the problem (6) becomes

min

A,S

n∑
i=1

m∑
j=1

si j


xi − aj



2
2
+ γ ∥S ∥2F

s .t . S ≥ 0, S1 = 1, S ∈ Ω,A ∈ Rm×d .

(7)

The problem (7) is not easy to solve. Because constraint Ω de-

pends on S and Ω is hard to tackle. In the next section, we will

propose a efficient algorithm to solve the challenging problem.

4 OPTIMIZATION STRATEGY

Denote matrix P =

[
S

ST

]
and the normalized Laplacian ma-

trix L̃S associated with S as L̃S = I − D− 1

2 PD− 1

2 , where D ∈

R(n+m)×(n+m)
is defined as a diagonal matrix where the i-th di-

agonal element is dii =
∑
j pi j . Chung [7] pointed out that if the

similarity matrix S is nonnegative, the normalized Laplacian matrix

L̃S has an important property as follows:

Theorem 4.1. The multiplicity k of the eigenvalue 0 of the nor-
malized Laplacian matrix L̃S is equal to the number of connected
components in the bipartite graph associated with S .

The Theorem 4.1 shows that if rank(L̃S ) = (n + m) − k , the
bipartite graph associated with S has k connected components,

i.e., the n data points and m prototypes are grouped into k clus-

ters. Motivated by Theorem 4.1, we add an additional constraint

rank(L̃S ) = (n+m)−k into the problem (6) to achieve the ideal pro-

totypes assignment with specified k clusters. Thus, our clustering

model is to solve

min

A,S

n∑
i=1

m∑
j=1

si j


xi − aj



2
2
+ γ ∥S ∥2F

s .t . S ≥ 0, S1 = 1,A ∈ Rm×d , rank(L̃S ) = (n +m) − k .

(8)

Since the rank constraint rank(L̃S ) = (n+m)−k is hard to tackle,

it’s necessary to relax the constraint for solving. Denote σi (L̃S ) as
the i-th smallest eigenvalue of L̃S . Note that σi (L̃S ) ≥ 0 because

LS is positive semi-definite. The optimal solution of S with rank

constraint can be achieved by solving the following problem

min

A,S

n∑
i=1

m∑
j=1

si j


xi − aj



2
2
+ γ ∥S ∥2F + λ

k∑
i=1

σi (L̃S ).

s .t . S ≥ 0, S1 = 1,A ∈ Rm×d .

(9)

When λ is large enough, the optimal solution of S to the problem

(9) will make

∑k
i=1 σi (L̃S ) to be zero, and thus the rank constraint

could be satisfied.

According to the Ky Fan’s Theorem [11], we have

k∑
i=1

σi (L̃S ) = min

F ∈R(n+m)×k ,FT F=I
Tr (FT L̃S F ). (10)

Thus, the problem (9) can be further written as :

min

A,S ,F

n∑
i

m∑
j
si j



xi − aj


2
2
+ γ ∥S ∥2F + λTr (F

T L̃S F )

s .t . S ≥ 0, S1 = 1,A ∈ Rm×d , F ∈ R(n+m)×k , FT F = I ,

(11)

where L̃S = I − D− 1

2

[
S

ST

]
D− 1

2 .

The problem (11) can be solved by an alternating optimization

method which updates S, F and A iteratively.

4.1 Fix A and Update S, F
When A is fixed, the algorithm learns an S which has exactly k
connected components, see Figure 3. The problem (11) becomes

min

S ,F

n∑
i

m∑
j
si j



xi − aj


2
2
+ γ ∥S ∥2F + λTr (F

T L̃S F )

s .t . S ≥ 0, S1 = 1, F ∈ R(n+m)×k , FT F = I ,

(12)

Similarly, the problem (12) can also be solved by an alternating

optimization approach.
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𝑥10
𝑥11
𝑥12
𝑥13

𝑎1

𝑎2

𝑎3

𝑎4
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𝑎6

𝑎7

…

…

Figure 3: Illustration of the optimal bipartite graphwith con-
straint. Left: the initial bipartite graph whose nodes are con-
nected as only one connected component. Right: The struc-
tured bipartite graph with a specified number of connected
components. The points in the same dashed box belong to
the same cluster.

When S is fixed, since L̃S = I −D− 1

2

[
S

ST

]
D− 1

2 , the problem

(12) becomes

max

F ∈R(n+m)×k ,FT F=I
Tr (FTD− 1

2

[
S

ST

]
D− 1

2 F ). (13)

We rewrite F and D as the block matrices

F =

[
U
V

]
, D =

[
DU

DV

]
,

where U ∈ Rn×k ,V ∈ Rm×k ,DU ∈ Rn×n,DV ∈ Rm×m
. The prob-

lem (13) can be further rewritten as

max

U TU+V TV=I
Tr (UTD

− 1

2

U SD
− 1

2

V V ). (14)

The problem (14) can be solved according to the Lemma 4.2 [26].

Lemma 4.2. Suppose A ∈ Rn×m , X ∈ Rn×k , Y ∈ Rm×k . The optimal
solutions to the problem

max

XT X+YT Y=I
T r (XTAY )

are X =
√
2

2
U1, Y =

√
2

2
V1 ,where U1,V1 are the leading k left and right

singular vectors of A, respectively.

When F is fixed, the problem (12) becomes

min

S

n∑
i

m∑
j
si j ∥xi − aj ∥

2

2
+ γ ∥S ∥2F + λTr (F

T L̃S F )

s .t . S ≥ 0, S1 = 1.

(15)

Recall that L̃S = I −D− 1

2

[
S

ST

]
D− 1

2 and DS also depends on

S , it looks also difficult to solve.

Fortunately, we have the following relationship:

Tr (FT L̃S F ) =
1

2

(n+m)∑
i=1

(n+m)∑
j=1

pi j






 fi
√
di

−
fj√
dj






2
2

. (16)

According to the structure of P , Eq.(16) can be rewritten as

Tr (FT L̃S F ) =
n∑
i=1

m∑
j=1

si j






 fi
√
di

−
f(n+j)√
d(n+j)






2
2

. (17)

Denote vi j =





 fi√
di

−
f(n+j )√
d(n+j )





2
2

, the problem (15) can be rewrit-

ten as

min

S

n∑
i

m∑
j
(si j



xi − aj


2
2
+ γs2i j + λsi jvi j )

s .t . S ≥ 0, S1 = 1.

(18)

Note that the problem (18) is independent between different i ,
so we can solve the following problem individually for each i:

min

si

m∑
j
(si j



xi − aj


2
2
+ γs2i j + λsi jvi j )

s .t . si ≥ 0, sTi 1 = 1.

(19)

Denote
˜di ∈ Rm×1

as a vector with the j-th element as
˜di j =

dxi j + λvi j , where d
x
i j =



xi − aj


2
2
, then the problem (19) can be

written in vector form as

min

si j ≥0,sTi 1=1





si + 1

2γ
˜di





2
2

, (20)

which can be solved with a closed form solution [27]. The iterative

sub-procedure will stop when the rank constraint of L̃S is satisfied,

i.e.,

∑k
i=1 σi

(
L̃S

)
= 0 and

∑k+1
i=1 σi

(
L̃S

)
> 0.

4.2 Fix S, F and Update A
When S and F is fixed, each sub-cluster representative is relocated

to the weighted mean of all data points assigned to it. The j-th
prototype can be updated by

aj =

∑n
i=1 si jxi∑n
i=1 si j

. (21)

The algorithm convergeswhen the assignments no longer change.

To make these update rules clear, we summarize the algorithm to

solve Eq.(11) in Algorithm 1.

5 THEORETICAL ANALYSIS
In this section, we show the theoretical analysis of the connection

between our method and the K-means clustering and provide the

computational complexity analysis.

5.1 Connection to K-means Clustering
When γ → ∞, we have the following theorem:

Theorem 5.1. When γ → ∞ ,

min

S ≥0,S1=1,A,S ∈Ω

n∑
i

m∑
j
si j



xi − aj


2
2
+ γ ∥S ∥2F (22)
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Algorithm 1: K-Multiple-Means

Input :Data matrix X ∈ Rn×d , cluster number k ,
subcluster numberm, parameter γ , a large enough
λ

Output :k clusters

1 Initialize multiple-means A (e.g. by pickingm samples at

random).

2 repeat
3 1.Calculate S by the optimal solution to the problem (4).

while not converge do

4 1. Update F =

[
U
V

]
, whereU and V are

√
2

2
of the

leading k left and right singular vectors of

S̃ = D
− 1

2

U SD
− 1

2

V respectively and D =

[
DU

DV

]
;

5 2. For each i , update the i-th row of S by solving the

problem (20), where
˜di ∈ R

m×1
as a vector with

the j-th element as

˜di j =


xi − aj



2
2
+ λ





 fi√
di

−
f(n+j )√
d(n+j )





2
2

.

6 end
7 2.For each j, update the j-th row of A with Eq.(21);

8 until converge;
9 Directly achieve the k clusters based on the connectivity of

the bipartite graph.

is closely related to the problem of K-means, where the constraint Ω
denotes that the bipartite graph P = (X ,A, S) has exactly k connected
components.

Proof. When S satisfies the constraint (which means that n data

points andm prototypes are grouped into k clusters), λTr (FT L̃S F )
will become to 0. Denote the i-th component of S by Si ∈ Rni×mi

,

where ni is the number of data points in the component and the

mi is the number of prototypes in the component. When γ → ∞,

solving problem (22) is to solve the following problem for each i:

min

Si ≥0,Si1=1,Ai
∥Si ∥

2

F . (23)

The optimal solution to the problem (23) is that all the element of

Si are equal to
1

mi
. Therefore, the optimal solution S to the problem

(22) should be the following form when γ → ∞:

si j =

{
1

mk
xi ,aj are in the same component k

0 otherwise

(24)

When the number of data points and prototypes in each compo-

nent is fixed, denote the partition byV . The problem (22) becomes

min

A,Z ∈Rn×m ,Z ∈V

n∑
i

1∑
h zih

m∑
j
zi j



xi − aj


2
2
, (25)

where zi j =

{
1, xi is connected with aj
0, xi is not connected with aj

.

The optimal solution of aj is a
∗
j =

1∑
l zl j

∑
l xlzl j . Then the

problem (25) can be written as

min

A,Z ∈Rn×m ,Z ∈V

n∑
i

1∑
h zih

m∑
j
zi j






xi − 1∑
l zl j

∑
l

xlzl j






2
2

. (26)

It’s notable that for the prototypes belonging to the same cluster,

themean values are equal. Denote the indicatormatrix byY ∈ Rn×k ,
if xi belongs to the l-th cluster, yil = 1; otherwise, yil = 0. Note

also that if xi and aj belongs to the same cluster, zi j = 1; otherwise,

zi j = 0. Thus the problem (26) can be written as

min

Y ∈Rn×k ,Y ∈V

n∑
i

k∑
j
yi j






xi − 1∑
i yi j

∑
i
xiyi j






2
2

. (27)

This problem (27) is closely related to

min

Y ∈Rn×k ,Y ∈Ind

n∑
i

k∑
j
yi j






xi − 1∑
i yi j

∑
i
xiyi j






2
2

. (28)

Obviously, the problem (28) is equivalent to

min

Y ∈Rn×k ,Y ∈Ind ,U ∈Rk×d

n∑
i=1

k∑
j=1



xi − uj


2
2
yi j , (29)

The problem (29) is the problem of K-means, which completes the

proof. �

5.2 Computational Complexity
In this subsection, we consider the computational complexity of

Algorithm 1. The cost of constructing the initial k-nn graph is

O(nmd + nmloд(m)). To update S with Eq.(12), we need to run

a sub-alternative procedure. To update F with Eq.(14), we need

O(m3 +m2n) to perform SVD decomposition on S̃ = D
− 1

2

U SD
− 1

2

V .

And then we need O(nmk + nmloд(m)) to get the closed-form so-

lution of S with Eq.(20). Since loд(m)and m3
are usually small,

the computational complexity of the sub-iteration procedure is

(O(nmd +nmc +m2n)t1), where t1 is the number of iterations of the

sub-alternating system. To update A with Eq.(21), we need O(nmd).
Overall, we need O(n((md +mc +m2)t1 +md)t), where t is the

number of iterations. It’s notable that the KMM is linear scaled with

respect to n.
In order to make the algorithm more efficiency, we can learn a

sparse S , which only needs to update the
˜k nearest similarities for

each data point in S and set other similarities in S to zero. Thus

the time complexity of updating S can be reduced significantly.

Meanwhile, since S is sparse, the step of updating F only needs

to compute the top
˜k eigenvectors on a very sparse matrix. The

algorithm will be faster.

6 EXPERIMENTS
In this section, we investigate the performance of K-Multiple-Means

on both synthetic data and real benchmark datasets. For simplicity,

we denote our algorithm as KMM in the following context.
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MEAP,m=11 K-MEAP,m=11 KMM,m=11

KMM,m=2 KMM,m=20 KMM,m=200

Figure 4: The Difference of between MEAP, K-MEAP and KMM on Non-spherical Data

6.1 Experiments on Synthetic Data
In this subsection, two methods based on multi-exemplar repre-

sentation are performed for comparison, one of which is a multi-

exemplar affinity propagation (MEAP [35]) algorithm and the other

is K-MEAP [36] which is a variant of MEAP and can achieve speci-

fied k clusters.

The experiment on two-moon dataset is conducted to illustrate

the difference in clustering results between MEAP, K-MEAP and

KMM on non-spherical clusters respectively. There are two clusters

of data distributed in the moon shape. Each cluster has a volume of

100 samples and the noise percentage is set to be 0.1. The similarity

matrix for MEAP and K-MEAP is constructed the same as in [35]

and the parameters are set as follows: Tunchanдe = 100,Tmax =

1000,u = 0.9 as in [35]. Both MEAP and K-MEAP automatically

determine the number of exemplars in each cluster. For KMM,m
needs to be specified manually.

Fig. 4 shows the comparison results. Different clusters are dis-

tinguished by different colors. Each cluster obtained by MEAP/K-

MEAP contains one super-exemplar (marked with stars) and an au-

tomatically determined number of exemplars (marked with squares

and circles) assigned to that super-exemplar. Due to the loss of

information of the original data distribution in the merge phase,

MEAP and K-MEAP fail to learn the optimal data structure. The

clusters obtained by KMM are represented by multi-prototypes

(marked with squares and circles). It is easy to see that whenm = c ,
the result of KMM is a solution of spherical K-means clustering

problem. When m becomes large, non-spherical clusters can be

effectively represented by multi-prototypes.

Table 2: Statistics of Real Benchmark Datasets

Datasets Sample Features Clusters

Wine 178 13 3

Ecoli 336 7 8

BinAlpha 1854 256 10

Palm 2000 256 100

Abalone 4177 8 28

HTRU2 17898 8 2

6.2 Experiments on Real Benchmark Datasets
We conduct experiments on six real-world datasets: Abalone, Ecoli,

HTRU2, Palm, BinAlpha, Wine. A detailed summarization of these

datasets is in Table 2.

6.2.1 Methods and Settings. The compared approaches and their

parameter settings are summarized as follows:

1) K-means: The K-means++ algorithm [1] is used for cluster

center initialization of Lloyd’s algorithm [21].

2) Spectral Clustering: The widely used Selftuning spectral

clustering (SSC) [38] is performed. We choose a Matlab version
1

of it to constructed the similarity matrix and set the number of

neighbors to 5 for the similarity matrix construction.

3) Kernel-based Clustering: The Mercer Kernel K-means (

KKmeans) [13] method is compared here. We choose a Matlab

1
http://www.cs.ucsb.edu/~wychen/sc
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Table 3: Clustering Performance Comparison on Real-world Datasets (%)

Metric K-means SSC KKmeans RSFKC CLR MEAP K-MEAP KMM

Wine

ACC 94.94(±0.51) 66.85 96.06(±0.32) 95.50(±3.72) 93.25 94.94 48.31 97.19 (±1.41)
NMI 83.23(±1.53) 40.32 85.81(±0.16) 84.88(±4.57) 77.29 83.18 5.22 86.13 (±3.86)
Purity 94.94(±0.51) 66.85 96.06(±0.32) 95.50(±1.71) 93.25 94.94 48.31 95.76 (±1.41)

Ecoli

ACC 62.79(±6.21) 59.82 34.52(±1.16) 58.03(±9.76) 52.38 42.55 74.10 78.85 (±4.46)
NMI 53.44(±3.10) 54.80 25.92(±1.85) 51.64(±16.65) 53.08 44.12 58.77 69.48 (±4.86)
Purity 79.76(±3.06) 82.33 61.30(±3.00) 79.46(±11.45) 79.76 42.55 80.41 82.37 (±3.95)

Binalpha

ACC 64.88(±3.34) 66.82 28.26(±0.74) 59.11(±9.87) 67.40 40.99 62.94 68.87(±7.00)
NMI 62.81(±1.87) 70.01 20.99(±0.38) 61.95(±13.25) 71.05 41.03 60.96 72.94(±7.05)
Purity 72.33(±2.82) 76.00 35.54(±0.50) 71.19(±11.96) 78.00 45.41 69.84 76.59(±6.37)

Palm

ACC 63.65(±3.45) 59.78 68.70(±0.83) 71.13(±6.80) 68.65 71.55 40.20 76.40 (±2.21)
NMI 87.55(±1.08) 79.98 89.06(±0.68) 89.82(±8.51) 90.27 90.60 71.23 92.30 (±0.94)
Purity 71.80(±2.81) 62.90 74.60(±0.46) 76.11(±7.44) 79.45 77.80 45.70 81.75 (±1.66)

Abalone

ACC 14.62(±0.88) 13.96 14.79(±0.26) 19.12(±1.88) 14.96 19.70 16.51 20.20(±1.02)
NMI 15.09(±0.29) 14.37 14.76(±0.14) 06.52(±3.32) 15.07 07.53 15.52 16.03(±1.75)
Purity 27.36(±0.63) 27.68 26.43(±0.34) 19.89(±2.08) 27.67 19.70 27.31 25.20(±1.33)

Htru2

ACC 91.85(±2.10) 92.22 59.29(±1.20) 92.17(±2.55) - - - 95.49 (±2.21)
NMI 30.30(±1.01) 34.90 7.97(±0.56) 27.02(±2.26) - - - 40.12 (±1.55)
Purity 91.89(±1.32) 93.35 90.84(±0.78) 92.17(±3.58) - - - 95.49 (±1.92)

version
2
of it implemented by Gonen et al. [14]. The similarity

matrix was constructed in the same way as NCut.

4) Fuzzy Clustering: The Robust and Sparse Fuzzy K-Means

Clustering (RSFKC) [37] algorithm is compared, which extends

the standard Fuzzy K-means algorithm by incorporating a robust

function and have suitable sparseness. The parameters were tuned

by a grid search method as in [37].

5) Exemplar-based Clustering: The MEAP and K-MEAP clus-

tering methods are compared here. The construction of the similar-

ity matrix and the setting of parameter were the same as described

previously.

6) Graph-based Clustering: The Constrained Laplacian Rank

Frobenius norm clusteringmethod (CLR) [28] is compared, in which

a Constrained Laplacian Rank method is used to learn a graph with

exactly k connected components. The number of neighbors is set to

be 5 for the similarity matrix, which was constructed recommended

in [28].

For MEAP and K-MEAP, since the algorithms may fall into a fail

mode [35], we use the grid search method to select the value of u
from 0.1 to 0.9 in the step of 0.05 and report the best result.

For KMM, as discussed in Section 3.1, the regularization parame-

ter γ can be set by tuning the number of nearest neighbor
˜k . We

determined the value of λ in a heuristic way to accelerate the pro-

cedure: first set λ = γ , then in each iteration, if the number of zero

eigenvalues in L̃S was larger than k , we divided λ by two; if smaller

we multiplied λ by two; otherwise we stopped the iteration.

In the experiments, we used
˜k = 5. The number of sub-clusters

m was set to the greatest integer less than or equal to

√
n × k , which

is the median of the parameter adjustment range. The number of

2
https://github.com/mehmetgonen/lmkkmeans

Table 4: Run Time ofMulti-Means Clustering Algorithms (s)

Datasets MEAP K-MEAP KMM

Wine 0.37 4.47 0.22
Ecoli 1.37 25.54 0.34

BinAlpha 164.06 1879.65 12.52
Palm 183.57 1904.91 9.01

Abalone 673.40 6804.30 42.10
HTRU2 - - 227.75

clusters was set to be the ground truth. The standard clustering

Accuracy (ACC), Normalized Mutual Information (NMI) and Purity

metrics were used to measure the clustering performance.

6.2.2 Results. Note that the results of the K-means-type clus-

tering algorithm vary on different initialization. To reduce the in-

fluence of statistical variation, we repeat each method 100 times

with random initialization and report the average clustering accu-

racy and standard deviation. The experimental results are reported

in Table 3. The results of MEAP, Kmeap, and CLR on Htru2 is

missing because the size of Htru2 is too large to be learned by the

graph-based methods. As can be seen from the two tables, KMM is

consistently the best algorithm using three evaluation metrics.

6.3 Computation Time
Our newly proposed KMM is not only effective but also efficient.

We record the run time of three multiple-means clustering algo-

rithms (MEAP, K-MEAP and KMM) when conducted performance

comparison experiments and report the mean of results in Table

4. All the codes in the experiments are implemented in MATLAB
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R2018a, and run on a Windows 10 machine with 3.30 GHz i5-4590

CPU, 16 GB main memory. Obviously, KMM is faster than the other

two multiple-means clustering methods.

7 CONCLUSION
In this paper, we propose the K-Multiple-Means method to group

the data points with multiple sub-cluster means into the specified

k clusters. The proposed method formalizes the multiple-means

clustering problem as an optimization problem and updates the

partitions of m sub-cluster means and k clusters by an alternat-

ing optimization strategy. In each iteration, the data points with

multiple-means are grouped based on the partition of a bipartite

graph associated with the similarity matrix. The theoretical analysis

of the connection between our method and K-means clustering is

shown. Experimental extensions have been conducted to demon-

strate the effectiveness of our algorithm.
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